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HIS ROYAL HIGHNESS 


\ 


SIR. 


NEEDS DN every Inſtitution of Government, founded on juft 
I iT Principles, the Felicity of the Prince and the Peo- 
29 


in | DEDICATION. 


ourſelves Juſtice, it muſt be allowed, we are not er; in- | 


ſenſible of our Happineſs ; for I, with the higheſt Pleaſure, af- 


fure Your Royal Highnefs, chat in more than half the great 


Towns in England, and among all Ranks of People, I have been 
a conſtant Eye and Ear-Witneſs of their univerſal Joy and Sa- 
tisfaction with their preſent Condition; of their extraordinary 
Eſteem and Regard for the Perſon, Title and Government of 
his preſent Moſt Gracious Majeſty, and their moſt exalted 
Hopes, and higheſt Confidence in their future Sovereign : 
This good Diſpoſition, permit me, Great Sir, to ſay, is the 


natural Conſequence of encouraging the Studies of uſeful Arts 
and Sciences, Learning and Humanity; for theſe furniſh the 


Prince with Notions and Principles of Wiſdom, Religion, 


Virtue, and Liberty, and ſecure the People from the Attacks 


of Ignorance, Barbarity, Superſtition and Impoſture; and in 


every Perſon they produce a rational and noble Propenſity to- 
wards promoting the general Good of the Community, and 


the Promulgation of the Sciences among all Ranks and Orders 


of Men, and inculeate on their Minds Principles that will not 


fail to render them good Subjects: As this is the profeſſed 
Deſign of theſe Papers, I humby preſume they will be accept- 
able to Your Royal Highneſs, and ſhall for ever eſteem it the 
higheſt Honour that I am permitted to offer them to Your 
Highneſs's Inſpection. That Heaven may preſerve his pre- 
ſent Sacred Majeſty to the Jateſt defirable Period of Lite, 
and then Your Highneſs aſcend the Britiſb Throne and long 


reign the happieſt, as well as the pant, Monarch of the 


World, is the inceſſant 2 of, . ; 


8 IR. 
Your Royal Highneſs's 
Moſt dutiful, devoted, 


And obedient bum3lt Servant, 


B. MarTin. 
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MATHEMATICAL LIrERATURE: 


0 v 


- ON THE 


USEFULNESS 


. 


Poſoes ante diem librum cum lumine, ſi non 
Intendes animum ſtudiis et rebus ne 3 
Invidia vel amore vigh torquebere. 


Hon. Epi, 2. Lib. 0 


A I L !] heav'nly Science, tright, ſeraphic Truth, 
My Soul's Delight, the Labour of my Youth ; | 
O ! prove propitious to my artleſs Lays, 1 | ; 
zich I devote with Pleaſure to thy Praiſe. | ” 
When dread Jehovah form'd the Worlds above, 
An' d their Poſts, and bid the Syſtem move; 
The great, omnipotent, eternal Cauſe, 
Commanded thee to regulate their Laws: 
(Obedience waits the Word) thy Pow'r-to prove, 
In perfect Muſic at thy Will they move. | 
In Afric's Plains where antient Nilus* Flood, 55 
Draws up the Marks, and flains the Lands with Blood; 
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To teach * Mortals, Property to ſean, 


| Down came Geometry and form'd a Plan. 


Mankind, poſſeſs'd of this celeſtial Art, 

To diſtant Climes its Influence impart ; 
Conſtrain the Moods oer Ocean's Face to rove, 
And mete the ſpangled Firmament abeve: 
Succeeding Heads, the Properties deviſe 

Of Lines on Lines, that meet our wond'ring Eyes; 
All Nature ſeem'd ſubmiſſive to the Skill, 
And form'd obedient to the human Will. 

. The Property laid down, the Proof was clear, 
But how to make new Properties appear 
Was known to few, (the Joys that Genius brings- 
Are far ſuperior to all earthly Things; 
But deep Invention ſeldom wills to tray 
Amongſt the Proud, the Buſy, or the Gay) 

An Art, by which deep Secrets are reveal'd, 
Some Antients knew, but carefully conceal d; 
How far by this they clear'd Invention's Way 


I hard for nodern Geometers to ſay : 


Its Uſe in Lines in ſome Degree they knew, 

As Theon's Reas'nings evidently fhew. 
Indeed, what might not Greeks effe#, in Days, 
When Monarchs crotun d Philsſaphers with Bays ; 


I ben ſolid Learning flouriſh d thro' the State, 
And to be wiſe, was reckon'd truly great: 


No foreign Tongue perplex'd their happy Youth, 


They taught them Virtue, and her Siſter Truth; 


Soul- moving Eloquence, found moral Rules, 

And thou, O Science! grac'd their public Schools, 
But Sages hold, there's in all mundane Things, 
The Cauſe, from which their Diſſolution ſprings ; 
So Greece had kept her Learning, and her Fame; 


Had not falſe Sophiſtry aſſum'd thy Name : 


O'er ſolid Reaſon, rul d without controul ; 
And groſs Stupidity hood-wink'd the Soul: 

Then, Truth's bright Eſſence fled the human Race, 
And Learning gone, Barbarity took Place. 9 85 


- 


Cm) 
1 But to deſcond thro dart; unwelcome” Times; a 
Fs happier Days, in theſe veſperian Climes; 
11 4 | Thhere Truth's fair Goddeſs animated Man, 
2 Por Science ſelf we in a Newton ſcan! 
Adi Genius ! Whoſe prolific Thought, 
Mature unveil'd, and deep Fluxonia taught : 
An Art, that makes. the hardeſt, antique Rules, 
But boyiſh Problems, in our modern Schools. | 
oh Theſe neighb'ring Nations to thee, Science, owe, 
iT The new-found Regions, whence their Riches flow ; 
u bo taught Columbus Ocean's Face to ſweep, 
Or kindred Cabots how to'plow the Deep, 
i But thou alone? — And from this Seurce there ſprings, 
= The Pow'r, and Grandeur of European Kings. 
_ Mapkina, by thee, to fartheſt India roam, | 
| TVhence orient Pearls, Gems, Silks, and $ Spices come 
Mere would Britannia's Ships, her Commerce be; 
Her Pow'r, ber All O Science, but for thee ? | 
dhe meaneft Ruſtic craves thy powerful Aid, 
Jo mete the Labour of his toilſome Spade : 
= Thoſe grand Machines whence Manufactures flow, 
= (Employ for Thouſands) their Invention owe 
T0 thee :———Theſe Engines Collieries _— 
By Art olfletric form'd, fair Science plann'd 


e 
& 


23 MHirks to force Water, Gins to conquer "up 


"3 Air-mills, and aqueous; all thy Aid require : 
C bocls, noting Time's inceſſant circling Courſe, 


Balliſtic Engines all-deftrazing Force, 

1 The Orrery Jublime, th Armillary Sphere, 

3 Glaſſes, that weigh the preſſing, ambient fir, 

Sun: dials, optic Inſtruments benign, 

Perſpective Drawings, and the Globes are thine, 
Except religious Comforts, Naught below 

Equals the Bliſs that Science? Vot'ries know : 

Theſe happy Mortals, Pallas, by thy Pow'r, 

To diſtant Worlds in Contemplation tour; 

What mental Bliſs to view the Order giv'n, 

To thoſe bright Orbs; the Ornament of Heav'n ! 


Not 
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Not fond Careſſes, nor each charming Grace, 
Dat plays on blooming Celia e matchleſs Face; 
Enamel d Meadotus, nor luxuriant Fields. 


But theſe refin'q 'd Enjoyments Science brings, 
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Give half the Pleaſure, Truth's fair Goddeſs 228 
Winter, will ftrip the happieft ſyluan Shades; 
Old Age, or Sickneſs, ſpring -like Beauty fades; 


Like liv' ning Sol, are euerlaſting Things: 

Compleat the reas' ning Faculties, and ſave 

The Soul that Trouble, when beyond the Grave. 

Think | then, ye Mortals, of your murder d Hours, 
In burrying Cities, or in rural Bow'rs; 

Caſt off your Indolence, your Minds careen, 


And learn fair Science from her MAGAZINE. 
| CHarLEes WilDBORE, 
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ARITHMETIC. 


Dye Introduction. 


R ATHESIS is the Science or Doctrine of Duan- 
111 2 tity, whoſe various Relations and Affections it 
| e contemplates, and gives Rules for making an 
0 NG? Eſtimate, or Computation thereof; which it ex- 
preſſes in different Ways, and by various Kinds of RO or 
Characters, which is called Notation. | 
155 1 2. Quantity is every Thing which we can conceive to have 
1 = any | Magnitude or Parts, or, properly ſpeaking, it is any Thing 
cConcerning which we can aſk the Queſtion, how much? Or, how 
great? It is often diſtinguiſhed into continued and di ſcrete. 
"WM 3. Continued Quantity is that whoſe Parts are all contiguous, 
' or adhere together, and make but one Whole, as a Shilling, a 
0 4A Stone, a Sheep, &c. this is the er of that Part of Mathefis 2 
which is called Geometry. 
4. Diſcrete Quantity is that whoſe Parts are not continuous, 
but ſeparate from each other, and make what Logicians call a 
b ullective Idea, or Whole; thus one Pound conſiſts of 20 Shillings; 
2 Flock of many Sheep, &c. this is the Subject of the other Fart 
-= of Matheſis called Arithmetic. 
5. Notation is of three Kinds, viz. Numerical, Specious, and 
7 Linear; Numerical Notation is the Repreſentation of Quantity 
or Quantities by thoſe Characters we call Numbers or Digits, 
x 4 Which are in all ten, viz. o, Cypher; 1, One; 2, Two; 3, 
Three; 4, F our; 5, Five; 6, Six; 7 Seven; 0% ws i 9, Nine. 


Theſe are uſed in common Arithmetic. 
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.4/ Phabet, 4, b, c, or A, B, C, &c. as in Algebra. 
Letters with Points over them; thus, * 55 = in that Part of 
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6. Specious Notation is that wherein Species, or Letters, are 


made uſe of to repreſent Quantities, as the Letters of the Al- 
Or the ſame 


the Science called Fluxions. 

7. Linear Notation, is the Repreſentation 5 Quantities by 
Lines, and Figures compoſed of Lines, as is done in all the Parts 
of common Geometry. | 

8. The Quantities conſidered in Arithmetic are called 8 
bers, of which there are two Sorts, whole and broken, which are 
otherwiſe called Integers and Fractions. | 
ber is Unity, or 1, One; that is, any ane Thing is called an Unite; 
and Nothing, or Nwllity, is repreſented by the Cypher o. 


9. A Number of Units under ten, is repreſented by a ſingle 


Digit, as 2, 5, 7, Cc. but ten Units are deſigned by the firſt 
Digit I, with a Cypher annexed to the Right Hand, thus, 10. 
And as an Unit is made Ten by one Cypher annexed, ſo it is made 
Ten Times Ten, or an Hundred, by two annexed Cyphers, viz. 
100; ſo another Cypher makes Ten Hundred, or One Thouſand, 
VIZ. 1000, and ſo on, as in the following Table. 

1 Unit 
„„ - Tn 
100 Hundred 
1000 Thouſand 
To000 Ten Thouſand 
$5 To0000 Hundred Thouſand 
| T0060000 Million 
Io000000 Ten Millions 
100000000 Hundred Millions 
1000000000 Thoufand Millions. . 


Io. If the Number coulifts not of even Tens, then ſuch a 


Digit is annexed to the Unit as will expreſs the ſaid Number; 
thus Seventeen is expreſſed by 17. Alſo twice Ten, or Twenty, 
is expreſſed by the Figure 2 and a Cypher, thus, 20; and Thirty 
by 30; Forty by 40; and fo on to an Hundred, The interme- 
diate Numbers are alſo expreſſed by annexing proper Digits in 
Place of the Cypher; ; thus 25 is 3 hve ; j 37 e 
Tc. 


Ix, From 


The leaſt whole Num- 
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| IT. F rom hence we obtain the Method of Enumeration, or 


je enxpreſſing the Number of Quantities ene in any given * 
or as thewn below. 

75 NuMERATIONW TABLE. 
* 7 | | "if 
11 

S275 S SK 
: Wc 23 2281] rx One 

= p< 2 Io 21 Twenty-one 

= be 8 321 Three Hundred, Twenty-one 

1 = W=1 | 
F 1 85 2 2432 1 4 Thouſand, 3 Hundred. 21 
3 74432 1 54 Thouſand, 3 Wakes 21 

'E |: 65432 1 6Hundred, 54 Thouſand, 3Hundred, 21 
„ 1 76 5 4 3 2 1 Seven Millions, 654 Thouſand, 321 
| s 7 6 54 32 1 Million, 654 Thouſand, 311 
198765 432 1 987 Million, 654 Thouſand, 321. 


7 Here it is Ine that in order to numerate the Figures in any 
Sum, you have only need to mention firſt each Figure, and then, 
the Place in which it ſtands, according to its Name of Valuation 
in the Table, in the ſame Manner as you ſee done for each Sum, 
5 or Line of Figures in the Table on the Right Hand Side. Thus 
for Inſtance, the Sum 8 50243 you read or value thus, 8 Hun- 
died, 50 Thouſand, 9 Hundred, 43; or thus at twice, 8 50 
1 Thoufand 943 and ſo the Sum 406528035 is thus read, 406 
: 7 Million, 528 Thouſand, 35; and ſo of others. 
12. As an Unit may have its Value encreaſed ten Times, by 
3 a Cypher to the Right Hand, ſo its Value is diminiſhed 


in a ten-fold Propertion by prefixing Yon thereto ; 3 thus 


o, 1 is one Tenth Is. 35 
o, oi is one Hundredth 5 an Unit. 
o, oo is one Thouſandth | 
9 0,7 is Seven Tenths. 
Thus alſo2 0,53 is Fifty-three Parts of an e | 
: Po 375 is Three Hundred Seventy-five Parts of 2 
- Thouſand, 


1 3 In this Caſe, the Cypher on the Left, cut off with a Com- 

ma (, ) ſtands in the Unit's Place, and ſhews the Number does 

3 not amount to Unity, but is a certain Number of ſuch Parts as 
the Un contains IO, or 100, or 1000, c. and theſe Parts are 

B2 TE ex- 
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Hundred of another; and ſo of others. 


EE mnNSTITUETIONS. 
expreſſed by the Figures on the Right Hand of the Comma. 
This Kind of Notation of the Parts of a broken or divided Unit 
is called Decimal, (from Decem, Ten) and thoſe Parts of nity 
are called Decimal Numbers, or Decimal Fractions. 

14. Sometimes a Number conſiſts of Integers and Cc to= 


gether, and is then called a mixed Number; thus 7,3 is Seven and 


three Tenths; 84,53 is eighty four and fifty-three Parts of an 
That Part of the Sci- 
ence which treats of thoſe Numbers is called Decimal Arithmetic, 

15. If Unity be divided in any other than a fen-fold Propor- 


pron, then another Species of Computation will enſue; thus in 


Aſtronomy we divide a Degree into 60 equal Parts or Minutes ; 
theſe Minutes are each divided into 60 Seconds ; each Second in- 
to 60 Thirds, and ſo on to Fourths, Fifths, &c. And they are 
thus denoted, viz. 35: 47“: 31” :23”; Thirty-five Degrees, 
Forty- -ſeven Minutes, Thirty-one Seconds, Twenty-three T hirds.— 
The Rules for managing theſe Numbers i is called * or 


| Sexage/ſi mal Arithmetic. 


16, Tt frequently happens that we are obliged to divide an 
Unit indefinitely, or into any Number of Parts as Occafion re- 


quires for comparing a Part with the whole Unit, in Parts of ſuch 


a Diviſion: In this Caſe, the Way to expreſs ſuch a Fraction, 
is to place the Unit divided into its whole Number of Parts be- 
low-a Line, and the Parts of the Unit which are given above it; 


thus 2 is three Parts of ſuch as the Unit contains four of; and 


£ is five Thirteenths of the whole Unit. Theſe are > called 
Pulgar Fractions. 

17. A Vulgar Fraction is faid to be pure, when i it conſiſts only 
of fractional Parts, as 2, 4, 4%» &c. and mixed, when j you 


ed with Integers, as 57, 234, 1,45, &c. 


18. The Number placed below the Line, is called the Deno- 


minator of the Fraction, becauſe it denominates the F raction, or 
Number of Parts into which Unity i is broken or divided; and 
the Number above the Line is called the Numerator, becauſe it 


8 | enumerates or ſhews how many of thoſe Parts make the F raction 


propoſed. 


19. The FraQtion is ſaid to be proper, when the Numerator 
is leſs than the N as +3 but improper, when the con- 


trary happens, as 4 ny „ Ec. | : | 
4:3 - | 20, | When 


. 
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F ARITHMETIC 8 
o. When any two Quantities are compared together, to ob- 


a the Relation of their Magnitude, ſuch Compariſon is ealled 


a Ratio; and is thus expreſſed, a : b; of this Ratio, the firſt Term 


(a) is called the Antecedent, and latter (6) the Conſeguent. 


21. When any two Quantities have the ſame Ratio with any. | 
other two, it is denoted by this CharaQter :: thus : U: C: d; 


the Quantity (a) is to (b) as (c) is to (4); which are therefore 


ſaid to be analogous or proportionate; and ſuch a Compariſon, or |: 
Expreſſion, is called Analogy, or Proportion. f 
22. When any Calculation is to be made, it is 8 either 


by Addition, &. ae Multiplication, or Diviſian of Quan- 


tities; which four fundamental Rules are called the Algorithm of | 
Quantities, and which we now proceed to ph; | t 


Characters for Abbreviation explained, 


More; as 344, is 3 added to 4. 

Leſs; as 4 — 3, is 3 taken from 4. 
Multiplied by; as 3 & 45 is 3 mütgplied by $555 
Divided by; as 3 = 4, is 3 divided 3 or T. 
Equal to; as 4 4, is à equal to 4. 


N 
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ADDITION of INTEGERs, or WHOLE NUMBERS. 


2% A PDITION of n conſiſts in adding together 
all the Units contained in ſeveral particular Numbers, 
properly diſpoſed, into one Sum, aggregate or total, expreſſing 
the Value of all together. | erformed i in the follow- 
ing Manner, viz. | 
24. Let the ſeveral particular Sums, or Numbers, be diſpoſed 
one under another in ſuch a Manner that the Place of Units, 
Tens, Hundreds, Sc. in each may conftitute a perpendicular 
Column of Figures ; thus let it be required to add together the 
Numbers 57, 762, 5389, 976153 in a to do this _ they muſt 
firſt be diſpoſed thus, 8 


* 


6 INSTITUTIONS 


25. The Numbers placed, as above, Ju _ to add to- 


gether by the following 
R UL E, 


Reckon uþ all the Digits i in the firſt, or Right-Hand Column, . 


obſerve, for every Ten to carry one to the Place of Tens in the ſecond 


Column, ſetting down the remaining Digits under the firſt Column 


of Units: Thus 5+9+2+7 = 23, which is thus expreſſed, 


five more nine more two more ſeven is equal to twenty three, in 
which Sum there are #wo Tens and 3 over; you muſt then ſet 


down the 3, and carry two to the next Place of Tens, and pro- 


ceed as before ; thus, 2 +1+8+ 6+5 = 22; here again are 


two Tens, and two over to be ſet down under the ſecond Column; 
then carrying the Two to the third Column of Hundreds, you 


fay again, 2+6+3+7=18; here is but one Ten, and 8 to 
be ſet down; then carrying one to the next Column, ſay 1 + 7 
+ 5 = 13; here again is one Ten, and 3 to be ſet down; laſtly, 


carry one to the laſt Place, and ſay 1 +9 = 10, which Number, 


be it what it will, is always ſet down, and the Sum total is com- 
plete in one Number, as in the Examples. 
57 6475 
762 9830 
5399 2754 
. 8 
103823 


25006 


26 The 80 why you carry Ten from every Column to the 


next, is becauſe the Value of the Fi igures in each Column en- 
creaſes in a ten- fold Proportion, as is evident from Article ; 
and the Digits ſet down under each Column are Units, Tens, 
Hundreds, Thouſands, &c. according to Inſt. 11. which will ex- 
preſs the Value of all the Columns ſeverally collected and added 


together. Thus in the firſt me, the e of each bes 
lumn will ſtand thus, viz. 


23 Column of Units 
| 200 of ens 
The Sum 1600 of Hundreds 
| | 12000 of Thouſands 
90000 ——— of Tens of Thouſands. 


103823 = Total Value, 27. More 


r 
8 


of ARITHMETIC 5 
— 27. More Examples of Addition are the following: = | 
= 5729 5009 847593 
1 43605 120 215475 

8 V 17843 
= 303439 1298 467890 
57306 150362 


64102 1858163 


1 28. In the Addition of the ſeveral Some of Money, Meaſure, 
= MWiight, &c. you obſerve one general Rule, viz. to collect all the 
55 | Units of one Species together; and then for every Number of thoſe 
Vnits, which make one of the next Species, you add one to the next 
Column, ſetting down the IN: as above. In Money the 
| Species are thus denoted, | 
= „ arthings ) 421 — 
Pence . ones of 


of which 20 2 11 Pound. 


| . $4. 

5 1 | ate fo Shillings 
” 3 1, Pounds 
> Thus in the following Example, for every 4 4 you 
carry one Penny to the Column of Pence; for every 12 Pence 
you carry one to the Column of Shillings, and from thence, for 
every twenty, you carry one to the Place of Pounds; which are 


Y added ; as the Integers in Inſt. 27. 
7 OO Example. 
=_  - | . 


1 | | Total 1 913 17 


29. I ſhall hers ſubjoin | ſeveral Sums to be added for the Learn 
er's Practice. 


5 25 5 . 
8 643 TFT 
386 ro 2 79 19 10-3 
I I 
2 2 
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1000 16 
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50 of Weights we c have feieral Sorts, ViZ. 


: © Trov WEIGHT. 


24 Grains (Grs. ) make 1 Penny Weight. 
In whichy 20 Penny Wts. (Prot.) 1 Ounce. | 
1.12 Ounces (z.) 1 Pound. (1b.) 


31. II. APoTHECARIES WEIGHT. 


20 Grains (Gri.) m make 1 Scruple. 


\ 5 Scruples (9) I Dram. 
in n. 2 (3) — 1 Ounce. 


12 Ounces (3) —— 7 Pound. (1b.) 


1 III. Avnnppron WEIOHTr. 


216 Drams (Dr.) make 1 Ounce. 
16 Ounces (Oz.)— 1 Pound. 


In which #28 Pounds {1b.) — 1 Quarter of an Hundred, 


4 Quarters (Org.) — 1 Hundred hs. 0s 
20 Hundred (C.) —— 1 Ton. 


33. In each of theſe Species d the Learner may exerciſe himſelf 


by the following Examples, VIZ. 


FT: 7 9% Weight. E; 
- bh. Oz. Prot. Grs. 
21 11 17 21 
= 3 .*5 :7 
8 23 
. 19 10 19 18 


—_ 


th Gries Ie, „„ Segen, Weigbt. 
4 5 3. kae. F 4 'Dz. Dre. 
18 10 7 d ©. 478...176 7 25 14 13 
0 186 ² __ WM: 2 

x. I. 105 18 1 11 9 4 
%% 30,30: © 5 
Þ x. 195 17 I 
=—_—_— ——:. 3 


F * 


* - 
” z 8 * 7 — * 
a Cx. th . 5 . 5 


In Long Akin 


—= Our Mz aSUREs/- 3 Barley Corns make 
= are of divers Sorts; N 12 Inches — — 
= the Meaſures of J 3 Feet — = 
= | Length are of the 
== following W 


F urlong. 


1 
1 
I Yard. 
I 
I 
I Mile. 


35. eee 1 Jallons make 1 Peck. 
5 ecks 1 Buſhel. 
are the fol Vs Buſhels —— 1 Quarter, 
N C5 Quarters — 1 Load. 


8 To make 1 o IE 
_ Ng Gallons — 1 Firkin of Beer. PER 
WY 8 Gallons — Ditto of Ale. 1 
the followin Y2 Firkins — 1 Kilderkin. 
5p a1 2 Kilderkins 1 Barrel. 

e w94; 2 Barrels — 1 Hoglhead. | 


8 Pints make 1 "Gallen. 7 
3 57 Fat our Wn 63 Gallons 1 Hogſhead. | 
follows — 2 Hogſheads 1 Pi pol or Butt. 
bes 2 Butts — 1 Tun 


38. The. true origingl Standard far Meaſure of Capacity 
. bs eder Ix cg. 


8 Our LI- 


I. Ale 8 | 
4 231 r Inches nate] 1 Wine Gallon. 
EY Corn Gallon. | 
Allo 18 © Cubie Inches make one Foot Solid. 


0 | „„ 39. Our 


%o INSTITUTION Ss 
39. Our Mezfures of TIME are of the following Denomina- 
tiohs; vis, | 
60 Send * 1 Minute. 
60 Minutes — 1 Hour. 
24 Hours — 1 Day. 
7 Days —— 1 Week. 
4 Weeks —— 1 Month, 
13 Months — 1 Year, 


40. ACircLE, and alſo the MoTion performed i in a Circle, 
| (eſpecially i in reſpe& of the EcLipTiC in aſtronomical ns) 


; 18 divided i in the following Manner, v:z. 
: 1 
1 60 Seconds make 1 Minute. 5 1 
; 60 Minutes — 1 Degree. =_ 
30 Degrees — 1 Sign. 1 
12 Signs, ct ee | = 
— The Circle. IS 
7 360 Degrees ö Ys | F 


——— 


In very nice Matters we ſub- divide a Second into 60 Thirds; 
2 Third into 60 F ourths, and ſo on; as mentioned, Inſt. 1 75 


- — ==> — 
PPP 
* rr 
£ - 
n 1 — n * 
nn 8 * "— 
” 


— SIY 
— — 


8 
th 


41. Ifhall ſubjoin the followini Example for Nabe, 
Long Meaſure. | 


= - ED A. FH. Rads. Yas. F. „% Ri FS Foy. 
1 175 = + 36 3 195 3 27 0 
8 VVWVVV $5 &.-IT. 

79 7 39 4 © 9" 0,29" $:2 9 

0 0-2. 17 10 7 

6 17 4-0 1 6 

Y. l ir P. H T 
7 3s. ti IERL An } 

G 21 74 9 1 40-20 - 7 57 

TT 4:40.23 +: 10 

9 5 #7 4 511 „„ 2 47 

HO. 10: 77 3. $4: 2985 2192 0 22 30 8 

Motion 


V EE EN Fr N 


* *: 


e | Motion. 25 . 
Ru. 8 Nu. Sp. Os £5: 3 

175 10 2 1-43 1% ͥ ⁰mmg ©2408 
I F497 41 e 20 9 30 
50 - 38 WPF 17 OI 27 
J ⁰⁰ PE bo | 
5 10 i 9. > +6 $054 48 
3 2 "17 43 : & a. © 


42. The beſt way to know if the Sum be caſt up right, is to 


do it twice over, beginning at the Bottom, and reckoning up- 
_ wards the firſt Time; and then beginning at the Top, and rec- 


koning downwards the ſecond Time; and if the Sum Total in 
both Caſes be the eme, the Work is right, otherwiſe not. 


- 1 Margo gs — wt v 
- 5 — 


0 1 A . 


| SUBTRACTION of IxTzGERS. 


1 Quarnacrion is the ſecond 8 in the Art of 
Computation; it conſiſts in finding the Difference be- 

tween two Numbers, by taking the Leſſer from the Greater; and 
as this is the Reverſe of Addition, "oY the Rule of performing it 


is the Cry of that, vix. 


re . E. | 
44. A each Figure in the upper Line (beginning at the Right 


Hand) take the Figure in the under Line, if i it be leſs, and ſet down 


the Difference, but if the Figure or Number in the lower Line exceeds 

that in the upper Ont which lands over it, encreaſe that upper Figure | 
by adding 10, if it be in the Place of Integers ; but Fi it be in any 
Species of Money, Weigl, Meaſure, &c. you add to it fuch a Num- 
ber as makes One of the nent Denomination, and then ſubtra as be- 


fore, and ſet down the Difference, and remember, that every Time 


you thus encreaſe the upper Figure, you carry one Unit to the: next 


Figure in the lower Line, en, 
Ca -- 1 


w INSTITUTIONS 
45. This Rule will be beſt illuſtrated by the following Ex- 
amples. 


From 57238765 695278675. 
Take 1310624330 434865740 


Remains 44132522 260412935 


5720484 109764320 
178089305 | 16741320785 | f 1 


— 


* . 
af £322 8 W nn... 
— 2 


„ d. 
175 17 9 hee 54 5 11 


N 


94 13 10 


„ — > 


— 8 f 4 


Ex < £& „ 1 
9175 17 04 2 3729 17 10 © Ft 
r -. 3018. 7 11 3 


8 4 © q # „ 
* „„ ³ „ — Pee — 1 * 8 * I 


PLES 


0 f £* 3 2 2 e 2. 1 * 88 RA 
— . — 


2 
25 22 


r 
AP no 3 1 
3 = 


1 q 


f Tray Wright. 

4. Ox. Prot. Grs. = 8 Ox. . Grs.. 
1 18 214 T3 Os © Oi + 
79 12 19. 20 — 9 10 oOo 27 _ 


„„ 
N e 


* 


Pe ohntlaphcs Weight. | 
7. C. Nr. B. Os. T. C. 9rs. B. Ox. D 
35 18 2 24 0 13 do o or oo 15 
„rr 


of ARITHMETIC. WD 
Long Meaſure. + 


S MM £3, RF 7 Rah. T. F. In. 
173 7 37 4 1: 517 6 d 1 2 10 
1 7 3 „ 9 0 0 4 2 17 


3 oe. Sg. Dy,. 7 © Rev: Bee Dr. 
1 15 0% 20 46 10 9 29 59 oo 


1 * IH * 
0 oe 4 4 10 
0 I 11 2⁰ 0 8 10 2 
1 
7 „ 
1 Ws L d « 
8 — —— — — 
* ; 1 * * - * 
a 2 5 EY 2 as &. Sn 4 1 8 8 a. ** = OG 


Y. M. M. D. H. LEP LE TT: 
"$7 10-0 "0 i125 n 00 606 On 
25 12 2 1 23 Fas Tr 23-0 23 59 "0 


* n 


1 „ 
1 „— — 


. 
aw 5 * j— — 


_ — — — — 


46. Theſe Examples well underſtood, all others of every - 
Sort-will be eaſy; and the Reader needs not be told, that the 
Difference added to the lower Line, or leſſer Number, ought 
to make the Sum in the upper Line, and will, when the Work 
is right. 


CHA P. 


Morrarricar ion of IR TEOGERS. 


47. Mr ren is the third Operation in Arithmetic, 

| and is nothing more than a compendious Way of ad- 
ding any Number or Sum, any Number of Times to its ſelf, 

Thus if the Number 35 be added 3 Times to its ſelf, the Sum 


will be the ſame as the Product of 13 $ ys IAA by 3, as is 
evident below, iz. 


Add 


3 
= 

4 7 

? 

i. | 

. 

[1 i 

£aP 
1 
7. 
7 
E 
1 
7 


n zn. 


erer ros 


= WF. £3 

135 

— 93 Product 405 
Sum 405 8 


135 __ Multiply 135 
aa _ 


48. If the ſame Number 135 were to be made 13 Times as 
great, then you make it firſt, 3 Times as great, viz. 405; and 
after that, 10 Times as great (which is done by annexing a Cy- 
pher to the right Hand, Inſt. g.) viz. 1350, and then * Sum 
of both theſe i is that required, VIZ. | 


1 35 The Multiplicand. 
The Fadtors on 13 The Multiplied. 
+. yt Zum 405 
2d Sum 1350 


— 


Total 1 755 Produdt. 


49. But that a Perſon may be ready at 8 theſe par 1 
ticular Sums, it is abſolutely neceſlary to learn the following 1 


Table by heart. 


The Multiplication Table. | = 


%% Was 

6 8 . 7-4 
VVV 

* 45 1 : 
718 49 3255 Tir 58 is 64 

7 2297 4 : | 29 4 
| 9 9 Times 9 81 


50. By 


r Oh OI TS, ©! fo went rad 

» F * : * bc e WO a be EDS 7 

Le 2 Sz I io ENT 
8 n r N 3 


of ARITHMETIC. 15 
Fo. By this Table we find the Sum which ariſes by adding 


added 7 Times to its ſelf makes 56, and therefore we ſay, 7 
Times 8 is 56; and ſo of others. The Learner will take No- 

; 1 tice, that / Times 5 is the ſame as 5 Times 7, and 1 
Y 1 it was not neceſſary to make the Table any larger. 


51. Having this Table perfectly in Mind, the CEO will | 


= be eaſy by the following 
— RULE. 
' KF Wi th the firſt Figure to the Right Hand, in the Multiblier, begin 
10 multiply each Fi gure in the Multiplicand, proceeding from the 
Right to the Left; in the Product of each Figure, ſet down the Di- 
gits under 10, or between the Tens; and for every 10 contained in 
fuch Produtt, carry One to the next Place. In like Manner proceed 
= with every Figure of the Multiplier; and ſet down the ſeveral Pro- 
Audis, one under another, in ſuch a Manner that they may fland one 
Figure backwards, or the firſt Figure of each Line under the ſecona 


Ane, as in the following 
i 0 .. Examples. 


| Male. 135 : @ 58 +a 
A Dy. 4 5 „ 
Y 6940 344 19588 
1 55 39176 
| WW „ 91808 = 
. 3 1 1880448 


becauſe the Cyphers annexed to each Product are here rejected as 
making no Alteration in the Value of the Product, when thus 
= reckoned up. Thus, in the laſt Example, the Multiplicand 
4809), being multiplied by 4, 80, 30o, ſucceſſively, makes the 
Products, 19588, . 391760, 1469100, which, added together, 
make het ame Number as before; 3 as is evident —_— 


- 


EE 


any Digit any Number of Times (under 10) to its ſelf; thus 8 


Figure of that above; then add all into one Sum, which will be the 


a — 


52. The Reaſon of the laſt Part of the Rule, viz. ſetting the 
ſeveral Products one Figure back will eaſily appear from Inſt. 48. 


15 
4897 


384 


19588 
391700 
E ae 


INSTITUTIONS 


© ren the three 3 being 2 as ſuper- 
„ ee ARI we 


1880448 


53. If 1 be found i in the Multiplier, you place a 8 
pher under it, or annex it to the firſt Figure of the next Product; 
or you ſet the next Figure two Places back inſtead of one. Thus 


1795 multiplied by 397 will ſtand 


thus; 


The laſt Way i is eee but the ad is eaſieſt for a 
I. aer, and is generally uſed; the Reaſon of both appears from 


1795 
307 


12565 


0000 


5385 
551065 


or chus; | 


7795 
"OE 


12565 


53850 


551065 


o 


the firſt Poſition of the Product; for it is evident the 4 Fi igures 
1795 multiplied by o, gives 4 Places of Cyphers, which are of 


no Uſe to ſet down. 


54. I ſhall here ſubjoin a Variety of Examples for the 3 8 
mien and Exerciſe, both Og and an as 


1 8 : 


3941600 


— —ä 2B — 


80805 
3 


S 1 "OT 


4025350 
2415210 


245546350 


756940 


- 
4 


S 0000 


. 


Rs 
N 


PS : 8 
e 9 RE 5 
r ad = "2 8 S 
FF.. I, as Io 
Se Rey) err 1 e 
. AA 


. 
8 
n + 


> oY 


S 
"Ic . 1 


WW Ov 


In ws. 


756940 


10090 


68 124600 


75694000 


7637524600 


579603 
10001 


579603 


87988800 


89704500 
3 


3 


18000500 


of ARITHMETIC. 17 
| \. 705059 1 


1000 


— 


705059000 


1001000 
1010 


— 4 
% 


 TO@I0000 
10010000 


1 5796609603 IOTIOI0000 


* 


900203005 
90107004. 


IOOIOOO1NO - 
10010010 


* 


—— 


55. The vulgar Method of proving the Truth of the Work, 
is by adding together the Digits in the Multiplicand and Multi- 
= plier, and caſting out every Nine, as often as it occurs, noting 
the Remainders; then multiplying the Remainders, and caſt- 
ing the Nines out of the Product, you note the Remainder in 
that Caſe: Laſtly, the Nines are caſt out of the Sum of the Di- 
gits in the Product, and if the Remainder, in this Caſe, be the 
ſame with the laſt mentioned, it is a general Proof that the 
Work is true. Thus in the firſt Example of Inſt. 54, the tw¾o 
firſt Remainders are 4 and 4; the Remainder in their Product is 
7, which is alſo the, Remainder in the whole Product of the Fac- 
tors, and ſhews the Work is right. But the genuine Proof of 
Multiplication is by Diviſſan. e : | 
56. Compound Multiplication" is ſometimes of Uſe. This is 


23 when the * conſiſts of different Parts or Species of 
1 c D ok. | Meaſure, 


18 INSTITUT ION SG 


Meaſure, Weight, Time, Motion, NC. . Ai in the e 


fal owin Js 


8 ; Ws = | hb. oz. puts. g. 50 yds. f. in. 
> * 11 16 0 
—_ yo r 


1 
= 
2 


701785 ; 


But when the Multiplier is large, theſe Operations are much 
eaſier by Decimal Arithmetic, as will be ſhewn farther on. 


CHA P. IV. 


Division of INTEGERS. 
57-BY this Operation we find how often the ſmalleſt of any 


two given Numbers is contained in the greater, which 
is therefore but the Reverſe of Multiplication ; as for Example, 
Let it be required to find how often 3 is contained in 405. Then 
firſt, 3 ĩs contained in 405, 100 Times, with a Remainder of 105; 
in this Remainder i it is contained 30 Times with another Re- 
mainder of 15, in which it is contained 5 Times; therefore in all 
the Parts of 405, the Number 3 is contained, 100 + 30 + 5 = 
135 nen as in the Operation below. (See Inſt, $94) 


Divifer. | Dividend. Quotient. 


3) 405 (100 
=. 5 
. (30 
ry 9 
1 
15 


* 135 


58. Hence you ſee the Reaſon of the compendious Fe orm in 
1 the common Operation of this Part of Arithmetic ; ; which there- 


fore is performed by che following 
RULE. 


; Xe * 
& £ n 
2 IR. 
N ” 
7 * 


eee RE, r * 
: * . e 
A 
X 85 Fe ; 
e — S 
8 3 
48/4 * 3 7 — 


„ 
2 8 
00 e 


re. 19 
; BUL E. 3 
77 the Dior be a Teſs Number than ſo many Figure * on the 


of bots 


© Left Hand in the Dividend make, ſee how often the Former i is con- 
© tained in the latter, and the Figure which expreſſes it, is the firſt of 


i x E the Quotient; then multiply the Diviſer by the Quotient Figure, and 
on T7 placing the Product under the ſaid Figure or Figures of the Dividend, 
8 "P | ſubtrad? it therefrom 3 and to the Remainder, annex the following 


9 ew of the Dividend, which divide as before ; and thus proceed 
1 * the whole Dividend be exhaufled as the Lan following. 


3) 405 (138 
E 


D 2 


8) 9709 ( 1221 


17 
| We . 
16 N ; 5 


5 7 


135 ) 1755 13 
135 
406 
1405 


no « # 


50. If it a that the e Diviſor be a greater Number than fo 
many of the firſt Fi igures of the Dividend make, then you take 
2 Number of Places in the Dividend greater by one, and pro- 
= ceed as before, as in the following IgG as 


1 1 
5 ) 3790 (758 


\ 


rr 


5) 3790 (758 8 25) 127900 ( 5116 
35 125 | 
„ 1 
mo | 25 
A „ e 
„ Lies 25 
1 55 | ge | | ; 5 ; 150 
5 130 ; 7 


60. If in any Caſe, the Remainder be fo ſmall, that when 
the Figure of the Dividend joined with it, make a Sum leſs than | 
the Diviſor, than a'Cypher is to be placed in the Quotient, and 
another Figure taken down ; and then the Diyifion renewed, 
9 (I as above. Thus 


9) 1863 ( 207 12) 250836 ( — 5 | 
18 | 5 
63 1 1 
63 5 . 
+. | - 6 
| 26 


5651. If the Diviſor be not contained a whole Number of Times 

in the Dividend preciſely, there will be a Remainder, when the 
Diviſion is finiſhed, which is to be placed Fraction-wiſe in the 
Quotient, together with the and, as the — as in 
the following Caſes. 


77673 (09%6% 13) 22576 (99875 
. „ 0. 


ff! 
. 117 


1 


of ARITHMETIC) 2 


71) 20754 (41% 130 een (3080 ye 
284 a IST | 
. 40 
EY 5 3 393 | 
DEC 5 oh ie : 
3 al "1.40; 


62. When the Diviſor Be one or more pen at the Begin 
ning, they may be omitted in the Work, provided you ſtrike off 
as many Figures in the Beginning of the Dividend, which are 
to be annexed to the Remainder to e it; as s will appear 
in the enſuing Operations. 


1 At Length. = . 5 2 


70) 5689 (813 7[0) 56809 (888 „ 
N̈àc = . | 
; _ — 
5 1 
19 „ ww. x 
8300) 9850716 (11866 B83][c0)) 98507116 (1186 
. | EC 
I 5507 1 | 15 5 , 8 Ni 
8300 __. 83 6 
172071 1 20 
pes | — 264 
ö 07. 
49800 + 490” 
6916 6916 | 
63. Theſe are all the Varieties the Learner will meet with in 
this Operation; and the following Examples will exerciſe him 
therein. 4 : 


175) 


INSTITUTIONS. 
9850 ) 82768 ( 


15700 9875830 ( 
60800 ) 908437200 ( 


175 ) 89463 ( 
5900) 300012 
1000 ) 980005 (* 


64. To prove the Truth of the Work, multiply the Quotient 

by the Diviſor, and if the Product be the ſame with the Dividend, 

the Work is right, , otherwiſe not. 
mainder in the Diviſion, it muſt be added to the ſaid Product to 
make the Proof. Thus in the laſt Example of (61) we have 

1031 X I31=135061, and then the Remainder 15 being added, 

the Whole makes 135076, the ſame with the Dividend. 

65. And, vice verſa, the only true Proof of Multiplication is 

by DiviGon, as will eaſily appear to any one who underſtands the 
Thus in the firſt Example of (54) if 
you divide the Product 133000 by the Multiplier 76, the Quo- 
tient * 111 the e 17 50, which proves the Work 


Note, if there be any * 


preceding Operations. 


e. 
0 -VULGAR FRACTIONS. 


0 fit Vulgar Fractions for Operatiqn, 155 mould be 
firſt of all reduced to their loweſt Denomination, 
which is done by finding a common Diviſor by this 


RULE. 
| Divide the Denominator by the Numerator, ak the Numerator 
by the Remainder (if any) and that fir/! Remainder by the Second, 
the Second by the Third, and fo 8 till the Remainder be nothing; 3 
4s in the Inſtances following, viz. 43, 45 · | 


66. T 
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| thus if the Fraction £5 
1 5 which! is equal in n Value to the former. And becauſe, i in the ſe- 


of ARITHMETIC 


150 8 (s 3319757 65 
5 „ 
7615 (02 2931 (15 
; „ e 
* 3906 (2 1141 
* 7 


65. The laſt Diviſor is the en Diviſer ſought, by which, 
if the F raction be divided, it will be reduced to its loweſt Terms ; 
5 be divided in each Part by 3, it is reduced to 


cond Example, the Remainder is Unity, it ſhews that F raction 
is already in its loweſt Denomination. 

68. Mix d Numbers muſt be reduced to a ; fraftional F orm, 
which i is done by Us 


RUL E. 
© Maltigh the integral Part by the Denominater of the fractional 


Part, to which add the Numerator, and the Sum will be a new Nu- 


merator ; under which write the Denominator, and it makes an im- 


proper Fraftion of the ſame Value. As in theſe Examples, 575 5 


2825. Thus 5X 7 = 35, and 35 + 2 = 37, then 7 = — 7; alſo 


IX II S II i + 31% l i 
364, and 364 ＋ 1 = 365, then , = 28 . bag 


which appears from common Diviſion nh ) 


69. Two or more Fractions are reducible to one common Dy- 


mination, that is, ſhall have all the ſame Denominator, retain- 


ing ftill their firſt Values, by this general 


| RULE. 
e Aultib h) the Numerator of each Fraction into all the W 


tors, but its own, for a new Numerator, and multiplying all the De- 


minators together, the Product ſhall be a common Denominator to all 


the Numerators before found. 


'Fhus ler it be required to reduce 2, Fr, 37, to one common 
Denomination, the Work will ſtand as below. 


* 


INSTETUTIONS 


NY " 3 VE. TS : 
13 5 13 "IN 
SE 2 x 
73 73 17 73 
— io 221 949 

182 245 ER 12 

1898 2555 1105 4745 


Then the Fractions become 2522, 2 774557 47255 all of the 


ſame Value as before. 
70. This previous Reduction of F BFA to 2 common De- 


nominator, renders them eaſy to be added, or ſubtracted ; · for this 


is done among the Numerators only of the Fractions thus redu- 


ced; for Example, to add the two Fractions 2 and +7 together; 
theſe reduced (per 69) are 2525 and 2555, whence 1898 + 2555 
= 4453; conſequently £453 = 4 24 7, vs "he Sum required. Thus 
alſo, Z ++ HR AA 12141. So any other F ractions 
are added e 
71. In like Manner you fubtraQ one Fraction from another; ; 
thus 7, — 2 = £52, becauſe 2555 — 1898 = 657. So alſo 


| 7 2 
3 hn $2. ekt = 37723. And the like of others. When 


Fractions are thus added or eee the fractional Sum or 
Difference is to be reduced to its loweſt Dennie by the Rule 


of (66.) 

72. To multiply Fun er is no more than to multi- 
ply the Numerators and the Denominators among themſelves, 
= he n * ier will I tant wm is * 


| 1 2 one Froflien by E you 2. * the Be. 
nominator of the Diviſor by the Numerator of the Dividend, 

for the Numerator of the Quotient; then you multiply the Nu- 
merator of the Diviſor by the Denominator of the Dividend 
for the Denominator of the Quotient. Thus gj; divided by 2 
will ſtand thus, 3) 3+ (= {53 = 44; and thus Z) 3232 (13542 = 
27, by Reduction. Laſtly, 3) 2; (43 = = 13. Theſe Caſes of 


Diviſion being only the Reverſe of thoſe of Multiplication (72.) 


74. 
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A ARITHMETIC. 23 
he 47. Any whole Number is p aber by only 
Pg writing Unity under it, thus 5 is 5, 17 is , &c. And fo In- 
tegers and Fractions may be added, ek multiplied or 
1 divided in the ſame Manner, as pure Fractions themſelves by the 


1 00 ww O 
LM ome © Os us 77 * . = r XT · n 
oY 1 

£8 Fe HS 8 8 

1 


; CHA P. VI. 
; a | 7 be Redutti on of Quantit ties of divers Denominati ans 


x into One. 
75. T*. Rule for doing this is to multiply each fupericrtipe- 
= cies by the Number which it contains of the propoſed 
2X Species below it. Thus one Pound is reduced to Numbers ex- 
XZ prefling an equal Value in all the inferior Species; as alſo other 
1 Quantities, as in the Examples below. 


11. Sterling. 


20 Shillings. 
12 
- 240 Pence, 


960 Farthings. 


1 Ib, Troy. 
3 
12 Ounces. 
8 "x 
96 Dram. 
288 Scrugles. 
20 | 


5760 Erains. 


x bb. Avoirdupois. 
16 


16 Ounces. | 
I 6 


2 56  Drams. 


1 Tun. 
20 


20 Hundreds. 
4 | 


80 Quarters 
28 


2240 Pounds. 
mm. 


3 5840 PEAS 


x 1b, 
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11h, Apothecaries Wh. 1 x file 
x >: | ET : 
t 1 ie 8 Furlongs.. 
20 3 ; „„ c 
N 240 Penny WW. , i: 
* 5 6 
5760 Grain. 682380 Feet, 
| e 
1 Day. 6 3 360 mk 
* 1 Circli. 
AY 12 
—  :  : „ 
5 | bet 12 Signs. ' 
. | „„ 
1440 Minutes. 5 5 5 | | 
* OY 3560 Degrees. 
| 86400 Seconds. 4 60 | 
: Pa . 21600 Minutes, 
60 
1296000 Seconds. 


| 76. If the Quantity, to be Wel, conſiſts of different 8 pe- 
| cies, the Number of each ſeveral Species is to be taken in, or 
dAddded to the Product which is of the ſame Kind or Denomina- 
tion, as you proceed in the Reduction; according to what you 

ſee here exemplified. | 


SOIC FF . oz. pts. grs. 


15 17 4 3 | 9 7 15 21 
20 a 
317 5. me: 
I2 ” 8 20 
| 3808 P. „ „ 
4 VVV 
— __- gr 
| 1 3 . Gn 
5 35 5 55581 Hence 


7 ARITHMETIC, 27 | 
Mites ſeveral Queſtions my be ae coun un the Later" 


| Exerciſe, as follow. 


. os. as: 
In 3s 14 15 Avoittuphiſ Weight, how many Drams ? 


7. % Bi # 
In 7 13 3 ( how many: Pounds? 


F. R. F. 
In $7.75 "37 *I% how many Feet? 
J | 
In 275 17 39 48, hom many Seconds ? 
4 $0. 
. "In 15 - 10 37 49 53, how many Seconds ? 
Ld. Sn 8:8 —©* e 
In 35 4 7 5, how many Gallons? | 8 
Ags. Gal. Pts. PET 
In 13 51 7, how many Pints? | r 0 


8 77. When we have any large Number pte any Quan- 
"I tity in its lower Species, the ſame may be reduced to any or all 
e higher Species by Diviſion, being only the Reverſe of the 
== other Proceſs by Multiplication "52 
Thus ſuppoſe it were required to know day many Pounds, 
& Shillings, Pence and Farthings were contained in 15235 Far- 
things? Tis evident, F we divide firſt by 4, the Quorient will 
be Pence; this divided by 12, will quote Shillings; and theſe again 
divided by 20, will ſhew the Number of Pounds ; the Remainders in 
each Diviſion being the odd Shillings, Pence, and Farthings. The 
| Work placed after the uſual Manner will ſtand as below. 


20 4 


+) 15235 ( 2808 ( 317 (1 15 
3 20 
3%%ͤ;ũ᷑ d , 
32 is 
7235 88 17 3 | ; ö : | | 
5 Anſiber 15l. 1 76. 4d. f. 1 


Ez | 85 Again, 


— n 
. 


28 INSTITUTIONS __ 
Again, In 55581 Grains, how many * Ounces, Pen- 
nyweights, and Grains? | 


20 PE” RE 
24) gps (2315 11g (9 „„ 
2 3 27 
52 20 
38 115 
. | 
— — | lb. oz. pwt. grs. 
EY 1 "FO 9 713 30 
| 140 | 
21 : ER. 
After the fume ins the Learner _ | operate the follow- 
ing Queſtions. 


| In 59786 Grains, how many Pounds, 3 "WS Scru- 
1 ples, and Grains? Troy. 
13 197568 Ounces, Avoirdupois, how many Tuns! ? 
In Ioooooo Feet, how many Miles, Sc. 
In 2974600”, how many Days? : 
Tn 597 3864 Pints, how many Load ? 


CHAP. VII. 
Of DreruAr ARITHMETIC. 
78. HE Nature and Notatian of Decimal Numbers having 
been already declared (12, 13, 14, I ſhall proceed 
immediately to give the Rules for their Operation. The * of 

which i Is 
ADDI T I 0 N. 

The Addition of Decimal Numbers dos no way differ from 
that of Integers, due Care being taken to place all the particular 


Sums, ſo that the firſt Places of the integral or decimal Parts be 
exactly under each other, as is ſeen in the Win Examples. 


(See 2527. 4 


of ARITHMETIC: 


$57. 1 64,75 35729 | 
76,2 98, 30 43.605 
538,9 27,64 95834 
9761, 5 59,37 30,546 
| — 755102 
10282 250,06 | 
| af Sat a 164,816 


79. If any Number be purely decimal, or has no integral Part, 
tis uſual to put a Cypher in Units Place of N as thus 


0,057 0,5729 

0,762 - 4,360 

5,389 , 9834 

97,615 3,546 

| - | 755104 
103,823 5 8 


80. obs on the Right Hand wy a decimal Number avail 


nothing, and are therefore. more elegantly omitted. 9 
0,0100 . 0, of 
3359270 337927 
„ . N 4,1009 
Thus inſtead of 4 97552300 | we write 975,23 
; . 751200 g 4 - i 7212 
1120, 3879 1120, 3879 


SUBTRACTION. 


g 1. The fame Precautions being obſerved, Sulinatiies of De- 


 cimalsis performed in all Reſpects like that of —_— as in the 
Examples following. See (44. 


57238765 _ 695278675. . 
1310, 243 43486,574 
4413, 2522 eee 


572,987 


10 


80 I NIS TITUTIONS 


572, 0987 „ 
179, 5 0 echt 
2392, 5987 07 005593744 
+: 2935697631 . 
2, 5589030 4,876902 
$2] l ; ©,010860x 0,1230906 
—— — „ . | — 
10, 05 5 I00000, 
 0,0098753 eee 


— ai Hh. aca 


A 92999999 


22 — 


MULTIPLICATION. 
82. In Multiplication of Decimals, having placed the Factors 
(as in common Multiplication, 51.) you obſerve this general 


Rule, viz. Cut off ſo many Places of Figures for Decimals in the 
Product as there contain'd * Places i in both the Factors. 


Thus Mult. 7,33 3733 43,9) 
69,40 34 428 19588 
eee . „ 
LE 1 — 14691 
91, 808 
188, 0448 
wo, | - os.  oflocer 
, 0, 52 0, 305 
10 %//ſ¶ —BVä 516 | 402535 
12250 3790 2415210 


— 


* — 


1330. 0439416 024554635 


83. But if it en that when the Operation is finiſhed, 


there are not ſo many Figures in the Product, as there are Places 
of Decimals in the Factors, then Cyphers are to be prefix ' d to 
4 | _ the 
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the Product to make the Number of an. e e 


XY 209, - gcor75 ID or | - 
oF; | 1225 See. 
5000013300 —— 
58 — SIOooron | 1000000, 
ↄd obo m on 
2000354 501000101 * 50 oy 


DIV 1819 N. | 
84. Diviſion of Decimals is alſo perform” d by one * Cenerel 
Rule, viz. Divide the. Numbers as if they were all [ntegers, and then 
cut off fo many Figures for Decimals in the Quotient as when added 
to thoſe of the Diviſer, do make the ſame Number of Decimals as 
are contain d in the Dividend. Examples follow. (See 51, 54.) 


1,6) 91,808 (57,38 48,97) 1 88,0448 —_ [ 
Ser 4 | : ; IG 146 JT. US ig = 
118 | 41 135 | 
7 an 39 176 
= _ 
48 : 1 9588 
128 —— © # : : 
41328 
1750) 1330,00 (76 194) 899416 (788 
| 1225 5 ; 36 4 
105 © 301 
105 00 260 
—— 00 3 416 
416 
: 85. 1 


— —— eee EE IN 
es rn n 


4 5 
2 x 1 3 
. * 6 
* 


322 INSTITUTIONS: 


— 
© — — 


5,116) 1279. o00 (250. 


35. If, when the Diviſion i is finiſhed, there are not ſo many 
Places in the Quotient as with thoſe Decimals in the Diviſor 


will equal the Number of Decimals in the Dividend, then Cy- 


phers muſt be — to equal that Number. As in theſe Ex- 


amples. 


09), 072 (, 08 28k 59 ),000354 (000006 
. . 35+ | 


Diviſor ; z and the Quotient is in this Caſe integral. 


Thus 2,5 425. O6 170. 390747 1900. 


6 . 39 . 
e ST. 
Oo EE ORC: 


— — 


0 


***00 


wt 


10232 PE 9 

255 80 2 
255 80 
0 


87. But if, when the Diviſion is 3 far finiſhed, there hap- 
pens to be any Remainder; then more Cyphers are to be an- 
nexed to the former in the Dividend, and ſo many Places are 
Decimal in the Quotient, as is evident in the following Exam- : 


ples. (See 61.) bd 


4 —_ 


| 86. When the Dividend i is an . Number, ſo many Cy- 
phers are to be annexed thereto as there are decimal Places in the 


001 55 597,000 (597000 


"> 
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- 7 ) 673.oÞ00 ( 96342 1:3 ) 12976. 9 ( 99814538 
Ga es "on "BED, 
. on nl 
42 „% 0 (EM 


10 „ "> mod 
104 


71) 2975400000 (41907, 42 
284 ö - 


* 


,015 ) 1. ooo ( 66,66 
O 


9 


88. N. B. In Caſe any large decimal Numbers are to be mul - 
tiplied by each other, and it be required to retain only a certain 
Number of decimal Places in the Product, you may contract the 

Work and ſhorten the Labour by proceeding as follows, viz. 
Mrite down the Multiplicand as uſual, and then write under it the 
Multiplier inverted, with the Unit's Place theresf under that Place 
of the Multiplicand, whoſe Place you intend the Product ſhall extend 
to; then multiply, as uſual, by ae Figure of the Mitipheroghy- 

„ 7 OW 


ginning 


2» I1FSTITUTIONS9. 
ginning at thoſe of the Multiplicand which fland over it, neglecting 
thoſe to the Left, unleſs ſo far as to obſerve what would ariſe from 
multiplying the Figure immediately foregoing, which muſt be taken in 
at the Beginning of each Line, the firſt Figure f all which muſt ne 
under one another on the Rioht-hand. | 
89. Thus let it be required to multiply 3,141 592 by 52,7438 
to have four Places of Decimals in the Product. And alfo 
104226, 8672 by eee the Work for each will Rand as 


below. 


Multiblicand 3,1415 92 en 2 
at i inverted 8 347325 883997 162,0 
1 5707 96 20845 3734 

628 32 | 6253 612 © 

219 9F 104 2268 

12 57 72.958 7 

94 9 390.3 

25 937 9 

| | 3 2 
Product = 165,60 95 ö „ 


| Produtt = 27286,529 4 


90. The Reaſon of this Contraction will eaſily occur to any 
one who conſiders the Work at es as it ſtands below for the 
firſt of theſe Examples. 


3,1 4 1592 - 5 The od Line have 
25 2,7438 drawn among the Figures cuts 

off all the ſuperfluous Part of 

2501 32736 the Work to the Right, and 

9 412 47760 leaves the fignificant Part on 

| 125 616 368 the Left, which is the ſame as 

2 199 1144 the contracted Part, but in an 

6 283 18 4 inverted Order, which is the 
157 079 600 Reaſon why the Multiplier is 
— inverted in that Caſe to pro- 
165,699 500 01296 duce it. | 


N. B. What relates to the Doctrine of Repetends or circula- 
ting Decimals, we ſhall refer to Logarithms ; as this intricate Af- 


fair is moſt eaſily enn by thoſe artificial Numbers. 
CHAP. 


of AR1 THME T 10 1 35 


a. 
_ LY * * 


H A FP. VEE 4 
The Reduction of Vulgar Fractions, and Quantities 
of divers Species to Decimal Numbers. | 
91. A Common Fraction is reduced into a decimal Expreſſion 
of the ſame Value by dividing the Numerator by the 


Denominator by the Rules in the preceding Chapter. As in 
the Examples below. LS | 


2 = 5) 2,0( = 0,4 I 8) eos 04375 2 


i ro 
mY | | bo 
. . | 56 
386) 1,000( = , 16 3 
os 1 
40 | | — 
36 5 ” 1 
51 = =8) 43,000 ( 5,375 
„ 
30 
; — 
60 
56 
40 


92. By chis Means you find the decimal Value of any 
4 Species of Money, Weight, Meaſure, Time, Motion, &c. in any 
nm Denomination above it. viz. By dividing Unity by the Number 

expreſſing how many of that Species make One in the ſuperior 
| To BF + „ 


ö f 
j 
' 
4 
Ff 
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Pound one Farthing is, becauſe 950 Fathings make a Pound, 


one Farthing, After this Manner the following Tables are 


VV 


Denomination propoſed. Thus becauſe four Farthings make 
one Penny; therefore 4 = 0,25 is the Decimal of a Penny for 
one Farthing, In like Manner, ½ = 0,083 = the decimal. 
Part gf one Shilling for a Penny; and 2 = 0,05 = the oy 


mal ora Pound for one Shilling, 
93. Again, if it þe required to know what decimal Part of a 


therefore 2 = 0,0010416 is the Decimal of a Pound for 


made, ſhewing the decimal Value foreach Species of the integral 
Quantity or higheſt Denomination, which is always Unity, or 


I, in the ſeveral Sorts of Money, 


One Pound 1. 
: Shilling 0505 
Penny o, oo416 
Farthing o, oo 10416 


"ne Ter! I, - 
Hundred 0,05 
Quarter o, 125 
Pound o, ooo446 
Ounce ©,000028 


Oue Day 1. | 
Hour 0, 416 
Minute 0,000694 
Second O,000001T 


One Load 1. 
Quarter o, 2 
Buſbel o, a2 
Gallon 0,003125 
Pint 0,00039 


Weight, Meaſure, Sc. 


Troy Pound 1. 

85 Ounce 0,083 
Dram ©,010416 
Scruple 0,00 3472 

Grain 0,0001736 


hs Mile 1. 
Furlmg 0,125 
Rod 0,003125 
Foot 0©,000189 

Inch o,000016 


A Circle 1. 
Sign 0,083 
Degree 0,0027 
Minute 0,00004. 
Second 0,0000006 


One Tun? 
of Wine 5 L. 
. 
Hog ſhead 0,25 
7erce 0, 16 


Gallon o, oo3967. 


984. Having any Quantity expreſſed in divers Species, as I 5/. 
177. 44. 3½ tis cafy, by the Tables, to turn it into Decimals, 


T hus 


5 
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t X's =15 6 
005 X27 3X - 0s. 
0,00416 X 4= ©,016 
0,001 X Z= 0,003. 


Therefore 15. V 3 == £ 15,869 - 


95. Hence, by this Method, it will be eaſy to We ſome 
eee in Arithmetic, which would otherwiſe prove very 
irkſome and difficult. Thus, ſuppoſe it was required to 


Feet Inches 


Multiply 14 97 = 12,812 
8 7 5 * 7458 b 


Thus 


Now this would greatly puzzle a Learner to perform in the com- 
mon Way, but when reduced to Decimals, is only a Caſe of 
common Multiplication. And it ſhould be a Maxim with School- 
maſters never to torture the Genius of a Scholar with things ex- 
tremely difficult, and at the ſame Time unneceflary, or per- 
formable by eaſter Methods; which is but too commonly the 
La nes i rn Gn 


CHAP. IX. 


Oof the Ratios of Numbers, and the Rules of Propor- 
tion, or Rule of Tl bree Direct and Inverſe. 


96. A the Ratio of Numbers conſiſts of a Compariſon or 
Relation in reſpect of Magnitude; and as one Num- 
ber may exceed another both by Addition and Multiplication, there- 
fore two Sorts of Ratios will ariſe in the Compariſon of Num- 
bers, vz. one, which will be expreſſed by their Difference when 
the leſſer is taken from the greater; and another, which will be 
expreſſed by the Quotient, in dividing the greater by the leſſer. 
97. Hence, in this Series of Numbers 1, 2, 3, 4, 5, 6, 7, 8, 
c. where each is greater or leſs than the other by Addition or 
Subtraction of 1, the common Difference will be 1 between any 
two contiguous Terms, which is therefore called the common 


Ratis | 
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Ratio of the Series; thus the Ratio of 2 to 1, is 2 — 1=7; I 


of 5 to 4, is 5 —4 2 1; and ſo of the Reft. But the Ratio 
, 1J—I1I=2, and 5 to 3 = 5 — Z= 2, which is 
double the former. And the Ratio of 4 tot = 4 — 1 = 3, 
and 5to2 = 5 — 2 = 3, Sc. which are triple the Firft. In 
the following Series 1, 3, 5, 7, 9, II, 13, 15, c. the Ratio or 


common Difference is 2. In this Series 5, 9, 13, 17, 21, 25, 


Sc. the Ratio is 4; and fo it may be any given Number, by 


which any Series of Numbers encreaſe or decreaſe. And hence 
ſuch a Series 1 Numbers are faid to be in arithmetical Progreſ- 


fon. 


98. The oth © Sort of Ratio is that bets Numbers which 


differ by a common Multiplication or Diviſion ; Thus, if 1 and 


each ſubſequent Product be conſtantly multiplied by 2 this Series 


will ariſe, viz. 1, 2, 4, 8, 16, 32, 64, Cc. and this con- 


ſtant Multiplier is the common Ratio of the Series ; for the Ratio 


of any two proximate Numbers is the ſame; 1155 the Ratio of 
3 oy the Ratio of 16:8 = F = 2, Again, 


bs his cries I. 3. 9. 27, 81, 243, &c. the Ratio is 3; thus 
** by or 243: 81 = n = 3, and ſo of others, 
99. In theſe Series, the Ratio of the third Term to the firſt 


is not double that of the Second to the Firſt, (as in arithmetical 


Series) but is faid to be duplicate of it ; thus 4: I 2 X 2=4, 
whereas 2: I = 2, in the firſt Series; and in the ſecond Series, 
— gg. whereas}: 1= 3. Again, the Ratio of 
the fourth Term to the Firſt is not triple (as in 91) but triplicate 


of the Ratio of the ſecond to the firſt. Thus, 8:1=2X2X2 


= 8, which is triplicate of 2:1 = 2; or this latter Ratio is 
three Times involved in the former. Thus alſo 27 : 1 = 3 x 3 x 
3= 27, which therefore is triplicate the Ratio of 3: 1 = 3, 
Whence a Scries of Numbers having ſuch a Ratio is ſaid to be 
in geometrical Progreſſun, 


100. Hence it is evident, that in order to make any Ratio 
twice as great as before, it muſt be multiplied by itſelf. Thus 
2: 1 added to 23 1, is 1 X + = ; or IX N is 3: l added 
to it ſelf, or made twice as oreat , Conſequently, the Addition 
of geometrical Ratios is performed by multiplying thoſe Ratios by 


each other. Thus the Sum of the Ratios 5: 3and8:7is5 X 


WY 
A of 
x 
F 
» 
* 
Fr 
| 
vs 
5 
* . 
5 
N 
. „ 
3 
I 
. 
ITE 
n 
„ 
. 
: _—Y 
1 * 
FINN 
8" * 
RSA 47 
5 iS 4 
TOOLS Ds 
2 
PIE. 
72809 
x 
LY 


W 23 AW we 


* * 
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= 2 — 40:21. Again, 1: 3 added to 53: 5 makes the Sum 


| e to the Ratio 5: 27, becauſe 2 1 X = y- 


ror. On the other Hand, the Subtraction of the . 


Ratio is performed by dividing the greater by the leſſer. Thus, if 


from 4: 1 I take 2: 1, there will remain 2: 1, becauſe 2 )4(=2. 
In like Manner, if from the Ratio 40: 21 I ſubduct the 
Ratio of 8: 7, there will remain the Ratio of 5: 3 for © ) 


27 (. And from the Ratio 5: 27 if we take 5:9, there 


will remain 1: 33 becauſe 3) 27 (= 


102. From a Compariſon of geometrical Ratios reſults the 
Doctrine of Proportion or Analogy ( 21 ) for if there be three Num- 
bers, ſuch that the Ratio between the firſt and ſecond be the ſame 
with the Ratio between the ſecond and third, then are thoſe Num- 


bers 9 to be Proportionals, as 1, 2, 4; for 1: 2 2 2: 4, or 


1: 2: : 2: 4. Alſo 1, 3, 9, are proportional, becauſe 1: 3 = 


39 0 by 98.) Thus alſo four Numbers are proportional, when 
the Ratio is the ſame between the firſt and ſecond, as it is between 


25 .. and fourth; as I, 2, 4, 8, or I, 3, 9, 273 becauſe 


2 4:83 and 1: 3 2 9 27. : 
_ Theſe proportional Numbers are ſuch as cities ſucceed 


on other immediately in the Series, as 1: 2:: 4: 8, or 4:8 


: 16: 32; and the Proportion is ſaid to be continued, and ſuch 
Tan are called continual Proportionals. But if the Ratios are 
taken between ſuch Pairs of Numbers as do not ſtand together, or 
immediately follow each other in the Series, then is the Propor- 


tion ſaid to be diſcontinued or digjun?. As in theſe 1:2: :8 : 16, 


or 4: 8 ; 32: 643 or x: iz. And this makes what 


| * vulgarly called the Golden Rule (becauſe of its n or 


Rule of Three. 
104. For by this Rule, if any three Numbers are given as 3, 
9, 81, a Fourth may be found which ſhall be in Proportion, 
that is, ſhall have the ſame Ratio to the third Term 81, as there 
is between the two firſt 3 and 9. And becauſe this fourth Term 
is as the unknown or 2 let us call it x. Then by Suppoſi- 


tion, 3:9: : 81: *3 therefore 3 f = 2 1 (by the Nature of the 


Series 98.) 
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Wl INSTITUTIONS 
105. Now it is an Ariom, that if equal Things are multiolied by 
equal __ * the Products will be equal; therefore if the two equal 


| Ratios - 3 — be each multiplied by the ſame Number 81, we 


ſhall have 2 x Ad = 5 7. — x, 25 15: evident 6 5 


and ſo makes no Alteration in the Value of x; therefore the Rule 
is, multiply the ſecond and third Numbers together, and divide the 
Product by the Firſt, the . will be the fourth Number fought. 


Thus 8 — 81 


=» 


= 243» fo that 3:9: :81: 243, according to 


106. Hence this Rule comes to be of very great and frequent 
Uſe in the various practical Affairs of Life, which I ſhall exem- 


plify by a few Queſtions, as follows. 
If 3 Yards coft 9g * what will 81 Yards coſt? ? See the 


Hon. 


Yds. 8. Vide 5 s. 
3:9 81 12 3 


9 
— 20 | 
T7129 (243( 12 
0 20 
= 43 
I2 40 
. 9 : 3 5 5 : 
ü 
It rool. gain 510. Intereſt, what will 750l. gain in the fe 
Time? - 
LEE 
100: 5 ö 
55 
. 100) 3 3750,0 ( 37,5 = = 37. 10. 
8 | 
5 „„ . I 
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If the, Moon deſcribes the whole Ecliptic, or 360 in 274 
| Daya how many Degrees does ſhe paſs thro? in one Day ? 
A Analogy, 2745 3 „ 13% 


n 27,5 ) 360 ( 13,09, Anſwer. 
5 2 F | | 


850 
825 


2500 2 N ä 
; 4:7 Ayvils hich 


Try 12 5 Bf . 
According to the accurate Meaſures of the French, there are 
57060 Toiſes in a Degree, or 242 360 Paris Feet; the Circum- 
ference therefore of a great Circle is.123249600 Feet; and the 


Paris Foot is to the Engliſh, as 1068 to 1000: Quere, how 
* * Feet ny Miles are in the Earth's n 


Paris Feet. Eng. Feet. 
dee ooo: 1068: : 123249600 : 131630573 
| Then becauſe 5280 Feet = 1 Mile, ſay: 
F. M. 1 Tas. F. 
As 5280 1 : 131630573: 24930 . 


1070 Wen the Ratio of the Series is carried on by Diviſion. 
== below the firſt Term, as it is Od it by Multiplication, as 
= thus, 16:8:4:2:1:t4i4:5:4, Cc. then are the Ratios 
of theſe fractional Numbers to Gains ſaid to be e, or re- 
ciprocally as the Ratios of the integral Numbers to Unity; that 
is, the Ratio of I to 1 is the Reciprocal of 8 to 13 e as 
much leſs as 8 is greater than Unity, or 1. 

108. When, therefore, any Queſtion in the Rule of Three 
is propoſed, and is of ſuch a Nature, that the fourth Number x, 
or Conſequent of the ſecond Ratio of the Analogy i is reciprocally 
to its Antecedent of what the Conſequent in the firſt Ratio is to 
its Antecedent, then the Rule of Three is ſaid to be Inverſe. 
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therefore 1 as 15 to 12. 


direct, therefore 


Dries 
And the Terms muſt be ſtated in a o— or r inverſe Order, 
as in the following Queſtion. 

If 12 Men do a Piece of Wark in 15 Days, in how _ Days 
will 20 Men do the ſame? 

Here it is evident, the 4th Number x cannot ſand 1 in the 4th 
Place, as before, (104 viz. 12: 15 :: 20: x; for then x would 
be directly to 20, as 15 to 12; but x muſt be leſs than 20, and 
Again, it is plain, that 


XI. D. 
20 : 12 :: 15: * Days ; and becauſe the Proportion is here 


> = = x (105.) Conſequently, if we 


take the Terms as they ſtand in Queſtions of this Sort, the Rule 
for operating them in this, Multiply the firfl and ſecond Numbers 
together, and divide by the Third, and the Quotient will be the 
Fourth amber (x) ſought. 80 f in the N Caſe NDS — 


x = 9 Days, the Anſwer. 
109. I ſhall here _—_ a Queſtion or two of this Sort, as 


follows. 
A Friend lends me 37 21. for 7 Years and 8 Months, Jace long 


muſt I lend him 4.961. for an Equivalent? 


720 == oC Years, Anſwer. 


496 


6 X 
2 hen per Rule 8 
, Ah p 72 


—— 


F 3 Men, and 4 omen, can do a Piece of Wort in 56 Days, 


how long will one Man and one Woman be doing the ſame © 
Becauſe of 3 Men and 4 Women, ſome Number muſt be 


found that may be divided by 3 and 4 without a Remainder, as 


the Number 12; then make the 3 Men or 4 Women equal to 


12 Boys; and 3 Men and 4 Women will be equal to 24 Boys; 


and 1 Man will be equal to 4 Boys, and x Woman to 3 Boys, 


and 1 Man and 1 Woman to 7 Boys; then the Queſtion is 


reduced to this, 1f 24 Boys do a Piece of "os. in 56 Vows in 
how many Days will 7 Boys do the ant, Pl 


24 X 56 


Anſwer WA OE op 192 Days. 
110. I ſhall here ſay nothing of the en Rl, of 8 


tion, or, as it is uſually called, the Double Rule of Three, wherein 
five Numbers are given to find a ſixth, by means of two Analo- 


_ glesg 


8 
an. wor Man.” 


© 
2 
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gies, becauſe this will be beſt explained, and the Reaſon of O- 
FRE peration will be more evidently ſeen, in the Method of treating 

"GY this Subject in Algebra. 

II. From what has been ſaid of Ratios, it is eaſy to make 
6 Compariſon of their Magnitude, having firſt premiſed this De- 
175 5 finition, viz. Dat Ratio is ſaid to be greater, equal to, or leſs 
lan another, whoſe Antecedent hath a greater, or an equal, or a 
5 5h leſs Proportion to its Conſequent, than the other's Antecedent hath to 
9 its Conſeguent. Thus the Ratio of 6 to 3 is ſaid to be greater, 
25 oh and the Ratio of 4 to 3 leſs than the Ratio of 5 to 3. Thus a- 
gain, the Ratio 6 : 3 is greater, and the Ratio 6 : 5 leſs than the 
Ratio 6 : 4. 

112. Hence, when two Ratios are to be compared whoſe A4 
* 1 tecedent and Conſequent are both different, it will be proper to 
* reduce them to the ſame Antecedent, or the ſame Conſequent, before the 
Compariſon be made; as for Inſtance, ſuppoſe I would know 
& which of the two Ratios 7: 5 or 4: 3be the greater; to know 
this, I fay, as 4:3::7: 55; then it B evident, 7 : 5 is a greater 
& Ratio than 7: 53 (by 111,) and conſequently greater than 4: 3. 
Again, ſuppoſe I would compare the Ratios 3: 4 and 5:7; 
then! lay, C 1 985 + 3 but the Ratio of 5: 7 
is greater than the Ratio of 5: 7 and therefore the Ratio 
3:4 is greater than the Ratio of 5: y 

* 113. In any Series of Numbers, 48, 40, 30, 15, the Ratio 
. of the Extremes is ſaid to be compounded of all the intermediate Ra- 
LR 2:05; viz. 48: 15 = 48 : 40 + 40: 30 ＋ 30: 15; which will 


$ 9 eaſily appear by 90 all F . thus; 15 = $5 * 


| 75 „ 1 EINE „ for it is plain, ſince 49 X 30 is 
3 15 N 400 * 30 

in the Numerator and Denominator both, it makes no Alte- 
ration in the Value of the T raction, which therefore is equal 


114. Hence, on the contrary, any Ratio 18 8 1 may be 
reſolved into any Number of other leſſer Ratios of which it doth 
cConſiſt, as ſo uy Parts of the Whole. Thus #3 = 45 x 42 
| x 553 or fr = HN $ X 35. Thus alſo the Ratio of 48 
to 5 may be Pa ye 125 reſolved into any other Number 
of Ratios, as #3 X 42 X 45 X 41 * „and fo in any other 


Caſe. | „„ 
"62 „„ 115. 
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twice the Raio of-11 to 10, that is, 80 


Truth, where the Difference is no leſs than a Ioth or 11th Part 


h INSTITUTIONS 


115. In any two Quantities or Numbers, whoſe Difference 


is very ſmall in reſpect of the Quantities themſelves, if ſo much 
be added to one, and ſubtracted from the other, as ſhall make 


their D:ference double or triple, or Half, or a third Part of what it 


was before, then thoſe Quantities or Numbers ſhall be in a Da- 
Plicate or a Triplicate, or a Subduplicate, or a Subtriplicate Ratio 
of that they were in before any ſuch Change was made, nearly. 


116. Thus let there be two Numbers 10 and 11, whoſe Dif- | 


ference is 1, then if ; be added to 11, and taken from 10 we 
have 112 and 92, whole Difference is 2, double of the former 
Difference. Now I ſay, the Ratio of 103 to 92 is duplicate of that 


of Ix to 10 nearly; for the Ratio of 114 to q is reſolvable into 


the Ratios 114: 105, and 10; : 9; (by 114.) Now the Ratio 
* 105 is greater than the Ratio 11 to 10, and the Ratio 
of 101 92 is my as much leſs (as will appear from 112.) 


therefore the Sum of both thoſe Ratios will be nearly equal to 0 3 


112 VVV 


10 


20 | n : 
275 and the latter is 160 ; Which 


99775 


nearly for the firlt is : 


are very nearly equal. 

117. Again, if we add 1 to 11 and take it from 10, we ſhall 
have 12 and 9, whoſe Difference is 3; then will the Ratio 12:9 
be ee or FOR: Times as great as the Ratio 11: 10. For 


12. 1320 11 
1 1 10 1 Mi 5 t) 990 I Toy Io * 


1000 5 = which two F ſons are very nearly equal. 


118. Thirdly, if the Difference. between 11 and 10 be re- 
duced to half, or a third Part, the Ratio will be reduced ſubdu- 


5 plicately or ſubtriplicately ; ; thus add 4 to 10, and take it from 11, 


and we have 104 and 103, whoſe Difference is half of the for- 


mer. Now 10; : 10 f is ſubduplicate of the Ratio 10: 11, or 


as Alo: 311. Alſo, if 4 be added to 10 and taken from 11, 
you have 104 and 105, which are nearly in a 5 FA Ratio 


of 10 to 11, or 10 to ii. 
We ſee in theſe Examples how near theſe Ratios come to the 


1 
3 


1 AE 


Ratio 100: 102 as 1: 2 


ſo that Square being multiplied by the ſaid Number, 


Cube of 7. So the Cube Root of 8 is * = 25 


of ARITHMETIC. 45 


of the Whole; but if we ſuppoſe the Difference to be a much 
leſs Part of the Whole, as an Iooth, a Ioooth, c. they will 
be much more accurate; ſo that to multiply or divide the Ratio 
it will be ſufficient to encreaſe or diminiſh one of the Numbers 
only. Thus 100: 102 is duplicate of the Ratio 100: 101; and 
100 : 103 is triplicate of the Ratio of 100: 101. Alſo, 100: 
100% is ſubduplicate, and 100: 1007 is e of the Ratio 
of 100: 101, nearly. | 

119. Hence we obſerve, that the Ratio 100: 101 is to the 
and the Ratio 100 : 101 is to the 


Ratio 100: 10g, as 1: 33 the Ratio 100: 11 100 104 boy 
: 4; and fo on univerſally, which Theorem is of very great 
Uſe, and ought to be well remembered by the mathematical Rea- 


5 dier. What further relates to the Doctrine of Ratios and Pro- 


portion, will be delivered in Species (in the algebraic Part) which 
will afford a more abſolute and univerſal Speculation of the Na- 
ture and Properties thereof than can be obtained _ Num- 


r 


Of the Powers of Numbers, and the Erracii on f 


Roots. 


THEN any Nionber' is nh by itſelf, it is ſaid to 
be fquared, and the Product is called the Square or 
ſecond Pas of that Number; thus 2 X 2 = 4, ſo 4 is the 
Square of 2; and 2 is ſaid to be the Square Root of 4; and 1 18 


thus expreſſed, VV 4=2. $07 * 7 = 49, and the Square 


Root of 49 is 49 = 7, and fo of any other Numbers. 

121. As a Number multiplied by itſelf produces the Square, 
or Root, 
produces the Cube, or third Power. Thus 4x4 A 


= 8, the Cube of 2; and 49 * 7 = 7X7 X7 = 343, the 
and the Cube 


2 7 


Root of 343 is 9 3=7; and ſo of others. 


1 


- INSTITUTIONS 

122. Thus you proceed: by a conſtant Multiplication of every 
ſubſequent Product by the ſame Number to raiſe any Power of 
that Number you think fit, as you ſee done for the 9g Digits in 
the m— ee to the ſixth Power. 


e Fe 3 45 6 74 8 9 | 
ee, ee [3649 | 64 | 8 
; eee 118 27 64 125 216 343 | 512 729 
Is * 16 81 256 625 [1296] 2401 | 4096 | 6561 
[eb Proc || | j52543/1024/3:25[7776[16807[3276859049 


123. When the Square Root of any Number is propoſed to 
be found or extracted, it is done by the following 


E UL E. 


Firſi, bet the Figures of the Number be diflinguiſhed into Pabr, 
by fixing a Point over every other one, beginning at Unit's Place 
Then write ſuch a Figure for the firſt Place in the Root, whoſe 
Square ſhall be equal to, or next leſs than the Figure or Figures from 
the Iaft Point on the Left Hand; then ſubtracting that Square, the 

ether Figures of the Root will be found by taking dotun each Pair of 
Figures ſucceſſively to the Remainders, for new Dividends, and dou- 

Ving the Root ſo far as extracted for the firſt Part of the Diviſor, 
enguire how often it is contained in the new Dividend, and Place the 
Quotient for another Figure i in the Root, and alſo annex it to the 
Diviſar, which will be then compleated. 

124. This will be illuſtrated by the following Examples, 
Query, the Square Root of 144 ? 


144 ( 12, the "INE Root required, 

s 
22 )*44 

44 


* 
P 3 : 
7 
I 7 A * 3 
ad The 


* & mel % * o_ 1 * A _ 
—_— e — 5 x . q R * bx) LES. 
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| The Reaſon of pointing the Number in this Manner is, be- 
© cauſe there are always as many Places of Figures in the Root as 
= there are Points over the given Number. But, till we come to 
Algebra, the Reaſon of the whole Operation will not ſo well 

appear as by working it at large (for the common Way is but 
© a Sort of Contraction) in the Manner following, 


9 4 


1 

100 „ 
44 ( 2 > then 10 + 2 = 12, the Root. 
Ba : | 


Extract the Root of 219024. — 


8 + 3 =468, the Root. | 
160000 


doo 59024 ( bo 
51600 


460 X 2 wha 520) 7424 (8 
OO ap) 7424 


But this Example contracted in the common Way ſtands 


219024 (468, the Root. 
1 5 | 
86) 590 
; $76; 
928) 7424 
„ 


* 81 * 


I's 


Another | 


153 48 INSTITUTIONS 

4: Another Example here Yona. To extract the Square Root 

4 of the Number ee e 

| * ' 8 Gs 2955624 ( 5432 = = the Root required. 

_ 10) 450 3 . 

LOT e | 

44 i 1083). 3466 FO | ; 
9 10862) 21724 % 
. 27444 "67 9 3 
. : 25 Þ 8 5 | 3 2 4 £ 
' +4 125. It is plain that Number muſt be a Square, whoſe Root 7 
WM may be extracted without a Remainder z and fuch Numbers may | 
. be as well Decimal as Integral; as in the lin Example. ; 
4 | What] is the Square Root of 1 56,25 BS g Y 


I | . ; - 
22) · 56 : iy | . 35 1 


a 
A 11 
* # A 
— ; ö : n 
F , N + 4 
a 3 


245). 1225 N | $ a A 0 


1225 . 1 | | | ? tl 
| TT Cane 3 5 P 
What is the Square Root of 50,2681 ? . W 7 


| $50,268 ( 7209 = = Root required, 1 
1409) 12681 . 1 
1266 f 1 


* 
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Required the Square Root of o, 36602 5. 
„366025 ( 0,605 = the Root. 
"I | 
36 


1205 38 96025 
6025 


—— 


What is the Square Root of 0,00015625?_ 


o, oo0 15625 ( 0,0125 = the Root. 5 


1 
N 
245) 1225 
0 1225 


— — ö 


1726. The Number that is not a Square, or whoſe Root can- 
not be extfacted, is ſaid to be ſurd, or irrational; but the Roots 
of ſuch ſurd Numbers may be approximated in Decimals as near 
he Truth as required. For Inſtance, let it be required to ex- 
1 | | tract the Square Root of 2. Annex to the given Surd, as many 
[7 The of Cyphers as you would have decimal Places in the Root, 
ws 1 hus 


* * — ® 9 


„ 2,0000000000 


4% INSTITUTIONS 
2,0999000000 ( r 
: 


24 ) 100 


281) 400 

; 281 
2824 ) 11900 
11296 


28282 ) - :60400 
56564 


282841 ) * 383600 
| 282841 


"4 


Ti 100759 


Thus it appears the Square Root of 2 is 1,41421 true to five 
Places of Decimals ; if a greater Degree of Accuracy be requir- 
ed, more Places may be obtained by dividing the Remainder 
100759 in the common Way by the Diviſor rn len 


the firſt Figure 1) as you ſee below. 


28284) 100759 ( 3502 

" - "04552 — Z 
159070 | 
141420 


176500 
169704 


67960 
56568 


„ 11392 | 
Therefore the Square Root of 2 is ſtill more truely x 14142 135 62. 


I27, 


CFARTTHMETTC as 
127. The Square Root of any Vulgar Fraction is ente 
by extracting the Root of the Numerator and Denominator for 
the fractional Root. Thus the Square Root of 33 is 3; for 5 
is the Root for 25, and 6 the Root of 36, and 25 N 1 = $21 
and fo the Square Root of 144 is V 144 = 133 _ ſo you pro- 
| ceed for any other. But in ſome Caſes, the beſt Way will be to 
convert the Vulgar into a Decimal Fraction (by g1.) and ſo ex- 
tract the Root in Decimals, as above taught (in 125, 126.) 
128. The Extraction of the Cube Root will prove too difficult 
a Taſk in common Numbers; and as Nothing can be eaſier by 
Logarithms, I ſhall there ſhew the Method of doing it. Be- 
ſides, the Reaſon of the Thing cannot be ſhewn till the Reader 
comes to the Algebraic Part, where it will be evident enough. 
129. The Biquadrate Root of any Number is eafily had by 
extracting the Square Root of the given Number firſt, and then 
the Square Root of that Root: Thus, let it be requited to extract 
che Biguadrate Root of 4857532416. 


4857532416 ; ( 69696, 1 
"ap 


129) 1257 


1161 


1386) i 


13929 ) 133724 


125361 
139386) 836316 1 
836316 * "Wu 
7 * ; | ; ; | | 


52 INSTITUTIONS 
© Then 69696, (264, = the Biquadrate Root. 
ö 


46) 296 1 | 
OW. Wnt co), ts of by 
524) 2096 

| Poe 


6 6 „ S 
/ „ 


For 264 X 0; X 264 * hs = i And thus 
you proceed in any other Caſe where the Riquadrat Nen is re- 


. 


5 CHAP. 3 
Of the Nature and Uſe of LOGARITHM, 


130. * a Series of Numbers in Arithmetical Progreſſion, be- 
| ginning from o, and whoſe common Ratio is Unity, be 
: appoſitely placed over another Series of Numbers in Geometrical 


Progreſſion, in the following Manner, viz. 


Arith. o, I, 2, 3, 4, 5, . 9, Ce. 
Geom. I, 2, 4, 8, 16, 32, 64, 128, 256, 512, 22 


Then we may obſerve the following Things. - 

131. Fir; The ſeveral Terms in the Arithmetical Series 
' expound the Ratio of the correſponding Terms in the Geometrical 
Series to the firſt Term; thus, 2 in the upper Seties ſhews the 
Ratio of the Geometrical Series is twice repeated between 4 and 
I; 5 ſhews the Ratio 5 Times repeated between 32 and 1; or 
that the Ratio 32: 1 is 5 Times as great as the Ratio 2: 1; 
and 9 denotes the Ratio 5 12: 1 to be 9 Times as great as the 
firſt Ratio 2: 1; and ſo of the Reſt. — 

132. Secondly; That to the Addition of any two or more 
Terms in the Arithmetical Series, correſponds a Multiplication of 


the Numbers under them in the Geometrical Series; as in the 


following Examples. | 3 


„H M E TIC 2 


4. 1422312424 4= 9 71 4＋43＋ 5 = 93 Ne. 
G. 2 4=8; 4X 8X16=512;2X BX 32=512; Ge. 


133. Thirdly ; That for every Subtraftio of Terms in the 
Arithmetical Series, there correſponds a Diviſion of the Num- 
bers under them i in the Geometrical Series z as in theſe Inſtances. 


8.472825 126 6 153 12 426d G. 


134. Fourthly; That Shan any Term i in the Arithmetical 
Series is doubled, tripled, quadrupled, &. there anſwers an In- 
volution of the correſponding Term in the Geometrical Series 
to the ſecond, third, fourth, &c. Power „ Thus -- 


A. 3+3=6 ; 3+3+3= 9; 2424242 5 
G. 8 8 643 & * 8 512 4 1K 828l. 


135. PFifthly ; That: if any Term in the Arithmetical Leries 
be divided by 2, 3, 4, Sc. there anſwers an Evolution or Ex- 


traction of the Square, Cubic, Biquadratic, Sc. Root in the | 
_ correſponding Term of the eric Series. Thus 


6 4 2 =2; b6—3 = 2; = 4=323 &c. 
G. 16 = 4; V6 4 =43 V2 256 =4; Cc. 


136. Sixthly; ; That in the Arithmetical Series, if any tune 
proximate Numbers be taken, the Sum of the two Extreams is e- 
gual to double the middle Number; thus, 3, 4, 5, give 3452 
4X2=8; and 7,8, ggive7 +9 =8 X 2= 16. Whence 


4 IE5 =4, and -g, or half the Sum of the Er. 


| tremes is equal to the = And the Caſe is the ſame if any 
two Numbers of the Series be taken, their Sum will be always 
double of the Mean or middle Term between them. Thus, x, 
* 3, 5: give. i +5=2X3=6; and 2, 5, 8 give 24 8 = 
2 X 5 = 10. Alfoif 4 Terms be taken any how, the Sum of the 
two Extremes will always be equal to the Sum of the two Means ; 3 
thus, I, 2, 3, 4, give 14 = 2＋4 32353 and 3, 55 T» 9, 
gre 3+9=5+7=12 oc, e 
| 137. 
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137. Seventhly ; That as every Addition of Terms in the 4. 5 
rithmetical Series has a correſponding Multiplication of Terms 
in the Geometrical Series (by 132, ) therefore the Product of the two 
Extremes, in any three Proportionals, is equal to the Square of the 
Mean; thus, in 8, 16, 32 we have 32 K 8 = 16K 16 256 
and therefore alſo 32 x 8'= 16, viz. the Square Root of the 
Product of any two Ni umbers 1 is og: a Mean 9 between : 
them. 
85 Eigbrby; That of any Terms in the Geometrical Se. 
Ties, the Product of the two Extremes is ever equal to the Produtt 
of the two Means. Thus, 2, 45 8, 16, give 16 2 r 8 * 


4= 32. And 2, 8, 32> 128, give 2 K N N 


256. | 
I 39. Nmthly ; Hence, of four Terms in the Arithmetical Se- 
ries, the 14ſt is equal to the Difference between the Sum of the two 
Means and the firſt Term. Thus, of 3, 5, 75 9, we haves 47 
3 2 ory＋5 - 9 g 3. And in the Geometrical Se- 
ries, the laſt of the four Proportionals i is equal to the Product of the 
two Means divided by the firſt Term. Thus, of 8: 32: 128 : 512, 


we have 2 128 51 512 or EN = =. As we have 
8 512 . 


elſewhere ſhewn (in 105, I 
140. From what has been hitherto 8 it appears, that 
the Series of Numbers in Arithmetical Progreſſion, are the Lo- 


S ARITHM s of the Numbers in the other Series of Geometrical 


Proportionals ; for all that we mean by Logarithms, is no more 
than ſuch a Sort of Numbers as are artfully contrived to expreſs or 
exp und the Ratios of common natural Numbers, conſidered as Terms 
in a Scale of Geometrical Proportion. Now theſe Numbers in 
Arithmetical Progreſſion, anſwer every Part of this Defini- 
tion of Logarithms with reſpect to the Series below them (by 
what was obſerved in 131.) and therefore are their Legarithms, 
i. e. Exponents of ney Ratios, as the Wa ee: in its Greek 
Etymology. 
141. From hence it appears, that if we conſider our natural 
Numbers as Terms in a Scale of Geometrical Progreſſion, then 
if ſuch other Numbers were, invented and adapted thereto in a 
Series of Arithmetical Progreſſion, theſe would be Logarithms 
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of the other ; to their Addition and Subtraction would anſwer 2 
Multiplication and Diviſion of the reſpective common Numbers 
(by 132, 133.) Alſo by doubling or tripling them, we Square : 
or Cube their Numbers; (by 134) or by dividing by 2, 3, c. 
you extract the Square, we He. Roos of their Numbers, 
(by 135.) | 

142. Now ſuch a Table or Canon of Liguria W 
has been contrived and compoſed by our late Mathematicians, 
and are in every one's Hands for Uſe. I ſuppoſe I ſcarce need 
tell the Reader that Lord Napier (a Scotch Nobleman) invented, 
and together with the Aſſiſtance of our Countryman Mr. Henry 
Brigs, calculated and compleated the Canon in preſent Uſe. 
The Labour of doing this was prodigious in the Way they took 
for it, but of late, eaſier and more conciſe Methods have * 
invented, of which more hereafter.* 

143. That the Reader may have ſome Idea of the Method 
they took for this Purpoſe, he muſt conſider that 1, 10, 100, 
1000, I0000, I00000, Cc. are a Series of Numbers in Geo- 
metrical Progreſſion, whoſe common Ratio is 10; and a Series 
of Numbers in Arithmetical Progreſſion adapted to them as Lo- 

| garithms will ſtand as below. | Toon 


A. o. 1 | . | Z. RE 4. N 5 | 5. Ce. 
G. I. 10. 100. 1000. 10000. Ioo000. &c. 


144. If now we ſuppoſe the common Ratio 10 to be divided 
into Iooοοοο equal Parts, or Ratiunculæ, then ſince the Lo- 
garithm of 1 to 10 is 1, this Logarithm or Unity 1, will alſo 
be divided into 10000000 equal Parts, or Decimals ; of which 
half the Number, viz. 0,5000000 will be the Logarithm of the 
Mean Proportional between 1 and 10, which let us call A. 


Numb. Logarithms. 
T 2! 0©,0000000 


Then will the Logaricums be for Za : 0,5000000 
| .IO : 1,0000000 


145. 


Several other Methods of DD a Canon. of Logarithms 
will be delivered when we come to treat of Algebra and Fluxions ; 
this we have here given, ſtands firſt in Order, 1 riſes immediately 
from the * of common Arithmetic. 


4 4s * 
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145. In like Manner, a Mean Proportional between A and 


10, call B, and its Logarithm will be half the Sum of the Lo- 
garithins of A and 10; and ſo | 


LCA? 045000000 | 
The i will be for J : 0,7500000 
| | IO : 1,0000000 


146. Alſo between 1 and A, and A and B, you find Mean 
Proportionals and their Logarithms, and thus you may conceive 
the Proceſs for every one of the Io Means; among which 
you'll find eight Means which — be ſo near. the fame with our 
eight Digits 2, 3, 4, 5, ©, 7, 8, 9, that the Difference will 
be wholly inconſiderable, and alſo their Logarithms, which will 
be as below, vz. | | 


Numb. Logans Numb. Cola 
I '0,0000000 6 0,7781513 
: 8 7 F O, 8450980 
Thus, 3 on 8: o, go og 
„ 4 : 0,6020600 | 9g : o, 9542425 
5 : o, 698970 | 10: 1,0009000 


1347. That is, ſince there are 20000000 Mean Proportionals 

between 1 and 10, the Number 2 will be the 30 10300th of 
theſe; ſo the Number 3 will be the 4771213th; the Number 5 
will be the 6989700th, and fo of the Reſt. Alſo the Ratio or 
Diſtance of 4 from Unity being twice as great as the Diſtance of 
2, its Logarithm is twice as big, and for the ſame Reaſon the 
- Logarithm of 9 is twice as big as the Logarithm of 3; and 
the Logarithm of 8, three Times as great as the Meme of 


23 and fo on. 


148. In like Mikes, the A been for all the Münden 
between Io and 100, 100 and 1000, and fo on to 100000, de- 
note the Places or Diſtances of thoſe Numbers in a Scale of Ge- 
ometrical Proportionals, conſiſting of ro000000, 20000000, 
39000000, Sc. Terms. Thus 73 is the 18633229th Term; ; 
743 is the 28709888th Term; and 9745 is the 39887818th 

Term in the Scale or Series of 40000000. 
149. But ſince we make the Exponent or Logarithm of 1 to 
10, to be 1; that of 1 to 100, 2; Cc. (by 143) 1 
| FN 507 MW 


theſe Linkin muſt be ter upon as ends We and 
y th Figure Integral 3 wich is cated the Index; and 1 


exe are thus — 


- 2: 9,4771 21 5 
73. 33229 
743 : 2, 870988 
C9745 3,9887818 
t 50. And hes you obſerve the Index of the t is 50 
by Unity than the Number of Fi igures in that Number of which 


it is the Logarithm, the Reaſon of which is very plain from (143) 
and what has been ſince delivered. N. B. In reading, this Table 5 


vix. 


= * Legarithms ſhould lie before the Eye for Inſpection. 


151. If a Number conſiſt of the ſame Fi igures, whether it is - 
integral, mixed, or pure Decimals, the Logarithm will {till be 
the ſame, except the Index, which will be always leſs by 1, than 
the Number of 1 Places in the Integral Part (149). And when 
the Number is purely Decimal, the Indexes will alſo be expreſ- 
fed Decimally, all which will-be clear oy! 108 . the 
* . | „„ 


Numbers Lori 


F. 9541: 3,9795939 


| 954,1: 239795939 
N. B. As many a as the Decimal | 95541 15% 


Index is leſs than 9, ſo many Cy- } FS | 
phers are prefixed to the Decimal. ee. i 4 
A as is SY evident. | 0,09541 : 8,9795030 


(o, 9541: 4739795939 - 


152. It remains now that we ſhew how commodiouſly the 
Ore of common Arithmetic are "I by Logarithms, 
Of bs by tos runs | * 

The Rule for the O peration is this, add together the Logarithms | 
of the Fattors, the Sum is the Legarithm of the Product. (By 132 
But the Difficulty conſiſts in finding the proper Indices to the 
Sums; for which obſerve the following Particulars. (1.) = 
the Indices are both integral, the Sum is ſo too. (2.) If one 


be Integra), and the other Decimal, the Sum, if under 10, will 


5 * 
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be Decimal; if Juſt 10, or more than 10, caſt away 10, and 
the Remainder is Integral. (3.) If the Indices are both Deci- | 
mal, and the Sum above 10, caſt away 10, and the Remainder 
will be Decimal; and then the Cyphers to be prefixed to the De- 
cimal Product, will be as many as ſuch an Index is leſs than 9. 


See the following Examples. 
153. pg Exaniplts of Inv3GERs, 
Example I! Multiply 12 = 1,079P8c 
| | „„ 8 = o, 903090 
The Product 96 1, 982277 
: Example Wd. * Multiply 526 = 2,720986 
„„ 8 100 = 2,000000 


— — 


The Product 52600 & 4, 720986 


Example wm. * 98760 = 5, 994581 ns 


By 5 2,713490 


= | Reals if bud Numbers. | 
Example I. Multiply 4 = = 1,0934217 
OY. By 2306 = = 0,5503025 


The Product 44,64 = 1 »6497 242 


Example II. ae 36,5 = 1, 5622929 


. o, οο̃ = ,, 787536 


3 


The Product t 510589200 = = OY 


The Product o, 06935 = 78470405 e 


Example III. Multiply” 0,762 = ,9,8819550 _ 


By & vers = 2,7558748 


25 he Product 434134 = = 2,6378298 | 


| Example IV. ' Multiply o, oog = * 7,9867717 | 
£83 bf | 7 4 — = „6,3222193 


' The Produt 0990002037 = = 543 ere : 


"on 


155. Drvisrox of Integers and Decimals by Logen | 


From the Logarithm of the Dividend, 


4 * Rule Subtract the Logarithm of the Diviſer ; 
"6 The Nee is the Logarithm of the Ae 


Example J. Divide 44,64 = 1,6497242 
„ os * „eee 
J 2 = 0,5563025 
Example II. Divide 210 = = 2,4913617 
e * co 45275 = 0:630930....... 
| Quotient 72,51457 = 1 1,8604256 
Example III. Divide 43634 = = 2,63 6378298 200 
2 | * | By | | 2. = Son 29850 
Example IV, tis Divide. ,006935 = —— 
| By | | 30,5 = = 1,5022929 
HE Quotient ,00019 = =, = 2642787536 | þ 
Example V. _ Divide ,00000207 5 is = »4+3689910 
| By) a e ee, => 6, 3222193 
8 Quotient 20097 = 2 88677 7 
| | | 


ix 56. As the Operation of ſuch Decimal Numbers as contain 
ſingle or compound Repetends is - moſt eaſily performed by Loga- 
rithms, (ſee Inſt. 90) ſo we ſhall here proceed to that Buſineſs, 
having firſt premiſed, that if one Number A, be to be divided by 
another B, the Quotient will be the ſame as when Unity is divided 
þy the Number B, * the Quotient multiplied by the other 4; 
thus 4) 12 (3 2 X 12; now if from the Logarithm of U- 
nity or o, you ſubtract the Logarithm of any Number, the Re- 
mainder is called the Arithmetical Cqmpliment of that Number, 
Thus from the Logarithm of Unity = = 0,0000000 
take the Logarithm of 12,4 = 1,0934217 


remains the Arithmetical Compliment = ,8,9065 783 | 
which is plainly nothing more than the oh of the Fe rn 


— if therefore 1 


8 1 | a 


4 
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o del ihm fk 44564 2,6497242 
Tou add the Arithmetical eee of 1254 = 8,9065783 
The Sum is the Logarithm of 356 = 0,5563025 


The ſame as in Example I. of Diviſion (1 89 
157. Any Digit multiplied by To and divided by 9, becomes 

a Repetend; thus 6 X 10 =-bo, and ) 60(=6 6666, Cc. = 
6,8; and the ſame in Decimals 0,6 X 10= 6, andg) 6 ( o, H. 
Alſo any Number multiplied by Unit with as many Cyphers an- 
nexed as it contains Places, and then divided by as many Nines, 
becomes a compound Repetend. Thus 23 X 100.= 2300, and 
909) 2300, ( 23,3, and 527, & 1000, = 527000, and 999.) 
| 527000, (S; and ſo of others. 

158. Hence fince the Logarithms of 42, £22, 1209, Ge. 
are o, 457575. 0,0043648, 0,0004345, "&c. therefore we 
_ eaſily obtain the Logarithms of any pure, ſingle, or compound 
Repetend, 

Example. Required the e of „„ 

To the Logarithm in the Table for 6 = , 7781512 
Add the Logarithm of =2 = 0,0457575 
The Sum is the Logarichm of 9 , 8239087 
x o, 457575 

6 
nd becauſe i it be of Uſe ſome- | 3 = © 
Ant T have my be of a Table £ 667 F 


Be the Logarithms of all the Nine 1 D 40857 Go 
ts perpetually arculat 8 —X 
gies 1 ually crc ating. | * Ze 0,89 555 


o, 9488475 
{Lg = 1,0600000 


. 35 Pow In the fame Manner we . for the eb of 
pure compound Repetends. 


Example 1. Required the Logarithm of the Repetend "IN 
To the Tabular Logarithm of 24, 1,3802112 


Add the Logarithm of Ps 55 = 73648 
The Sum is the Logarithm of = 1,3845760 


Example 2. Required the Logarithm of 36, 2 
To the Tabular Logarithm of 36, 5 = 1, 5622929 
Add the Logarithm of | 4222 — = 0,0004 345 | 


995 


Tyue Sum is the Logarithm of 356, 1,5627274. 


160. 
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160. Now with Reſpect to mixid Repetends, as 2, C, 27 5g, 


775,6, Sc. it is evident (by 157) that 2, = 2, 5, and that | 
23753» = 27539 and 75, f = 7355 and ſo on; but 2,5 = , 


and this multiplied by 9, becomes barely 24; but any Number 


multiplied by q, is the ſame as when multiplied by 10, and once 


ſubtracted; whence 2, f X 10, — 2,8 = 24. Hence this gene- 
ral Rule is deduced. 
From the mixed Repetend multiplied by 10, ſubtract itſelf ; 


or (which is the. ſame Thing) from any mixed Repetend ſubtract 


the terminate Part, and to the Logarithm of the Remainder, 


add the Arithmetical Complement/of as many Nines as there 2 
Places of Figures in the Repetend, and the Sum wal vo the Lo- 


* the ſaid mixed Repetend. 


Example 1. Required the Logarithm of 2,97 
From the given Repetend - 2,6 
Subtract the terminate Part OR 


To the Logarithm of the 3 A , 3802112 4 
Add the Arithmetical Compliment of 0.8 0,0457575 


E Sum is r of 27 = = 4259587. 


Euewple 2, Required the Logarithm of 2,783 ? 
F rom the given Repetend — 2,3 
Subtract the terminate Part N 


| Then to the Logarithm of de Nimalhüer 2,726 = 0,4355258 
8 99 = =  0,0043648 


Add the Arithmetical Complement of the. 


Logarithm of 
5 Lak is the Eogarithm of the Repe- 82 2-7 $3 = begs 05 398 906 
Example I Required th the Logarithm of 77 56 = | 
Frem the Repetend — 725.86 
Subduct the conſtant Part . 


To the Logarithm of the Remainder 74.9 i 2,8602781 : 


Add the Arithmetical Compliment of — 999 = 0,0004345 
The Sum 3 is the Logarithm of — 77 5.9 2, 9507 126. 


e The Learner is now prepared. to work any of the com- 
mon * of Arithmetic, where the * are tedious or 


dif- 


2 
7.9 
"Y 
» 
95 
3 
3 
47 
+ » 
" G 
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difficult, in a very eaſy and conciſe Manner, by Logarithms, of 
which take the following Examples. | | 
| eee . I. In Duodecimal Multiplication, | 
& ne Sy op ys 
3 the Area of 9: 10 by 8: 8? | 
es As 
The Log fich of 19 = 9,83 = 0,9927008 
Ad re de Logarttmot $8 = 2 SY 


. 
85 22 285, = =, 1,9305529- 


Sum is the Logarithm of the 
Area required. | 


4. Divi fron i is only the Reverſe, it 3 no Example. ; s 5 
162. Example 2. In the Rule of Three Direct. 
If 2 C. 3 2rs. 21 05. of Sugar — 2,9375 = o, 4670778 


Coſt 61. 15. 8d, — — 6,083 = % 841310 
. 12 C. 2 L. coſt? — 155 2 2 = 1,0969100 | 


1,8810416 


e — — 2558864 = = 154130638. 
Note, here the Logarithm of the firſt Number is ſubtracted 


. from the Sum of both the others; but a more conciſe Way is te 


take the Arithmetical Complement of the firſt (which we denote by 
4. C. ) and then the Whole is performed by one Addition. 


Example 3. At one Operation. 


If 20. of Tobacco (A. AM - 075 5 o, 301000 
Coſt 40. 176. 89 —— 4363 = , 6658935 


- 


What will 705. colt ? e o, 625 = = 8, 7958800 


Anſwer, 11s. 7d. — „57916 = = ej 628035. : 


163; Example 4 128 — at one e Operation | 

It Wheat be 6s. 44. per Buſhel 8016325 

And the Penny White Loaf weigh 73 02, 7575 = = 0,889zor; 7 
re - * at 36. 10d. 2 * 5 3.8 74 = 9341 6 4? 34 


Andy 12 Oz. 16 Puot, 20% — 3 — 5 
Here 


f ARITHMETIC. 2 
Here we take the Arithmetical Complement (A. C. ) of the 


third Term, the Reaſon of which is evideftfrom (156). 


164. EXTRACTION of RooTs by Logarithms. 
Example 1. Required the Square Root of 2830, 4 
The Logarithm thereof is — p 345 18234 


One Half is the Logarithm of the Root e 2 147259116 : 


—ͤ—4 C08 


Example 2s” What i is the gart Root of 14,6? 
The Logarithm of that Number is 


7,166; 33 14 
5 Half of which is the Logarithm of the Roct 35829) = 035 8 831657 


165. Example 3. Begins the Cube Root of 1,7287 E 
The Logarithm of — — 1.728 = 0,237 5437 


A third of which is the 1 of the Root 152 956791842. 


— 


Example 4. What is the Cube Root of o, 278g! ? 
The Logarithm thereof is —=— 15 50440 I 32 


x Part thereof is the Logarithm of * 0,6509 = = >9-81357 10. 


„ B. In a Numbers, where the Indices are Decimal, 
in extracting the Square Root you add 10 to the Index; for the 
Cube Root 20; for the Biguadrute Root 30; and ſo on. 

Example 5. * the ſeveral Roots of the laſt Number; 
for Inſtance: 

The Logarithm of the Number 0 0 29. 44071 37 8 
eee Lane 
A third Part, of the Cube Root — o, 6509 & 59. 572 3571 10 
A Fourth, the Biguadrate . —— | 0,7247 & =,9.8601783 
A Fifth, the Surſolid Root — — 04,7729 & =,9.8881426 
Thus you ſee how extremely eaſy it is to extract any Root out of 
any Number by Logarithms, and eſpecially in ſuch Caſes where 
by the common' Rules the Operation is very laborious ang gi 
cult, and ſometimes quite impraRtcable. 

The Reaſon of extracting Roots by Logarithms, i is. e 
from what we have obſerved of theſe Numbers in (13 5). Since 
to © was or Cube any Number, is: w_, to multiply it by it's ſelf 
mn | * once: 


1 


2 * 
* 
. 
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once, or twice, we thought it needleſs to give any Examples i in 
Logarithms of that Affair; eſpecially, ſince they are only the 
Reverſe of the foregoing, and evident from (134. 
166. To find a Mean Proportional between any two Nem- 
bers, as 3, and 243. 


Add the Logarthm of the Number, 43; 2:3856063 


3.2 O. 477 1212 


The Sum i ed hog = 2 — | 
For 3 11 | 

100 To find two Mean Proportionals between any two 
Numbers, as 27, and 729. 
To double the Logarithm of the firſt > 27, 1,43 3 


: * Number — — — www 5 1, 4313638 
Add the Logarithm of the laſt — Kone 2,8627 275 
The Sum is — _ — — $57254557 | 


A Third of which is the ve Logarihm 
of the firſt Mean, viz.. J We 1:9084850 


To this add the Logarithm of the — 5 7 72972 2 862747 5 
„ 25 


Number again, viz. 
The fum is _ 255 47712125 


Half that is the Logarithm of the ſe- . 243, 2,38 56062 


.cond Mean required. — 


For 27 : 81 :: 243: 729. Or thus, having found the f 
Mean, as here 81, you know then the Ratio of the Series 
27) 81 (= 3 the Ratio, therefore from the Logarithm of the firſt 
Mean, fubtraf? the Logarithm of the firſt given Number, the Re- 
mainder is the Logarithm of the Ratio; which add tothe Logarithm 
of the firft Mean, the Sum is the Logarithm of the fecond Mean; 
and again, added to the Logarithm of the Second, it gives the Loga- 
rithm of the third Mean, and fo on. All which is evident from 
what we firſt premiſed concerning the Nature of a Geometrical 
27 and Logarithms adapted thereto. See (130, 131, Cc.) 

We might now have proceeded to the Computations of Inte- 


"et, Fier, &c. which are beſt performed by Logarithms, 
but 
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but as the Theorems or Canons for this Purpoſe maſt be raiſed by 
an algebraic Proceſs, we muſt defer this Bufineſs till we treat of 
that Science in the next enſuing Part. Alſo the Uſe of Loga- 
rithms in Navigation, and other mathematical Arts, will be 
largely ſhewn when we come to treat of thoſe Subjects. What 
we have done at preſent being ſufficient for all the common Parts 


of Arithmetic, where numerical Calculations only are concern'd. 


And as to the natural or hyperbolical Logarithms we ſhall refer 
them to the Doctrine of Fluxions, where we thall. ſhew how 
they are made, and how theſe we here treat of are derived from 
them: Alſo logiſtical Logarithms will be fully treated of in the 
practical Part of Aſtronomy, where they are uſed; and Tables 
of every Sort of wake EE 1 be e in 3 youre 
Places. | 


. 1 þ+ 45 3 4 3 f $4.” PE 


— 


v1 A * en — 
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168. \ LGEBRA-; is a Kind of 1 5 4 as we hers 
make uſe of Species, i. e. Symbols or Letters, atg re 

hs Quantities of every Kind, as well known as 5 
And it is cuſtomary to EY known Quantities by the firſt 
Letters of the Alphabet, a, b, c, d, cs and e ones by | 
the laſt Letters, x, j z. Inn oo 
169. The Terms of an algebraic Expretilon are conneAed un- 
der all their various Relatiqns by proper Symbols or Characters, : 
as mentioned in (22.) but we are here to conſider the two prin- 
cipal Symbols, + and —, in a more extenſive View than we did 
there, for they are deſigned to repreſent any two contrary, Modes, 
Qualities, or Actions, &c, In ſhort, what ever is repreſented by 
the affirmative Sign +, as +a; the Contrary is MPI by 


the negative Sign IJ „ ä 


{ 


N 
— ä — —-—V— — — — — — 23 — 
* 4 ö COP © ag? . * 
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Thus if +-a( added Ahe ſubtracted below, 
ſignifies ſe the Right, Z a rt tothe Left,” + 
Ras forwards, backwards. 
= eee EE) | „ R 
17 + a ſig- YGravity, — @ ſigni- JLevity, | 
nifies any Money due, fies any Y Money owing, 
| C Motion upwards, 5 - Motion downward 


And 0 0 on in every Kind of eee And two ſuch Quan- |. 
tities connected together in any Caſe deſtroy each other's Effect, 
of are equal to nothing, as + 4 —a= . Thus, if a Man 
has but 101. and at the ſame Time owes 101. he is worth nothing. 
150. If the firſt Quantity or Term be affirmative we neglect 
the Sign +, as @ + 6, inſtead of 4-a + 6. If an algebraical 
Quandty conſiſt of two Terms, it is called a Binomial, as a + b; 
if of three Terms, a Trinomial, as a + b + c. If there be more 
Terms, it is called a Multinomial. All which are compound 
4 * 9 Quantities conſiſting of one Tem 1 
171. When Gabple Quantities ; are to be 3 together 
we do not, generally, uſe the Symbol x, but place them toge- 
ther without; as a 5 inſtead of a X , and ab c for axbXcz; 
when compound Quantities are to be repreſented as multipled, 
then a Line is drawn over the Factors connected with the proper 


Sign, X 3 284 T 5 Y 6, 7 Fr K =. 

172. When any Number of Figures are prefixed to the Terms 
of an algebraic Quantity, they are called Coęſficionts, and ſhew 
how often the Quantity i is to be taken; as 3a,'5bc, 24 + 5 B, 
Er and when no Number is prefixed, Unity is always under- 
ſtood; 'tho? not'expreſſed; for the Coefficient 5 thus à is the ſame 
as 1 4, and bc as 1 755 ſince ay Thing nuplind by wy" is 
2 the fame. 

8 "Quantities are ald t to be lile, or nin; that are repre - 
ſented by the ſame Letter or Letters equally repeated; thus + 
3 4 and — 5 à are'like; but à and b, or 4 and aa are wilike: 


What other Definitions and Symbols are NG in e will de | 
755 explained ix in eſs proper Nauen. 2 | | 


| Iv & . © ow 1 * #4 


| "wy | 7 
220 e GBS, 
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4 D DTT TO N. 


174. * the ADDITION of algebraic / Cy, there; are thres 
CAsEs, as follow. 3 | | 
Cask I. To add Quantities that are zue, and have like Signs, 


R U L E. 


 Aad together the Coefficients, to their Sum ſubjoin the common 
Yen or Letters, and prefix the Sign where 2 5 


ExAMPLES, 
1 32 — 3 44125 —3ze 
Add 38 4 — 26 34 ＋ b—4c 
Sum Bo 4 7 4 1 3b—7ec 


11 


To e en 3 — 2195 ＋T 152 4 7 
Add 44 0 — 9+ A IR 45 + 9z+ 10 


Sum $0b—6b+ 0 — 25.9 + 242 + "IP 


17 5. Cat II. To add Quantities that are 1 but have un- 


lite Sign. 
| R U L Ec : 


; - i Arab the I = Coefficient from the greater, to the Maile 
prefix the Sign of the my and ſubjoin the common Letter er 


Ruantittes. 


| | ExaMPLEs. 
on „ 
FFF - + $6 + YEH F098 
Sum +34 "2, $4223 6g hdd? 
To a+bx—5y+8 2224 3 
. E224 1 25 — 10 
Sum — 4 + 2x — y + 5 £2] 5 0 18 2 90 


„ 


We proceed here according to C 1 but it is wich ſome 


e that 1 we talk of adding Quantities with unlike Signs, b 
W ſince 
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ſince the Operation does wholly conſiſt in Subtraftion, as it muſt 


„ 1 > 
ke 
wt 
; ae | 


from the Nature of the Signs (169, 173. * 
376. Cass III. To add Quantities that are unlike, = 


N IL. E. 
Set them all down one after another, with their Signs FR C 1 


tents prefixed. 


© : 1 | - 
wits To 2 4 F cootearihc | 
— enn 252 +7 


Sum TTY Ja=4s 2 2a—5bc+2x+7 


To 4a +4b+3e—9 
Add —4x—4y +32 . 5 


Bun — —ẽ —_ 


CHAP. m. 


SUBTRACTION 


77.  GINCE the Sign — is juſt . to the Sign +, and 
Sub traction juft contrary to Addition, these e to ſub- 


tract Quantity is the very fame Thing as to add the 1 
Quantity with the contrary Sign. | Or thus, | 


If I eee WES p Ae ＋ 32 


or to pay Jl. * , PS — _ e 


7 


The Odds or Difference to me is =. 8 > 4 54 


Or, if this Day I have 100 , TIM 
And Veſterday I owed 3/. more than I had to pay — 32 
The Odds in my Fortune is 13 aer . 2 

| than 3 - FY 4 13 4 


n — 


Whereas it would have 1 but 100. OT had not the 


4 pegativ 3. been ſubducted. Therefore we have a 0 
| | N= 


3 


2 
* 
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4 '8. Change the Signs of the Quantity to be abtracted, and 4 
add them both together, by the Rules of the preceding Chap- 
ter; the Sum ariſing by ſuch Addition is the true Remainder, 


EXAMPLES. 
From ＋ 8 a2 44 —75 
Take + 3 34 — 53 
Remains 8 4 — 34 2 5 a 4 — 25 


. 
Take — 4 2 


Remains -- 7 @ 


— mm ——— 


From - 2 3 


Take „ * 


3 42 — 42 | 


3 — 55 — 5 9. 


„% 


36+8e+ 5” 1 
2 — 324 6 
5 3 4 


0 <= 


Remain wikis & + 2h 4s: FR 


CHAP, IV. 


MULTIPLICATION. 


179. IN. Multiplication there is one general Rule for the Signs, 
| viz. When the Signs of the Factors are like, (that is, both 
+, or both —) the Sign of the Product is |; but when the Signs 
of the Factors are unlike, the Sign of the Product is — This 
general Rule will reſolve itſelf into four particular Caſes, ins | 
we-ſhall illuſtrate ſeparately in ſimple Quantities, - | 


180. CAsE I. When any poſitive Quantity, as I a, is mul- 
tiplied by a poſitive Number + u, the Meaning is, that + @ is 
to be taken ſo many Times as there are Units in x; and the Pro- 
duct ĩs ann, 1 Tin a, or n 4. "E 44 


| EXAMPLES. | „ 
Müde +a 24 Ms © > 6 9 de 
e e e 
Product 14 6ad 33%  _ 36507 


CAsxE 5 


181. CAsR II. When—gis multiplied by u, then _ e is 


to be taken as often as there are Units in 2 and the Product . 
muſt _ IF 6 or - a4. 1 
. T. ExamPLEs. „ , 
Multiply — 2 —2« —5 - =—gdc 
Z 3 45 
Product —22 e — 35 U —3⁰ d cy. 


182. Car HI. As Multiplication by a poſitive Number im- 
plies a repeated Addition, (5 Multiplication by a Negative implies 
a repeated SubtraFiom; and theretore when + à is to be multi- 
plied by — n, it means only that + @ is to be ſubtracted as often 

as there are Units in z; and therefore the Product being nega- 


tive muſt alſo be — u a. 

] EXAMPLES. | 

„ 24. L 2b | 9 dc 
By — „ — 4 


Product — —bab | 74 236 fe 5. 


183. CAsE IV. When — a is to be inultiplied by — 1, then 
is to be ſubtracted as often as there are Units in 2; but to 
ſubtract —à is equivalent to adding -|- a, (177. ) therefore this 
Caſe is the ſame in Effect with the e and is 1 8 


+24. 
= | EXAMPLES. Ho 
4 . | = 2s — 55,1 — ode 
SR” 2-7, £7 
Produdt + x na 4 bab + 35 bx | | — 36 aa 


| 184. When the Factors are one or both im Duantities 
or conſiſt of ſeveral Parts; you muſt multiply every Part of the 
| Multiplicand by each Part of the Multiplier; and then add all the 
| Produdis into one Sum ; and that dun _ be we Product required. 


. brau- 


> * 7 
2 * 
. - 
* g 8 - 
. | { 


— 5 
. «+3 a—b+c | 1 4— 27 ＋ 52 6 | 
7 e, rote ot 


2 


Prod. aa + ab — + bb—bc 8 2— 169 + 40 z— 48 


— 


* ” 


_ Multiply 4 a + 3 . 24 
By 24 — 25 11 24 +45 
4a 46 5 4 7 „ 
„ —Bab—2656 | 84 — 1655 
brodd 97 7 44 85 . | 
Mult. * 4 - 4 x aa+ab+bb_ 
By x+@ - 23 35 
- 4x Cons ae 22 G8 e+SeaS+ a3 1 


+ 4xXx—aax 2 —aab—abb —bbb 


* 2 , K? wes Wu 0 1 


„„ —————— 


185. I ſhall here inſert one Example more, to ſhew the 3 

ſon of the common Method of proving the Work of Multipli- 

cation in Numbers, by caſting out the Nines in the Factors, and 

Product of their Remainders, and alſo out of the general Product, 
to obſerve the Equality of the Remainders. (See Inf. 55.) We 

ſhall take the firſt Example in (I.. 54,) where ** 50 X 7 — 
1 | 33000. nt herefore 


Mult. 94 . EET 2=194 = 
My 9 MA, ci BE 76390 8 ro | 4 . 
87257957 e 


— 4 
+9adpcd. I2250 5 


— — — —— — 


| Pr 81 ab 9bc+gad+<d=133000 


Now 


= a INGTITUTTONS 
#4 Now hefe we are to obſerve, that any Number divided by g 
wy leaves the ſame Remainder as when the Figures of that Num- | 
F ber are a togethgr, and the Nines caſt out as often as they 
4 occur; thus 76 = 9, leaves 4; and 7 +6 ==9 +4. Allo 
wy 1950 — 9 leaves 4, and I'+ Dy 5 E ee +4: Sms wo 
1 be for every other Number. ; 
& =» Again, *tis evident, that the 3 of the three grſt Sims of 
11. the algebrait Preuntr divided by 9 leaves no Remainder, what 
wn Remainder therefore is, muſt be from the fourth Term cd di- 
+ | g i vided by g; but this Term is always the Product of the two 
1 Remainders of the Factors, c and 4; conſequently, if the Pro- 
10 duct of theſe Remainders, divided by Nine, leave the ame. Remain- 
1 der as the Figures of the Product of the two Factors when added to- 
Th gether, and the Nines caft aut, the Work will be rigbt; provided 
1 no Error be committed that amounts to Nine, or any Multiple 
i of Nine. N. B. Thave inſerted this Demonſtration of the Pro- 
4 ceſs here, as it is an algrbraic dne, and what has been deſired by 
1 many Perſons, who have ſought for it in vain in Books of 
9 San hitherto Sa 8 : 
p00 . 8 
9 
Til af CHAP, v. 
1 „ DIY TI 84 O N 
. 
3 768 N tristen of abr Duantities the Rule forthe Sigris 
i | : is the ſame as in Multiplication, viz. Tf the Signs of t 5 
: Diviſor and Dividend are like, the Sign of the Quotient muſt be +; 
bat if they are unlike, the Sign of the Quotient muſt be =, This is 
| evidently deduced from the Rule in Multiplication (170.) if it be 
conlideretl, that the Quotient muſt be ſuch a Sy as multiplied 
| b the Divijor, Hall give the Dividend. | 
8 And this i is a General Rule for all Operations i in Divif ion, 
which are only the Reverſe of Multiplication, and will be eaſy to | 
Underſtand when a iuſtrated by pgs, as follow. 
EEE | 5 a) 
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0 4) 14 (n; e — 20 + 2 . 


5 24) 64 (353 40 4% 1 % ( 
„ eee 


Ms 15 2 25 
„ 


„ 


4 a + 4% . 
13 3 


ae eee 
—8 356 — 253 


— 9 - 60] 
444 — 8a 


— 


„ + 8 
. ; + 8a4b — 16 bb 


* 0 , EP. 


- 61) a0a—Bhb(aa + 0b + bs 


aaa — 44 


— 


© + EG Ab 
"I aab —abb 
+ «bb 2 bbh | 
+ abb — bbb 


„ INSTITUTIONS 
E 40a + 8a + 16 


6 a daa — 12 aaa 


* ID ms c—_—_—_—_ 


12 444 — 96- 
12 aaa — 24 44 


—_— 


hw. 7 " 


24 aa — 96 
24 aa — 48 4 


48 a— 96 
48 a — 96 


* f © 0 : * © 


187. In dividing, when you come to a Remainder of one 
Term, it is commonly ſet down with the Diviſor under it, after 
the other Terms, which together make the whole Quotient. 
Thus . _ , 


ä 535 "4 # 
a+x)aa+txx(a „ 


aa + ax 


— 0x + xXx 
— & — XX 


2 xXx 


188. It ſometimes happens, that the ſame Letter or Quantity 
is found in all the Terms of the Diviſor and Dividend, and that 
d there is obviouſſy ſome common Meaſure to the Coefficients of 
» _ the Terms; when this is the Cafe, you expunge the common 
Quantity, divide by the common Meaſure, and place the Diviſor 

ſo 48 under the new Dividend in the Quotient. Thus 


„ here Unity, or 1 is the common Mea- 


250 45 + bb — 
ſure. Again, 


20 6d) 10 5 + 15 ac 80 2 


44 


Thus I2 ab) 30 AX — 54 ay (= — 
And 444) 8 46 + bac (= $2 + g< 


2 a 


CHar. 
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Lgebraic une are" of the ſame Nature, and re- 
quire the fame Management as thoſe of Numbers, for 


189. A 


ſuppoſe a = 2, and b = 3 then — = 75 a proper Fraction; 


or + = =, an improper  Fradiion : and 2 = A = 4 + 7 


mixed fractional Quantity. 

190. A mixed Quantity i is reduced to an improper F acti by 
the Rule in (Inſt. 68.) vis. Multiply the integral Part by the De- 
nominator of the fractional Part, to which Product add the Numera- 
tor; and the Sum will le a new Numerator, under which write the 


Denominator, and it is the improper Fraflion required. Thus 


ab+a- . AZ + #2 „ 
a + © becomes tz 3 e . 4 an 2 ; and 
. aa — ax ax - XX 3 aa — Xx 
„ 2 = — - RIOT Anas fo 


. — fa + xx 
a + = i + x : 
1091. Fractions of different Denominations are reduced to the 
ſame Denomination thus; Multiply all the Denominators together 
for a common Denominator, and each N umerator by every Deno- 
minator but its own, for a new Numerator. ( See Inſt. 69.) So 


42 o + 


4 b c acd bbd ich 5 6 55 
E * r TT. 
"es, cbf , edb _ adf +bf + e4b | 


* ba [ * 70 5%, | 
192. A Fraction is reduced to its loweſt Terms by the Rule 
(in _ 66.) for finding a common Divifor thus the Fraction 


ER bx has i its common Meaſure, 3 for the Coefficient, and b for the 


other Part; and ſo the Whole is 3 5, by. which dividing the Frac- 
tion, it is reduced to its loweſt Terms of the ſame Value, wiz. 
oh 5 5 a 

27 8 


„% INS TITUTIONSG 
5a 15 ab Th bbc + bbd _ $* OY 


27 x "$1bx mw cd + dd FC.” aa—bb Ml 


—, being divided by a + 5 the common Meaſure 


of the Numerator and Denominator. N. B. It often happens 


that the ſame Letter or Letters are contained in every Part or 
Term of the Fraction, which in ſuch a Caſe are to be expunged, 
and the Fraction is thereby reduced to a more ſimple Form of the 


db | | 
ſame Value. Thus 5D — 24 2 and 25 2 4 
T1 5s F 3 
= 4 3 — by expunging x, and dividing by 5 


193. When Fractions are to be added, ſubtradted, 3 | 
or divided, they ſhould be firſt reduced to one Denomination, 
and in their loweſt Terms, and then the Rules for the en, 


| are the ſame as for numeral Fractiont. Thus to add — _ to =, you 


reduce them to a common Denomination -, ag 7 777 then their 


| . ed 4-1 — # d ade + bee + ddb 
17 r . 


194. To ſubtract one Fraction from another, you reduce them 
to a common Denominator, and then take the Difference of the 
Pn, and —_ write the common Denominator. Thus 


Cc ad — cb 


if from — you take — —, the Difference is — — 


a 4 N 8 
from the Integer a take the F raQtion eo hel Difference is a "A 
| | | f 
from == Fn ach ox ab — bs 


7 take —— there remains 
e. 


. 


ac + cx —ab +. bx 

195. To 3 NN one F caQion by another, you multiply the 
 Numerators one into the other for the Numerator of the Product, and 
the Denominators e one into another, give the Denominator of 


| mat is, 


the P E WE att Inn 
? reef. Thus — ; T= ; 7 and 5 * 
95 24 — bb 
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oa—bb party 4.9 tt, 4 _acd+8d 
cd | e IE cid. : ce 

2 * 27>» ab TEE 

EX = IRS Wool for any Integer, nnn 


F orm of a F ration by writing Unity under i it, as -, 


196. To divide one Fraction by anchor? multiply the Nume- 
rator of the Dividend by the Denominator of the Diviſor, the Product 
will be the Numerator of the Quotient. Then the Denominator of the 
Dividend, multiplied by the Numerator of the Diviſor, give s the 


3 . ̃ ]˙Ü d 
| Denominator of the Quotient. Thus 7 7 ( = — and =] 


d+bd de + bde 3 — 
c 5 —— | (== e + „ and) 
1 cde c 4 


eee. (= 8 3 Reduction; and 3 


a —6 a 


:  aa—2ab+bb 
(= aa +ab 
197. Inorder todemonſtrate the Truths or fo the Reaſon, 
of the foregoing Rules for the Addition, Subtraftion, Multiplica- 
tion and Diviſion of Fractions, we muſt here premiſe the follow- 
ing Axioms, or Principles that are in themſelves evident Truths ; 
| theſe will be alſo neceſlary i in moſt of our future Mathematical 
* 


| 198. Axlou I. Things that are equal to one and the ſame Ting 
are equal to one another. 
Thus, if a = n, and b = m, n _ 45 


199. Axiom II. Ito equal Tings, you add equal Ws the | 
Sums will be equal. | 
Thus, if to the equal Quantities ....a=m 
You add the equal Quantities . . . . . b n 


The Sums will be equal. „„ SY gain” 2. 


200. Ax1om III. If from equal Tings „ = MN 
You ſubdudt equal Things „„ =8 


7 Remainders will be equal, viz. a — b = m — n. 


a 
. * 


1 . e 
it is ſhewn, that 7 7 = 
c 


ac (Inſt. 201.) therefore 5 =mXn= = * 7 


7 INSTITUTIONS 
201. Ax10M IV. If equal Things . 421 


Be multiplied by equal Things . . b = n 


— — DETEneY 


The Produdt uil be i.. 4b = u. 


202. | Axion v. If equal Things . .. .a=m 
Be didided by 288 SR „ 


— 


The Quotient will | be equal, VIZ. == 


203. Now from hence we prove that Fractions of any Kind 


| reduced to the ſame Denomination are added, by adding their 


Numerators, and 3 the common Denominator, Thus 


6 a + c c 
7 + 72 — for let — 7 2 = un, — 7 = A, and multiplying 
both Sides of each Equation by 4, we have a = bm, and c = bn 


7 (by Inſt. _ + ee mtg (Inſt. 199); -——- 


= (Inſt, 202.) ; that is, (by ſubſtituting the Va. 


hue of m and) 7 71 ee And in the ſame Mannes 
| a — Cc 
5 F 


C1 


m — n 
a arc 
204. Again, 7 * 72 5% is thus demonſtrated Lee 
** * then o mb, and «= md; 8 
c 


bd 
| 3 PPP 
205. Laſtly, it is ſhewn that + divided by — — give 23; for 
mb = a, andmbd = 4d (Inſt. No ond = and — 
mbd ad __m 5 
#dd 370 =» TFT © T | 


« 


Cav, 
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206. W HEN it happens in Diviſion, that the Diviſor not 
N exactly contained in the Dividend, the Operation 
may be continued without End; and the Quotient will in that 


Caſe be an Infinite Series of Terms. This will be the on 1 
you divide Unity by 1 — @ as below. 


I—@a)1I ( 


1— 4 


+ aaa 
oF: aaa — aaaa 


—_— 


+ aaaa, &c. 
N. B. Here it is ſoon to be obſerved, in what Order or Man- 
ner the ſeveral Tenns of the Series in the Quotient will ariſe, 
without farther Operation this is called diſcovering the * of the 
Series. 


207. Let it be required to divide a0 + xx by a + x3 thus 


3 2 x+ 
a+x)aa+ 5 &c. 


„ of 83.7 
aa + ax 
_ ax ＋ xx 
— 7 — X Xx 
+ 2xx 
2 2 xxx 
T2 xx + 
| a 
2 xxx 
5 a | 
- 2 XX#F I axxx 
a a* 
2 XxxX | 
7 &c. 
2 


| _ 558 ke. but all —— = 4 X 


© | In STHYwivTiHons 
Here the Law of the Series is diſcovered in a few Terms; and 

the Series may be continued at Pleaſure without aber TOE 1 

alſo the Signs are here alternately + and — 5 
ons Another et rag take as * Divide ay by I + * 


1 + oc l + rene, u. 
ay + 9 a | 


—ayx 
— ay x —ayxx 


* 


* ayxs | 
IE ayxx + ayxxx 


— ayxxx — & 
<& | —Aayxxx—ayx+ 


mY ay *, &c. 


„ — 


I +x 


| Therefore: 2 = HY + ayxx — ayxXx, &c. = ay X 


| 22 


_—= 1— 4 A xXx — XxX, &c. as is evident by 


8 


dividing each Side of the Equation by ay. 
209. This Method of expreſſing a Fraction in an Infinite Serie | 
vill be often found very advantageous in approximating the Va- 


lues of Mathematical Quantities exprefled in an Algebraic or | 


Fluxionary Manner, as we ſhall find in many Inſtances as we 
proceed. And indeed this is the Foundation of the Arithmetic of 
 Infinities; for theſe interminate Series may be added and ſubtrac- 
ted; multiplied and divided; ſquared and cubed; and the Square 
and Cube Roots extracted; and fo that the Sum and Difference ; 
Product and Quotient; Power and Root, ſhall ſtill be an infinite 
Series, of which we ſhall treat more fully hereafter, when the 
Learner has ſeen more of the, Nature and Uſe of this Sort of 
Arithmetic. | | 


CHAP. 


: The Rurxs for ordering ji 7 ms 5 0 


. Now the Uſe of an Equation i is to give the Value of a i 
is, till you get it by it 's ſelf on one Side of the Equation, by re 


4 
_ expreſs the Parts and Conditions of any Problem or Queſtion in 
Symbols, and to ſupply Rules for the due ordering and forming 
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210. A N EQUATION is the Expreſſion of Egunliy as 


Quantities; as Ix = b, or 3a =4 by 


Quantity æ on one Side, in others which are known ont he of 
Side; for though 4 x = þ = q, it will not ſo eaſily appear whall 
N ba- 
ſoning thus; if 3 x = 9, then 34 . 9 = 36 22 1 
and fo x = T = 12, (by Axiom 5.) and is therefor@known. 
211. And it is the whole Deſign of this Analytic Science to 


ſuch a Procefs as ſhall at laſt produce an Equation, with the un- 
known Quantity on one Side, and thoſe that are known on the 


| other. The Rules for this Purpoſe are as follow. 3 


RULE J. 


214. Any Duantity may be tranſpoſed Sia one Side * an * 
tion to the other, by changing its Sign. For this is nothing more 
than to add the ſame 1 on both Sides with a different . | 


(See Inſt, 199. 4 


Thus, ſuppoſe æ 191 = 
Then by Tranſpoſition, x = 3 — 8 = 45. 


Again, let S* 46 4 + 10 


By Tranſpoſition, „ 10 + * 
TCT. 
Then 2 —x =x=b—a. 


rn 5 


2 13. 49 Quantity by which the unknown Quantity is multiplied 
2 be taken away, by dividing all the . in 125 Fu by 
This is evident from Inft. 202. 


Thus, if ax = b, then dividing both Sides by a, we have 
1 = 4 . | 
* 


M Again, 


82 INSTITUTIONS 


Again, ſuppoſe 3 x + 12 2 27 

Then, by Rule 1. 3 x = 27 — 12 = 15 
And, by Rule II. x = $ = 5: 

Alſo, ifax 4 2 ba = Tx > 

Then, Rule I. ax = 3c — 2ba © 


And by Rule II. — — 3- — ” 


"RK ULE III. | 
1 If the unknown Quantity be "IF by any oy woo that 


Quantity may be taken away by multiplying all the ather P 3 4 — 


Equation by it. (Cee Inſt. 201. I 


Thus, if . + 5 


Then ſhall x = bb + 5 5. 


275 11 : OW 1 85 


Then x + 20 = 50 ; 
1 = 30, es 


3 — I 4 42 224 6 
Then 4* 4 72 2 6 4＋ 18 


And (Rule 1.) 72 — 18 = 6x—4x =25=56 
Therefore x = = 27. 
RULE lv. 
215. 1f the unknown Quantity be concerned in Fractions, and there 
be more ſuch Fractions than one, they may be reduced to a common De- 


nominator, by which, if you multiply all the — _ 2 1285 
_ will be di engaged as Os 


. Thus, let — 1 - 
bee e e 


Conſequently, 8 x = 15 x — 105 art 
Whence, - * 30%, and x = 5 5 18. | : 


RULE 


S fo) 


of ALGEBRA. 


RULE IF, 


216. If the unknown Duantity be contained i in a Surd Roet, it 
will be equated with the known Quantities by involving both Sides 1 of 
the E quation, to the proper Power. | | 


Fhus, Gippuſe „ gf £5800 © 12 
Then, by ſquaring each Side, 4 * T 16 = 144 ðw 
By Tranſpoſition. +, 4x = 144 16 128 


te; | 8 
pr Eo 8 


Again, n n erf 
Then. a4# $#8* 24 +< | 
And, by ſquaring ax + b* = d* + 2 dc + 

, | 8 
| a 


— 


Whence. 2929 „43 3 


1 if 6 Film. ee ee 
Then. MS. 
| al 
And, TT. — * es = pu 
RULE VI. 


21 7. If that Side of the Equation which contains the ibid 
Quantity be a compleat Square, Cube, or other Power ; then will the 
unknown Quantity be "__ with known Ges EY Ext wee * the 
Proper Root. 


* 


For Example, let 2 2 2 144 : 
Ten, 1 * = 144 = — 12. 
Again, let æ* ＋ 6 + 9 20 188 


4 


Then, . x + 3= V7 ny 
Ad; » = vane" 


If we have x* + ax + 7 —3˙ 4 


; 4 „ Then, 


VVV 
. FT the 3 Quantity be contdined i the pn ies 


Analogy, it may be had by miitip/ying Extremes and en —_ 
e eee | 20 Init. . 105. —* . een 1 ya 


Thus, pox 12—x: 5 4 5 


Ate — — 2 


Then, . © 552 12 — * 2 1 and 23 775 3 e 


9 f 8 if 


Or, if 20 —x: #227: 7 * ö . 5 
Then, n or de 605 a f 4 gb 
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219. F any 3 be found an both Sides the Equation, or 
multiplied into all the Terms, or vein them all, it ay - 5 
out of the [qa 0 TIN „ i 


If 3 x » 3 = a +>; then 3 - a, and x = T 


90 ack + 546= 8 ac; engen 51 b = 


. 165 166K 
. then 2 8 = 16, dx = 
EH... *. 75 


RKULE. 1X. 


220. Inflrad of any Sn in an ene you may 22 
another of equal Value. . 


Thus, if 3 +y 243 . Ede) 
Then, 3* +9 = 24; and += —— h * 


P $ 
h A 


* #- + 


1 s and are here pl „ 
__ will be ſhewn a little frther on rt 1 


The Rules hitherto delivered relate to Equations which con- 
tain but one unknown Quantity ; but when one or more are con- 
cerned in the Queſtion, you proceed by the n Rules. | 


RULE. X. 


221. If hon be ro unknown FRE x cad Y» there muſt be 
two Equations ariſing from the Conditions of the Queſtion; from 
which a Value of either x or y muſt be found in each Equation, and | 
putting theſe Values equal to each other, a new Equation will ariſe, Y 

| - involving only one unknown Ow . E then young by the fore 
going Rules. Ts 


ExampLe 1. ä 5 


Suppoſe: the Sum of) FR. 
any two — ST 
And their . * — 7 2 4 


* * "2 


Then we have 1 2 —5 


v | x =d Ty 
1 :T herefore... . . 2 + LES: A os 
-Lontequrnity 2," 27 = FF Gro ee ER 
Hence 1 80 9 Ut" = ** . ic 
| 3 
And by ane the two ati . 


FExAurL Il. 


FE Suppoſe. | 4 478. 
And let ee = 


Then 6s „ ba =o 


W — OY 4 es . | : 
And 2 DNS 


— 2 


But alſo . . * = . 
497 3 


— — 


— = 5 bs. 


| Therefore . 3 


i Hence... . © 0 5b — = ay 
A. ; . $6 = ay + by. 
e 3 75 

© Conſequently | 72 K 


* „ 4 . And, 


BS þ 
= 
1 
42 
Tin 
a 
«oo. 
$1 - 
g q 
i 
* 
zz 
1 
1 
1 2. 
2 
+ 
4 
bl 
n 
f 
4 
5 5 
1 
Ny 
Is 3 
A. 1 
1 
* 
1 1 
* | 
3. & 
= 


$6 INSTITUTIONS 
13 a CE . 5 
2 | ExanLy m. 
| Let x += — 4 

Y: SOT of Val And me Ka = 4 | 
I * e 2 52 5 + | 
þ | The Square of wich, . =$* —25y +.5* 
G a | Ag. at =:d +55 - wo; 
1 : © Therefore d + * * — 2 55 + * 


r 
2 CY oy 
"ai #3 — of 
WS > \ 
— wy — — - . 
* 
1 


9 | 5 
— 3 4 
ET 


r= 
x 
— ' 
£ 7 "= 
” he 4 p A — Ae FIR Set db k a MC l 

vu . 5 r > PS I 07S. CEE Ie 

LO OA OA UE A BIR - 1 A want ro rote os tr re — — ms. 2 — — nx, ww „ Jn < 2 p 

N ” vas 
, 


Hence d = 5* — 2 5y 
And 25y =5* —4 


r 
PS. at 
— — 


= 
Il 


= * . 
» arr — Oo 
— —— 
5 3 


* x 9 
—— IO 1 
= = RT * > ran 7 . 
a> Fai I IBS. RA ILID 9 1 7 
2 . 
2 — IEG b4 Rs 


ma — 
>» 
= 
. 
Te 
45 
© 
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222. When there are three unknown Quantities x, y, * 23 
there muſt be three Equations given, by which they may be determined; 
by comparing and equating theſe, two Equations may be obtained involv- 
ing only two unknown 8 which are then known by the ou | 
| going + Rule. 
EXAMPLE. 

x + 5 + 27 2 

x + 2y + 32 20 
„ 
. 5 


* 


Suppoſe & 0 


| Then we have 2. 2 20 —2)— 3% 
1 nr 


From whence we have 12 —y—z = = 20 — = 32 
e eee 12 — 5 — 2 2 18 — 4 2 — 3% 


= A 


ry - WET * 
> - 
- : 8 
o TI _ 
— > _ 
. 
+ 0 
5 3 - i þ Fa 
* * L : 
- # 


f ALGEBRA. | .» 
Therefore we have (by Rule X.) J=4, = 2, and conſe- 
quay x = 6. | 

| Sometimes the Lasso are ſuch, that the ne . 
tities 12 different Equations may have contrary Signs, and de- 


ſtroy each other; or be otherwiſe affected, ſo as to e the 
common Proceſs v very much. 


. 3 x 15 T 2 2 26 
8 ſuppoſe x—y =4 
 Cx—z=6 


es 1 


Then by Addition only, 3 * 5 55 „ 
Hence x = 12; - 4 83 „ =& 
| RULE II. Al wut. 
224. J in a general Way, the unknown Quantities x and y 
have Coefficients, and the Value of the Equations are expreſſed in Sym- 


Bolt, as thus, 2 1 Fe If it will akvays be y = = Fre 


and æ = = ; which are e Theorems for the Values of 


| — 
Ex and y in all Caſes, 


For in he firſt Equation, gx = en Er — . 


. in the Second, dx Sf T and x - 
Therefore 1 2 l. and 1 =af—acy. 
Whence 5 = af - d. 


af — dc 1 | 
N n 3 1 „ 
Example i in Nukes Suppoſe 1241 8 * nag 
Then y = ZN . , and æ = 
* CC 1 od. 
3 s 5 
3 


225. After the came Manner, you may raiſe general Theor 
rems when there are three unknown Quantities, x, yy and 2, 
| and 


„ 
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and three Equations given; but more of this in another Place. 
To conclude, we ſee by the above Rules, That when there are as 


many ſimple Equations given as Quantities required, the Qugſtion is 
Limited, and the 1 may be di covered and determined by thoſe 


226. But, if there are more re Juan tities requi red, than Equations 
given, the Dueſiion is not limited to determinate Quantities. And, 
if there are more Equations given, than Quantities required, it may 
be impiſſible to find Duantities that may anſwer the Conditions of the 
Dueſtion, becauſe ſome ho them 0 be i 285 ion with others. | 


CAAf. IX. 
4 ColleGion of ſuch Dueftions as produce 


SIMPLE EQUATIONS. 
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227. HE Order of our Inſtitutions now brings us to con- 

| ſider thoſe Queſtions which produce Simple Equa- 
tions; and theſe will be found not only proper Exerciſes for the 
Learner, but the firſt Example of the Uſe of this excellent Art; 
and here we ſhall follow the Method invented by Mr. Ward, on 
Account of its Perſpicuity and Eaſe, viz. that of numbering and 
regiſtering each Step of the Proceſs, as in the following — 


tions. 
S E: 


228. If the Sum of two Numbers be 20, and their Dile- 
rence 12 ; what are thoſe Numbers ? | 


Firſt let 1 | x = the Greater Number 
. 2 | 1 5. theLefler- 
1 x + y = 20 ER; 
And. ..... 5 * —y = 12 © per Queſtion, | 
Then (212) 5 * = 20 — , 
Mi. >» 6|x=12 +5; 
Conſequently | 720 —y= 12 + 5. | 
Then bj ra bence g = 4, 
And per Queſtion | 9 | x + 4 = 20, 
Therefore. | 10|x= 20—4 = 16; See ( Inſt. 2217) 


where you obſerve two general Theorems for my Queſtion of 
this Kind. | ; 24s go! oh | 


oO 4 — = - = = . _ 2 
n LS. 
> = 1 


— — 


229. 


_ - 


\ 
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| QvzsTION: II. | , 
229. Suppoſe there are two Numbers whoſe Sumis 325 n 

theis Ratio as 5 to 3. Query thoſe Numbers? 

Let the Numbers be 14 32 Ne 

And . Ons ET 2 4 * —— 5 * Data... {is © 24 

Then (138) [ 3 x = 


Divide by 3, 1 3% 3 >” e 
Alſo „ | . Weihe, 
7 
8 
9 


Therefore 32 — 5 2 495 ht 
Multiply by 3, . . | 7 | 96=39= . 
and. 3 8 0 0 
Wherefore 3 % S = 24 | 

But by 5th 8 | 10 * = 32 —y = 32 — 12. 20. 1 
Err therefore are 20 wad 12, for 20 Ny 12= = 325 ; 
and 20: 12 5: 3. a8 required. 175 ks Se 


QUESTION III. 


230. A Perſon being aſked how old he was, l that 4 of 
his Age multiplied by vr of his Age, 1 . er | equa to 


his Age. Query Whar was bi Ager % 39 þ 1 4 


*. as 4 


Put „ r | #5 : to his, Age. OL . 
Then ber Queſtion 2 32 * 0 = x 

4 E + I&f: 7. K 
„„ 

That i ns « — 3 ra * = 1 

Whence (by 214) 43 = 43x} * ” LEES 
That is, n 534 48 ii 
. y (by 213) 61 16 = the be Age ue #4. 


2  'QuesT10N OR 

231. A Perſon has ſix Sons, each of which 1 is 4. Years able 
than the next younger Brother; and the Eldeſt is 3 © oops as old 
as the Youngeſt, What are their ſeveral Ages 4 


Let their ſeveral RY & og ö 
Ages be — iir 21 16, and * + 20. 8 
But per Queſtion Tom 12 
Then, tranſpoſing, [3 255085 „ 
t is gi 8 A7 i 14 — 20. 15 1 | | | | } f d 
Therefore 15. | an} 418 — 10. vp 10 2 78 ; 8 
So their N 46, 14, "we 22, a6/und Joy aaron. 
Ii N n. 


3x =x +20. | | oo 5 5 O p 


I 


if 


— — 


b — 
5 5 372 5 
. r ae is 
1 Fl ® 


! 
| HEE 
©. 
.. 
of e 4 
' 246 ti . 
g —— - g 
"1 BY 
15 1 
1 
n * 
42 = 
345: 
OY 
- 7 A 
m 1 
1 
7 « : 
hr 0 
1 
: & a FY 1 
ol bb N * 
s 
2 bs 4 
[ 
ol 
7 


22 
1 


4s === l wy _ „ 
—— — A * 
* 


— — 
ON OE 
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|  QuesT1ON V. | 
232. A Privateer running at the Rate of 10 Miles an Hour, 


diſcovers a Ship 18 Miles off making Way at the Rate of 8 Miles 
an Hour: Itis demanded how ny Milles the ſhip can run de⸗ 
fore ſhe be vyertaker?? 8 IOS 


Z . the Ship unn, Teh mY 
And | y = Miles the Pribateer runs. 
Then by Suppoſition 3x59 32 :8: 10; | 


Therefore . . 10x = 8y, and 2 * 


| But alſo „ , ' 
Therefore 1 — == I'% 
Whence. 4, Le bo 


- 008g 0 — 8 


Conſequently . . . 8% = 90; 1 


To find the Time; you ſay, as 8 Miles: 1 urs : 72 Miles 


:9 ous. 


3 VI. 2 = 
233, It i is required to divide the Number 50 into two ſuch 
Parts, that 2 Z of one Part being added to + of the other, may 


make 40. iS 
Put xy 3 for the two Parts. —4 
Thy - -'- > * | + Y = 40. ro 
: Multiply by 4, 2 3 + _ = 160 es : ” 
' Multiply by 6, 3 18 x * F 
Therefore . 420 . | ; 
| ; O — 1. 1 5 I 
Hence' . . «< 1 5 = e a 
Then . 711000. — 960 = 2x =.40 
ee e „ 16 = 2 205 and therefore y= 30. i 
1 QuizsTION VII. . 4 


2 34. Two Petſons, A und B, were talking of their Money : 


ſays A to B, lend me five Shillings « of your Money, and I 


have juſt as much as you will Have! t: Says B to 4, rather 
lend me hive Shillings of ydut Money, and 1 ſhall then have just 


three 'Times as much aw will LITE left: : : How ih Money 


+4 bbk 


24 e boy 7 * 


1 * = = M's an N 2 N 


x x 2 
— 
5 


Ten, if A borrows, III + 5 = = SY 

So that . » 53 „1 y=x #1 10 

If B bortows, then 1+ 3 Wd 

Therefore (4). 405 + 10 8 5 3 be: 72 r TY 

Andſo: . . « « 5 + 30 2 7 = 

Conſequently . . 62 K 30, . E 155; 4 » Money. 

And. „„ een al x. + 10 =. = 235. e | 
e e Qursriox VIII. | 


| 23 * A Perſon has. three Debtors, A, B and a whoſe par- 

ticular Debts he hab forgot; but thus much he could remember 

from his Accounts, that 4's and B's Dębts together amounted 

to 60 Pounds; 4's and C's to 80 Pounds; and B's and Cs to, 

9 I demand the Particulars ? 4 0 

a The Debts let be repreſented by x, 5. and 2. 5 1 
Then Nt ir + y = 60: bis = 

FJ: * 8 . N 


Then the 3—29Step}4jy, = 2 92 80 200 5 
But 1 „ 
Therefore. . . . . |6j2y = 60. + 12 = 72; andy = "" | 
SS * +y=x+ ede . a 
And laſtly. Us = eee 
So Ns Debe i is 24% B's 36 /. and _ 

Qursriox IN. 1 2 


: 3 There is a certain Fiſk whoſe Head is 9 Inches; the 
Tail is as long as the Head ang half the Back; and the Back i 

as long as both the Head, and. Tail. together. 1 demand d the 
Length of the Back, and of the Tail? e 0 


R Ir = Lengttr ofthe 8 
Thin fnce. 2/9 =-Length of the Head, | 
We have . 4 + 9 = ths Length of the Tal. 
But, by derer 1 — 9 2 7 * 8 5 
herefore . 0 [ol x — 19 5 * + 183 
A WH 2 RAIN | 18. 
5 7 


a. © © | A = . 8 
So the whole Length af the-Fiſly,was 9 + 36 ＋ 27 = 72 In- 

| _ dtc. * e © 1 

| | vr⸗ 
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1 QuvesTIOon X. . 85 


237. One has a Leafe for 99 Years; and [eds aſked "Py 
much of it was already expired, anſwered, that two Thirds of. 
the Time paſt was equal to four F ifths of the Time to come: 


_—_ the Times paſt, and to come? 


Put by 8 ih = Time 7 e 
Then . I 32099 —x = Time to come. 

2 6 — 
But a if. r 2, 


Therefore W122 Fo me 5 _ 2 

| . [ro = 1188 — 12 « 

ence '. - . » '[o[tox + 12x = 22x = 1188. 
Therefore. ye = *23* = 54 Years, the Time bal 
Anl. © 46000 — x = 45, the Years to come. 


Thus = of 54 is 3b and + of 45 is 36, as e HT 
5 ' QuesTION XI. | 
* 38. A Gentleman diſtributing W ſome poor Peo- 
ple, found he wanted 10s. to be able to give 5s. to each, there- 
fore he gives each 4 5s. only, and finds he has 55. left. Query he: 


Number of Shillings and poor People ? 
Let x = Number of People, and y = Number of Shilings. 2 


8 


Then 5 Suppoſi-2 IIS * =y + 10 | "a 
tion 4X 2 5 „ ; 


0D 


> g ; 
b £ 3 1 : 
Then 8 
7 N 


5 — 102 
And f 8 1 8 SA 4 x + 5 -——j 4 . 45. 
Therefore „ 5 n 


Conſequently 5 * 4 =15= the poor People. 
And therefore . = 4 14 5 ella = the n 
* "Quz#rion ANTI. 3 N 
239. 8 the Diſtance between Londin and Se to 
be 360 Miles, and that a Courier ſets out from Edinburgh run. 
ning at the Rate of 10 Miles an Hour : Another ſets out at the 
ſame Time from London, and runs the Rate of 8 Miles an Hour. 
It is required to know where they will meet? 
guppoſe the Courier from * runs x Miles, and he 


er '2 Miles before they ner * | 1 8 
| EE 8 © aw 


— SS 


* - 
* 4 


ow 


he is overtaken by the Second. 


Put : 1 
Then 


Now ſay, 
Alſo . ._ 


Therefore 
Whence 


1 
2 


3 
+ 


3 
6 


2 aufe E B u 4. 5 


Qt riox XIII. = 


240. One ſets out from a certain Place Fe ial therRate 
of 7 Miles in 5 Hours, and 8 Hours after another ſets out from 
the ſame Place and travels the ſame Road at che Rate of 5 Milds 
in 3 Hours. How long and how far muſt t che} Fiſt "OOO 


\S 7 
—l@ 


x = Hours the 1ſt 8 | T” 


x—8 = Hours the 2d att 215 
5 7 *: & * Whole Diſtance, : 


1 wo = . * 


/ 


50 e bo 4 "ad o 

Then : "2 wot 72 324 by Suppoſition ka | 
. Therefore 3 . 344 — oy and X = = 27. 

V * 208 — 5 = 2 
%% % ͤ XX 
Therefore J6 97 3 x 

ad. wt wo TY 1 — 1 8 4 of 1 
— 3 8 cop 3 360 - — = 200. 


oel 


baff. 
Unt. 


„ 


3 5. 3 8 — = : Whole Basen i 


=, N 


. — 4 
n 


Thereforef, | 
Hence. . }8|x : 
And o % 5 2 = 


E. 3 I tn 
25 x — 200 = 21 x. 
1225 = 21 #E74x 20 
= 50; and æ =. 


. 
— — * 1 


* 
t 
5 


8 422. 
70 ne both cravelleds” 911 


3 75 — * ' 
= * 
£ Sy 


2 


8 More 


241. Theſe Examples Shay: ſuffice for a mixt or avid 
Analyſis but Queſtions ſolved in a general Way by Symbols 
only, are much more uſeful ſince they then become general Ca- 


nons or T hebrems, and are applicable to every particular Caſe; * 
whereas the other Way in Numbers is confined tõ one Cafe bhly ; 


therefore we ſhall proceed to five a few n. of * o. . 
lutions. | oF Hut, 1 


' 


* 


n 


4 * 7 Th 2 


0 ry 


-Qunarion XIV: 5115 4500 rently 


4 
wie $ 


, * 
* Z A. 1 * 


* „ — 


A 1 


2242. c 4 and. B, ſet out * 3% two. Places 4 
ſtant from each other 4 Miles; 85 which the foremoſt 4 travels. 
p Miles in 9 Hours, and B travels r Miles in! Hours; he is ſup-, 
_ to 2 laſteſt, and the ſame Way with A. I. is required 


oF 


70 


94 1 


Time. 


come * 


In the Solution of this problem, there will be . Caſes, 
firſt is, when both the Bodies, A and B, tend towards the ſame 
Parts, or move the ſame Way. The ſecond Caſe is, when they 
tend towards contrary Parts, or meet each other. In both Caſes 
we ſuppoſe the Body 4to be fartheſt from the d werde 


Nsrirurie us 


to know how many Miles each muſt Havel before Be can overs 


take 4? h 
put Tu 14 — = Miles aq! 
EE * Miles B . | 
Then allo 30 Sp —4 
And we have 7 = = Mijes gr Hour by 4 
EY Alſo 0 * 5 : A walks per Hour 
Then we have 6 & 25 :: — 5 
Whence . . =x =,— 7. : T | 
And fo . — © JD = 9 ry -r 4 . k Via. | 
Ad - + [4% d=qry *; ft one wo of 
Whenee .. . [1218 rob £4 1 } 
Therefore |1 =z= Miles B raed; 
And laſtly [14]r = 2 = Miles travelled by 4 
N. B. Ifp = 8, q=1z r= = 10,, 213 be 


then y= 9o, & = 72, 4s in Queſtion 11. Thus A is the Ship, . 
and B the Privateer that purſued her. But more generally yet; 


' QuesTIon XV. 


| 443. Let 4 Gs a moveable Body, which in, Time * can 8 
ſcribe — cz and let Ĩ be another moving Body, which in 
the Time g can deſcribe the Spaced; let the Diſtance from which. 
they begin to move, be called a and 4% the Diflercnes of the 


7 
3 
1 
<a 
- - at 
7. 


d * 


c 


* ALGEBRA 1 % 
| CARES 

"i Let that Diſtance of A be called x, from which take 
the Interval e, and there will remain x ? for the Diſtance of 


B, from the ſaid Place where they come together, And fince 
A paſſeth over the 8 pace c in the Time of /, it will paſs over the 


5 Space x in the Time of E for it is Fi: x*: . T 
Alſo fince B paſſeth over the Space d in the Time 2, it will 
pap her the Space a—ein the Timo LOSE lince d: r: 


T N ow . the Difference of thoſe Times is ; ſuppoſed to be hy 
that they may become equal; we muſt add þ to the ſhorteſt Time, 
that is, (fince A's ſuppoſed to move firſt) to the ſhorteſt Time 


of B, vis. 0 , and then we have the Time ee | 


vis, FEET 3 and which reduced, gives * 
ege—cdb 

og - 4 
pede e ir. Ed we have 


'z 42 7 "; which reduced gives 275 2 K. 


B ut if the neareſt Body B begin to move firſt, h 


* 


CASE II. 


24 3. If che Bodies, A and B meet; then if x = | Diltince of 
the remoteſt Body A from the Place where they meet, as before, 
we have e — 4 = Diſtance of B from the ſame Spot. And the 


Times in which chey paſs over thoſe Spaces will be, ard 


£2 18 found * as ; before. Then if 4 moves s firſt, we have 


LET + FLY 


TELE * 


ace gi ives LO 


y 5 "ou - - 

. . 7 . 
l W's R 
—— ̃ —ͤ—-— — a. a bogs 


5. REDS ene? by 2 = + 
— - = 7 1 8 ES x * 2 q 9 23 1 a 
. — 7 . — * . polymer 3 33 — = * 
- — — — — — 9 = 
2 * d Com > Rs L 2 5 p va . P bo ps of j - ot wa es * 5 = - 
* 5 2 ö N 3 5 5 * is 5 — . 22 n 0 0 61 OL ef LOI xe” 
i N +4 55 , ym 4 =" 64 r N 3 Lago” p * 1 8 8 =_ _ 5 
e . * * r 1 * 9 R = Py F ww 8 9 * 2 = #3 5 
W CSS =» No Ta ** _ * 2m TIL N U o * = = - \ 
n I * n * e * G * 3 r * * 2 * CR fog x \ 
N ; — r . * 0 S 212 * — N 
N 4 e - „ Oy Pry rn . « 1 2 © * 
** * „* 5 * | HE 5 0-14" a_-4res FRE er 
l * 


2 


86 


IVS TITVTTOoxS 


But if 5 move firſt, we have . +] h = _ = ESE, whence i 


th +470 ed is $i „ EXAM FEE 1 
15 The Sun deſcribes each Day a Degree i in the Ecliptic, 


and the Moon Thirteen ; and at a certain Time, when the Sun is 


in the Beginning of Cancer, ſuppoſe the Moon, three Days after, 
ta be in the Beginning of Aries. It is required to know in what 
Part of the Ecliptic the next new Moon will happen? 

In order to ſolve this Problem, we muſt conſider that 4 re- 
preſents the Moon, and B repreſents the Sun, and that they 
both tend towards the ſame Part; 3 and 1 that the Motion of 

c ge + cdhb 


IJ His ſhorter than that of B; therefore the Theorem <- Tx 77 ＋ 


=.x muſt be uſed, i in which tie Values of the ſeveral Letters 


are known. Th us, 


-—£ = 43 Degrees, the Moon's Motion per Day. 


75 2 1 Day. 2 
: 4= 1 Degree, the Sun; 8 Motion * Day. | 
" g= 1 Day. 


« = 90 Degrees, the Diſtance of the Sun and, Mon. | 
b = 3 Days, the Difference in Time. 
Hence the above Theorem is expreſſed in Numbers thus, 

ege + cdb „ nog - 
2 N „„ N 
100 J, that is, 1002 Degrees from the Beginning of Aries, ſo 

chat the Conjunction happens in 104 Degrees of Cancer. 
Alter the ſame Manner, A and B may repreſent the two Hands 
of a Clock, either ſetting out from the ſame Place at the ſame 

Time, or from different Places at different Time. 

3 a = = =, A and B may n 
ſent two 3 letting — from two different Places, in order 
to meet, either at the ſame, or different Times, as in the 
former Queſtion, for Londim and Edinburgh, and the Diſtance 
travelled by each will be found by the Theorem, the ſame as 
was there determined. But theſe Things we ſhall leave as a pro- 
ey Exerciſe for the young Learner, | CA. 


Again, by Theorem 
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1 Kip, analytically ſolved, t 2 ht 
 ; the NaTurE and REa80N of the ſeveral + 
Rus of ARITHMETIC, in — Com 
putation. | | 


| 247. * ſhall bw give the Solution of ach . in 

an Algebraic Way, as will ſhew the Rationale of 
the Methods uſed in the ſeveral Operations of Vulgar Arithmetic, 
ſuch as the DousBLe RuLE of THREE, RULES or FELLOw- 
SHIP, ALLIGATION, SIMPLE INTEREST, FALSE POSITION, 
Sc. as our principal View in all theſe Things, is rather to make 
an intelligent than practical Artiſt, ſince many are ready enough 
at Practice, at the ſame Time they know little or . of he : 
* of what they do. . | 


. 1 


I. DovnLE RULE of THREE: 


248. In all Queſtions of this Kind, there are three beige 

Terms which contain the Suppoſition, and three others in which 

the Queſtion lies; the three firſt are as follows: 
A, the efficient Cauſe that produces an Effect; 

T, the Time in which that Effect is produced z 

E, the Effect produced in the given Time. | 
The other three Terms, which move the Queſtion; are of the 
ſame Kind, and therefore to be denoted by the ſame Letters a 
t, e, in ſmall Characters; hence, in order to raiſe Theorems 
for ſtating Queſtions in this Rule, we muſt reaſon as follows: 

249. In equal Times, the Effects produced will always be 
proportioned to the efficient Cauſes: This is a ſelf-evident Axi- 

om, or indiſputable Truth. Therefore, to expteſs'this in Sym- 
1 we muſt put T = ?, and then we bare this Analogy, E: # 

: A: a; therefore Ao — Ea. 

250. Another Axiom is, that when the efficient Cauſes are 
equal, the Effects which they produce will always be proportion- 
ed to the Times that are employed in producing them. That is 
in dymbols, ifA = S a, then E: e: T: r, and therefore E e 


SST - | | 
0 _ . 


os INSTITUTIONS 

251. But when neither the Times nor the efficient Cauſes are 
equal, the Effects produced will de greater in Proportion to them 
both conjointly, that is, E: e:: AT: a4, and therefore at Ræ 
A Te, from which general Theorem, if any five of thoſe Quan- 
tities are given, the Sixth may be found without any regard to 
the Proportions being Direct or Inverſe. And the three Terms 
of the Queſtion may be expreſſed by the three following Theo- | 


| ATe atE 
rems, ru: Theo. I. a = F. 8 II. N KT. Theo. 
SAT 
UI. 1 — Ea '. 
EXAMPLE J. 


252. Suppoſe 100% in 12 Months, gain 41. dane what 
Principal or Sum muſt be put out to gain 232/. in 66 Months? 
To anſwer this Queſtion, we have in Theorem I. the Valus of 
the Symbols as follows : | | 
A = 100, T = 12, E=4t= 66, 133, to-find a 
and the Theorem will ſtand in Numbers thus, — w_ 
= a 600 the Anſwer. 5 ebe 


| EXAMPLE II. 
If 2 n in 3 Days will earn 4 Shillings, how much will 5 
 Menearn in 6 Days? - 
In this Caſe, A = 4, K 3. e 6. 
To finde, for which Purpoſe we muſt make uſe of Theorem II. 


at E . 4 
TF = e, that is in Numbers 2 * = 20, $hillings, the 


AF 


4 EXAMPLE III. 


A for the n of 300 Weight 40 Miles, I muſt pay 7 
Shillings and 6 Pence, how far may I wy 500 1 for 18 
Shillings and q Pence ? 
In this Queſtion we have given A = 300, E = go Pence, 
and T = 40, 4 = 500, e = 225 Pence, to find :? 
VN. B. In Queftions of this Sort, the Letter F, or t, may de- 
note, not only Time, but alſo Diſſance, or any other Mode, or 


Way by which any Cauſe can — its Effect, the Solution 
there. | 


therefore of this Queſtion, is by" Theorem III. viz. = 25 = 7, 


90 X 5⁰⁰ 


We Rolz of FELLOWSHIP. 

A, B, C, D, Ec. MerchamsradinginCompani 
253. Suppoſe I b, c d, &c. Each Man's Money in Stock. 
70 & y R, &c. The Time it is employed by each. | 

No fince each Perſon's Share, of the Loſs or Gain, muſt be 
proportioned to the Money he advances, and alſo to the Time it is 
employed in Trade, therefore his Share will be as the Product of 
both multiplied together 3 chat i is to tay, 2 aw = A's Share, bs 


= B*s Share, and do on. | 
dee Lee &c. =$, the Sum of 
Therefore let the Products of the Times and Stocks. 5/09] 
G = the whole Gain, Loſs, &c. by Trading. 
Then it is evident as 8S: G : : each of the above Products 
: Merchant's Share of Loſs or Gain Wee That 8, in 


8 ymbols as follows: 


| which in Numbers ftands thus, 225 x 3p 2< pe = bo Miles, 


Theorem I. S: G: ALT... 7 X aw Fc” Gain. 
Theorem II. S:G: : by : 5 * bs = Fn Gain. 
Theorem III. 8 G: ry: 5 N r = C's Gain. 


Theorem IV. '$: G: au; Sar. 


| 2 | EXAMPLE. -4- 

2854. Three Merchants A, B, and C, encer nis Per, . 

thus; 

A puts in 60] for 8 Months, B puts in 751. for 12 Months, and 
C puts in gol. for 9 Months, with this joint Stock they Traffic 
and Gain a 150. it is required to fn es uw 

tioned to has Stock and Time. 

s Stock bot. x 8 = 480. 
Firſt 15 Stock 75¼. X 12 = Yoo. TIRE | 
C's Stock Bol. Xx 9 = 720. 


The Sum of the Products = 2100. „ As 


5 


100 INST1 TV T1 ONS 


J. . M7; 3 | 
190 34, 2857 = = 82 48 Ts. 


Nano: Ay 900: 64, 2857 = 64 5 gi B's Gain, 


720 $I, 42857 = 51 8 64 3 C's Gain. 
N. B. When all the Stocks are employed an equal Time, 


the Theorems above will become more Simple, for then we neg- 


lect the Characters, w, x, y, 2, as being each equal to Unity, 
in which Caſe thoſe Theorems give the Rules of what is uſually 


_ called SincLE F ELLOWSHIP, nen, as it is ſo ww we need 


not here farther inſiſt on. 


( 


The Jt of ALLIGaTION. | 
255. Alligation i is a Rule for compounding or mixing Fur 


- Ingredients of different Sorts * in wed Manner or Pro- 


portion. 
LLet the Quantities to ) be - compounded be 4, ö. 

Their Prices | — .. . 
The Compound which * make —— cc 
And its Price | 
Then we hays —— — a+b=c 
And alfo — K + yb SY 85 
Whence this Analogy, as c: xa + 5: 7 6 ORs 
That is in Words, as the Sum of the Duantities i is to the Sum of 


| the Products of each by its Price, ſo is any one ET * the Compound | 


or Mixture to the Price 4 that Part. 


- EXAMPLE. BEL I: ; 
Suppoſe 20 Pounds of Tobacco at 9 Pence per Pound, were 


to be mixed with 12 Pound of Ditto at 14 Pence per Pound, what 


will a Pound of that Mixture be worth? Here a = 20, 5 = 123 
* == 9, = 14; and a +b6 = <= 32; then ax = 180, 


by = 168; and ax + y = 348. Therefore 32: 348: : 1 


10d. 4, nearly, che Anſwer. This is called Alligation Medial. 
256. When the Prices or particular Rates of the ſeveral Ingre- 


dients, and the Mixture and its Price are given, to find the par- 


ternate, as beings the 3 of the $ foregoing, 


ticular Quantities of the Ingredients, it is called Alligation Ab 


| " * . rr 
1 "> F 2 
i If 
o * ® 


of 4 L. GE BRA. 10 


If two 9 only are concerned, then will the III | 


be (as before) x a + 50 e; 
Then Den ook oh = = pc — xa 


o 


. Ed 1 The i a ls f 
Alſo it is 1% 0% 3 "=> 5 
we ; L. 2 


8 Ce FFF ee 
(3 *s 5 cy + xa —ya pe 
IE. And Od is es „„ xi Je =5 prbeuge: 
2/1: ing therefors :: fe; ie vs and X . 
Wy ben 72 ans 
5 EXAMPLE. - 3 w226579, m6 
257. How much Wine at 16 Pence a Pint, and of e 
at 10 Pence a Pint, will compoſe a Mixture that ſhall be worth 
12 Pence a Pint? Here x = 16, y = 10; and p = 12, and 
_ PIO 12 — 10 
5 106 — 10 
=2=2; therefore 2 of a Pint vf the firſt, and 5 of e 


c = I; ; therefore the Rule or Theorem i: is a 


the ſecond Sort muſt be n 8 WR. 2. 
N. B. If 5 235 then b will repreſent Water, whoſe Price 
is Nothing, and "iow; a = = > = 3 2 of a Pint. | . 


165 


258. When more * two Quantities are to be compounded, | 


and all unknown, the Queſtion will be znlimited, as there can 
be but two Equations, this will pern by the Taps, of the fol- 
lowing Proceſs. 


Ler 4 . . 
And 5 1 * 
Alſo let 5 © ' 
wo On 
e 
Step iſt - 
5 nw r.. 
6 * * 3 
3 iN 


„ e, y, be three Ingredients. 
, 5, t, their ſeveral Prices 


n, and p, be the Compound and its Price 


a Te TY == m EO * 
e 
e) 2 = — . | 5 
ge ＋ ty = pm — T2422 

te + ty =itim — f 8 

te — te pn im — ra ＋ ta 
There- 


— D WD 
FE 


M 7 dou? ond, A wer n 


7 
* 
* 55 
* 
= 
RM 
1 
1 
1 

4 / . 

= J 

1 * [3 
i a 
: » 4 

: q 
_ /. 
__—_— 
. 2 " 
e 

: * 

: * 


— 


4 
» — * + op af * —— — — 
- - 122 8 —_— - - * ow — 3 "IT 
— — 22 ng - n - - — EEO » — 
1 r SS 8 n 8 » s » v5 =” © WH. — «ve , 
© OL LIONS - 434. Lori b . . : „ - IF, . Md dd 2 
5 —— 4 * EY — „ EIN „ 


= IN 3 2 x . 
5 
M 0 * a 
nn 2 2 8 


— 2 


1 
Py 
NJ 

— 


3 


Therefore — qt = pr X m 2 a. 
Hence by btk andgth 110 + eee 8 + ta =7M— 4 


| 


And reducing, — 120 =5m — 5a — tm + ta. 


8 13% — ty + pm — ra = n — 5a 
And . . . Jighy — % = 5m — pn — 4 T4 
1 „. (Foe 


= mz ad rom te laſt Ste tapers, that. a muſt 


be grearer than Ry Therefore any Value of a as be taken 


| between theſe ths Limits. 


EXAMPLE. 

WW Bot | How much Tobacco at 25. 8d. per . and of ano- 
ther Sort at 204. and of a third Sort at 16d. per Pound, mult be 
takeri to make a Mixture that ſhall contain 56 tb, ; be 
fold for 224d. per Ib, without Loſs or Gain ? 


Here 7 a= $82, V ho, £= 16; m = $56, and p = 22; | 


alſo a is the Quantity worth 324. per Pound, e that of 20d. and 


y that of 167. per Pound, hence the greateſt Limit of a, will be 


{5 etl ia 8-9 — 16 * 36 = Ar, that is to nh a muft be 


1 — = 32 — 16 
| Jeſs than 21. A AY che Taft Limit of a, will be — 


1 


— 4 5 = X . 55 theteforethe leaſt 3 of a, muſt 


32 — 
be 3 than 93. Hence 11 Anſwers may be obtained for 
this Queftion, in whote Numbers, and an infinite Number io 
Fractions. Thus if the Values of a, be as in the firſt Column 
of the following Table, then the Values of e and y, by the 20th _ 
and 15th Steps, will be found ſuch as are contained in 8 0 185 


340 Columns. 


— 
* 1 


5 — iy + pm —tm—ret+te * 


4 


N — 28 
Fae ds: © wi Oc. at — : 


E by 4 5 4 H 2 

N io fis 822 
iso of 5247 19 8/29 

8 112136 8 1620 200 420 43% 
L 2 . ab 


Alſo let c = & Diff. bet. 4 the 34 


1 
44 N „ Ie rg 


2 5 


— 
> 


260. After the ſame Manner, if 4 Quantities or more are to 


| be mixed together, you may proceed in the ſame Manner to find 
the Limits of the 1 and 2d, becauſe all the Quantities except 


the two laſt will admit of different Values, the Proceſs will be 
large and troubleſome; but if the Learner will purſue it, the Me- 
thod is the ſame as before, and the Reaſon and Truth of the 
following Theorems will then appear, which L inveſtigated ma- 
ny Vears ſince for perfecting this Part of Arithmetic. i 


Fass T the firſt Rate and the laſt 
| 5 Athe 2d and laſt 
Let 4e Diff between the 3d and laſt 
N the 4th and laſt 
W 4p the Mean Rate and the laſt. 
4 == = the Firſt 


$ andthe laſt Rate but one. 


= the laſt but one and the laſt 
82 Fo the Sum of all the nnn A +B+C 


+ D 1 E ＋ F, &c. 
261. Then if there be ee to be 3 


* Clean Rate and the Tecond © 
| WE Dif. between the firſt Rate and fecond | 


A+B+C=S59, the Theorems are as follow. Theo. I. 


SE = A, greateſt Theor. II. 5 — 1 i. © Theor. III. 


= B. Theor. IV. e NS: 


it 


1 But if four Quantities are to be mixed, viz. A, B, E 


2 the firſt is found As 18 the Theorems for B and C, are 
28 follows. 


Theor. 


204 INSTITUTIONS 


V. $x— Aa 8E — Aa 


Theor. * greateſt. 83 VI. 


b 6 
= B, leaſt,. er. VII. e * ap] and then D 
is known of Courſe. | „ | 


263. If there be five Ingredients, A, B, 0, D, E, you have | 
the greateſt and leaſt Values of A and B as . 3 and for C and 
* as below. 


Theor. VIIL — 2 —Bb is Greateſt. 
* Theor IX. ec Leaſt. 
"Theor. X. r 18 


264. When there are ſix Quantities, A, B, C, D, E, F, 
the greateſt and leaſt Values of the three firſt are as in the laſt ; 
and for D and E.as follows. 1 I cx D = 

_ Theor. XI. 8x — 2 185 —Cc = b, Greateſt, 


Theor. XII. bee, Leaſt. 


sar, xe IE 1 — BY, E. 
And thus you proceed! for any greater Number at Pre, 
265. As to the Rule of FalsE PosITIoON, as it is called, it 

can only be of Uſe to thoſe who are unacquainted with Agebra; ; 

and a Perſon may as ſoon learn the Analytic Art, as the Reaſon 
and Operations of this Rule without it; thus for Inſtance, in the 

Single Rule where one Poſition ( or Supp ) ſt is requited, 
as in the following Queſtion, viz. 


265. Three Men, A, B, C, buy a Ship for 310. of 


which 4 paid'an unknown Sum ; B paid 2 5 as s much, and C 33 1 

as much: How much did each "re pay * . | 
Suppoſe A paid 48/. then B paid 48 x Mpc = ** and x 

muſt pay 48 & 3, 3 = 160/. But 48 + 120 + 160 = — * c 

inſtead of 310, 5. | 

9 I As 328: we * 310,76 4554756, &c. 


Then 


FS ALGEBRA, — 
Dim Hoa CO TH be ana . 45,47 56 


B paid (45, 4756 X 2, 5 - - „ 113,689 
C paid (4,4756 1 =) + * + + » »« ISI,5853 


Proof is the A EC a> . £.310,75 


--- 63, Now the Anſwer to this Queſtion is in a moſt direct and 
eaſy Manner pointed out by Algebra; for let x = Sum which 4 
paid, then B paid 2,5x, and C paid 3, 3 x, but x + 2,5x + 


33 * = 31075 Therefore 1 + 2, 5 + 3, 3 X x = 6, 83 K 


hence x = 375 = = 4547 561. the Money 4 paid; then B's 


and C's Part is 8 as before. And as to the Double Rule of 

Falſe Poſition, it is fo troubleſome in Numbers, and fo eaſy by 

Algebra, that we think it unworthy of an ingenious Artiſt, and 

ſhall leave it to the Indolent and Ignorant only, who generally 
take the moſt Pains to the leaſt Purpoſe. 


SIMPLE INTEREST. 


268. Simple Intereſt is the Money paid for the Uſe or Loan 
of any Principal or Sum lent out for a given Time, at a certain 
Rate per Cent. per Annum. Our Laws regulate this Matter ; 
and our Buſineſs is now to ſhew how the Rules of Computation 
are derived from Theorems inveſti 9 by Algebraic Reaſoning. 


| 1 


5 any Principal or i Gimme put to Intereſt, 
1 R = Ratio, or Rate per Cent. per Ann. 
) = Time of Continuance at Intereſt, 
A = Amount of the Principal and i its Intereſt. 


„ B. The Ratio of the Rate is the 3 Intereſt of 1 J. for 

one Year, at any given Rate. Thus, as 100: 5: 1: 0,05 = 
Ratio at 5 per Cent. per Annum ; and 100: 32 :: 1:0, 035 = 
Ratio at 3² per Cent. ber Ann. 


269. Now R = the Intereſt of 17. for one Year, 
1 5 2 R the Intereſt of 1 J. for two Years, 
3 RS the Intereſt of 17. for three Years, 

And f = the Intereſt of 11. for t Years. 


FE But 


„ INSTITUTIONS 


But as 1 J. is to its Intereſt? R, for any given Time ex in the 
ſame Proportion as any Sum is to its buen for the ſame Time. 
Hence the following Analogy: | 

I R: P: PR. 


20. But the Principal Re herb: added together 1s equal to . 
the Amount, that i is, 


Theorem I. RPA P=A = the Amount, 


Then Theorem II. N = 3 = the Principal, 
And Theorem U. . = R = - the Ratio, 
iP. 
_ Laftly, Theorem IV. * 2 the Time. 
| 271. 1. By theſe Theorems all Queſtious about Simple Intereſt 
are . with the utmoſt Laſe. 
: . Qu ES TION. I. 


What will 2 561. 106. amount to in three Years, one Quar- 
ter, two Months and eighteen Days, at 4 per Cent. per Annum ? 
In order to anſwer Queſtions in this Rule, the Parts of Inte- 
gers, muſt be reduced to Decimals, eſpecially thoſe of 8 88 
which may be readily done by obſerving, 
Day is 753 Part of a Year = 0,00274 
That one 4 Month is A of a Year = o, 8333 
Quarter is 2 of a Year = 0,5 


1 3 Years. = 

I Quarter = — 0,25 
Then the Time is 3 2 Months =. 0, 16667 
18 Days o, 4932 


* 


; That is, # = 340599 
R = - 0,13864 ; tRP = 35,561057 ; and laſtly, 

t RP P = 35,564057 + 256,5 = 292,061, &c. = 2921. 
15. 24. 2 = A, the Amount required, as per Theor. I. 


QuEsTIon II. 


272. What Principal or Sum put to Intereſt at 4 per Cent. 
Sc. will amount to 292/. 15. 24% in 3? Years 1 Quarter, 2 
Months, 18 Days? | SE Anfwer, 
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A _ 292,061 _ 292,061 
Anſwer, per Theorem II. r * - = 6,13864 +1 © 1.73864 


2 25655 =P = 256 1. 105. 


| Qu ESTION III. | 

27 3- At what Rate per Cent. Intereſt will 2 561. TOs. amount 
1 1s. 2d. 3 in 3 Vears, I Quarter, 2 Months, 18 Days? 
| A— P __ 292,061 — 256,5 _ 
. CE: 00,0236 


Horn © 0,04 = = R. So the Intereſt is 9 per Cent. 


* per Theorem III. 


Qs TION IV. | 
274. In what Time will 256 J. 105. raiſe a Stock or amount 


to 292 J. 15. 2 d. 2, at the Rate of 4 925 Con. nt . 


a per Theorem IV. N F = 1048 = 3,4699 


= 3 Years, I Quarter, 2 Months, 18 Days. 


275. If it be conſidered, that ? ſtands for any Time indiffe- 
rently, as well a Part of a Year as a whole Year, or any Num- 
ber of Years, it muſt appear very ſtrange for any one to imagine 


that, if 100 J. in 12 Months gain 4.1. Intereſt, it will not gain2 1, 


in 6 Months. Yet this Mr. Ward afirmed (in his Scholium, p. 


248) contrary to the Reaſon of Things, and to his firſt or funda- 


mental Theorem, viz. tRP +P=A; for let P= 100 l. R 


S 0,04; t = 0,53 then t RP + P = 0,5 x 0,04 Xx 100 + 


I00=2+100=1021. A, the true Amount ia fix Months; 
and therefore 2 J. muſt be the Intereſt for that Time. 
N. B. What farther relates to Simple and Compound Inte- 


reſt muſt be deferred itill after we have delivered the Doctrine of 
Geometrical Progreſſion, and Die Equations, which we next 
f proceed. to. 
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Of re 


276. BY Involution we mean a continual Multiplication of the 

ſame Quantity into itſelf; and the Products ariſing 
from thence, are called the Powers of that Quantity; and the 
Quantity itſelf is called the Root. Thus aXa= aa; and aa ©. 
Xa=aaa, &c. SoabXab—=aabb; andaabbXab=—= 
aaabbb; and ſoon. But when the ſame Quantity is often 
repeated, it is uſual to write it but once with a Figure above to 
ſhew how often it is repeated in any Product or Power; as thus 
for aa we write a*; for aaa; a3 ; foraaabbb, a* b; and 
the Figures are called the Indices, or . of thoſe Powers, 
as they ſne how many Times the Root has been involved from 
Unity as in the Table below. 


ti  Uny, 
. à = Root, or 1ſt Power. | 
a a , the Square, or 2d Power. 
aaa=as, the Cube, or 3d Power. 
a 4 4 4 4, the Biquadrate, or 4th Power. 
aaaaa=4as, the Surfold, or 5th Power. 


| And 10 on, as afar as you involve the Root. Note, the - Tac of 
a* the firſt Power, being Unity, is never wrote; and we make 
a? = TI, or the firſt Term of the Series, when we would expreſs 
the Series compleat in Terms of a; as 4, a*, , as, Sc. 

2278. Hence it is evident, that theſe Powers are a Series of 
Terms in Geometrical Proportion, and their Indices the Loga- 
rithms of the Terms; the very ſame as we obſerved before of a 
like Series of Geometrical Terms in Numbers (130, 131, 132, 
Sc.) Whence alſo it follows, that theſe Powers are multiplied and 
divided by adding and ſubtracting their Indices (132, 133.) Thus 
ra; and a*b* X 4%) = a* 33 5 and foin 


| 5 5 
1 4 as hs 
Diviſion — = 45=> = a3, an — = 4 —- 3 bs 3 = 
pr a3 4-5 


af 52. | | 
279. ws likewiſe i it appears, if a leſſer W be divided - 


 bya 6 8 the Index or Exponent of the Quotient muſt be ne- 
gative: 


— 5 
Li 


of ALGEBRA | ro 


= 
7 


3 | a3 1 
gative: F but 2 = — 
| | | „ 


fore alſo * => * (ſee 198). 


Again, it is obvious, that — = 6 but, | 


— = == 3 therefore 4 = 1; as before obſerved. In the | 


1 
ee and therelbre "tis 


1 
evident aaa. ada. d. 1. — . —. bg . may be thus ex- 
6 aaa? 


preſſed, 45. 4. 4 4 a” 1 2 2. a=?, Cc. 
1 3 
280. The negative Powers of a, are poſitive Powers of _ 


or a -; and are multiplied and divided by adding and ſubtrafting 


their Indices as before in the poſitive ones. Thus, 2 — * a> 

V 43 

= [(— Xx — = — g jar - a. And —; = 
a a8 as . 

1 


a a* 23 
= | 5 
= * 24"* (20) 


tive Power of any Quantity a, the Product will be Unity; thus 


a NK =a*— I =a* = ; for politive W 
Powers deſtroy each other, and produce only 5 which is 


no Power of a at _ 


282. Su poſe — 22 —— — 2 — But alſo 
ans yoo 2 ge” 1 
A ) 7 ( & = 42, therefore — = 


a*, So that, in 3 any Quantity in the Denominatar of a 
Fraction may be e in the Numerator, with the Sign of the Index 


x I * Xa 


n 
% 


FEE fa Bl 


8 8 = * 7 2 "= „ 


and 1 
283. If 


| e a3 
A =a=>+3=a>*; becauſe 27365 — 
4 | 


281. Hence if a poſitive Power be multiplied by an equal nega- 


DIX ; 
_ —— * — 
* — — — *. n 2 
8 * ſs Wy 
* * . n 


Ar — 


; 
4 
— 
1 * 
4 
; 7 
Sa 
2 
* * 
3 
8 
3% 
2 
9 
„ 
E bY 
= . 
S 
EZ 
---M 
> 
* 
. 
ag 
d 1 


Fired Rte 


% 4 wn vi 
- D N 4 * * 
2 2 
32 
eas —— 3 
— . Pp 
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— 


283. if 6 m) repreſent the indeterminate Index of any Power „ 


of a chat i is poſitive, as a”; then —; = = a=", will expreſs an 


equal negative Power of a. 4 FN 
= 1. Alſo, if a " expreſs any other Power of a, then a” Xx a” 
= ant is the Product of the two Powers a” and a“; and * 
a , is their Quotient. 

184. To raiſe any ſimple Quantity to its 2 3d, 4th, Se. 
Power, is, multiply its Exponent by 2, 3, 4, &c. (as per 134.) 
thus the Square of à is a* X > = a? ; the third Power or Cube is 
a* * — @* ; the mh Power of à is a Xx a“ alſo the 
Square of a* is a* X * 4“; the Cube of 42 is a* x3 2 46; 
and the mth Power of a is 45 * a , and the nth Power 
of a" isa"X* —a"", The Square of ab is a*b*; the Cube 


is as 53; the nth Power * . 


185. If there are Signs and Coefficients, the Sem muſt be 
ordered as directed in Multiplication, and the Coefficients in- 
volved, viz. ſquared, cubed, Ac. as in the Examples below. 


as | — 3. Firt Power. 

+24 1 — 32 

+ 4 a* I 9 a* Second Power. 
= 20 — 32 l 

+ 8 4 — 27 42 Third Power. 

5 — 3a 5 
1564 + 8142“, Fourth Power. 


Where you obſerve the Powers of + à are all affirmative; 
and thoſe of — a are alternately negative and affirmative, | 

186. The Involution of a Compound Quantity is ſomewhat 
more operoſe, but performed after the ſame Manner, as you : 
obſerve in the Binomial à + 5 below. 


3 


ap ALGEBRA. * 


8 


2 = =, — and gre, r 
* "a > IRE * 


a 12 or firſt Power. 1 
. i 
a* ab F 
1 ab + bb 3 
Th + 2 15 + bj = = Square, or ad Power, | * 
23 IJ a* b b ab* | | 3 
+ @#b+200 +4 x 
* 4 + 3 + 346 + 32 = Cube, or 3d Power, 4 
4a + 1} | | | 5 
— 6 7 
: 9 


"Fe 2 
SENT GCL 2 


* + pp U + 3 2 75 + ab3 | 
** + 3a* b* + 3ab3 3 + 5+. 


. 
* 


e Ob ee 


a* T4 + 6 4* a + 4 ab? +64 = 4th Power, Ct. 


8 
SER, 
. 


od i 
* 
$64 
15 
* 
FAY 
» 
1 
1 
1 


1 
1 
4 
3 £ 
2 

17 

1 


| 255. The Powers of 4 — bare raiſed in the ſame Manner, 
Regard being had to the Signs as follows. 


4 — 32 : the Root, or firſt Power. | 
e f 


8 5 
| — a+ ** 


— 24 * Square, or ol Power. 
2 — wb 


a — xs 8 
— a*b 8. 2 ab* ag! of 


— 3 = 35% = Cube, or 3d Power, Se. 


Has it is eaſy to ſee, without proceeding farther, that the ſe- 
wen! Powers of this Binomial a—6 conſiſt of the ſame Terms 
as thoſe of the foregoing one a + i the Difference being only 
in the Signs, where you obſerve the Sign is Negative wherever 
the Index of & is an odd Number, as h , &c. and affirmative 


when the _ Index i is an ever Number as 6%, b*, Oc. | 
* . 288. In 
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288. In theſe Powers of a +5 or a— b we are to take No- 
tice of the following Particulars, Viz. ( 1) In the firſt Term of. 
any Power, the Quantity à has the Index of that Power; thus 
in the 2d Power, it is a* ; in the 4th Power it is a*, Sc. (2) 
That in the following Terms the Exponents of à decreaſe gra- 
dually by Unity; as in the 4th Power, they are nr 
In the laſt Term,; the Quantity @ is not found at all. (4) That | 
the ſame Things are true of the Quantity 5, and Exponents, 
in a contrary Order; it is not found in the firſt Term; the Ex- 
ponents increaſe by Unity from the 2d to the laſt Term; and 
tdtthat in the laſt Term the Exponent i is the Index of the Power. 
(5) That therefore the Sum of the Exponents of both the Quan- 
tities in any Term is the ſame, and always equal to the Expo- 
nent or Index of the Power; thus in the 4 Power you find, 


The Exponents of f 4 4 3 5 3 7 


Whence their Sums are 4 1 0 34 1 + 1 81 + 3 

=0 + 4 =4, the Exponent of the Power. 
2289. The Coefficients of the Terms alſo ariſe and proceed i 1 
a Foo of Order; and may be found for any Term, or all the 
Terms, of any Power of a Binomial by a general Rule; which, 
that it may be more obvious to the Reader, it may be proper to 
place all the Powers of a + b as far as the 6th in one e View as 
below: | 

a+6b; fiſt Powe, or Root. 
a* + 2ab + b*; 2d Power. | 
a + 3420 + 34a +83; 3d Power. | 

4 + 443 b + 6ba?b* + 445.7 + 6+; 4th Power. 

a5 + 5a*b + 104*b* + 1042 b + gab* +b5; . 5th. Power, 
46 4 640 + 15005 + 204% 3 + 154*6* + bab*+b5; 6th Power. 


290. Here it may be obſerved, 1. That when the Number of 
Terms is odd, the Coefficient of * middle Term is the greateſt 
of all. 2. That the Coefficients on each Side the middle Term 
are the ſame, but in an inwerſe Order. 3. That in thoſe Powers 
which conſiſt of an even Number of Terms, the Coefficients of 
the two middle Terms are the ſame ; and alſs the Coefficients of 

the Terms on each Side are the ſame towards the Extremes. 4. 
That the Coefficients of the fiſt and laſt Term being Unity, 
| the 


* 
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the Coefficient for any other Term may be found b the follow- 
ing | | 5 

Multiply the Coefficient of the” preceding Term by the E. xponent. 0 
” in that Term; and divide the Product by the Exponent of b in T 
given Term; the Quotient is the Coefficient required for that Term. 
Thus, for Example, the "Coefficients of the Terms of the 


6th Power a are bound 2 Rule 6 2 6 = the Coefficient 


of the Fir e deen 2 = 5. 50 Coeffcien of | 


the 3d Term: Again 5 2 . 30 tha Coefficient of the 4h 


or middle Terms. From all which it is plain, that the Terms, 
the Coefficients, and the Signs of the Terms of any Power of a 
| Binomial may be known without the tedious Oy by a 
conſtant Multiplication. - _ 
291. But to repreſent this Matter more 3 let 2 ＋ 5 
be raiſed to the Power m; then (by 288.) the Terms without 
their Coefficients will be a”, af = z, an ba, an 33, 
au — 4 ha, a Is, &c. continued *till the Exponent of 5 be- 
comes equal to #2, for then the Series muſt end, as the Expo- 


nent of à will, in that Caſe, be nothing. _ 
292. The Coefficients of the ſeveral Terms wil be found by 
the foregoing Rule (190.). to be To 2, M * 2 _ e m N 
met. M — 2 . 81 11 === 2 m — 3 | 
_ m Xo — —and o 
2 X 3 I X 2 3 X 5 
on till ”_ have one Coefficient more than there are Units in m. 
So that we ſhall have a 7 1+ 5% an NY ma" b * m * —— 


e 6. 
1 

293 By chis general Theorem, or Series, you will find. ie 
Terms of any Power very readily by ſubſtituting the Exponent 
of the given Power every where for m. For Exaraple, let the 


4th Power of 4 + b be required ; then 
Q2 EN For 


Wo 
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m-—TI 7 
E221 . m X 2 = 6 N 22 2 
For the þ m - I  M— 2 LS 
Coefficients) m x N 5 24 ſ\m—3z=1 
m „ 1 
m N 3 eee 


: Thleetore N +6b+* =a* +44 b + 6ba* b* oþ 43 + 34. 
294. If any Trinemial or compound Quantity of three Terms, 


284 435 ＋ c, be imolved, the Square or 2d Power will be * + 


2 ab + bb + 2ac+2bc+c® where you will obſerve the Sum of 
the three firſt Terms is the Square of a + 5; and the three laſt 
Terms are 27 Xa + 6 + c*. Hence any Trinomial may be 
conſidered as compounded of 2 Binomial a + 6 and a {imple 


Quantity c; viz. a +b + by =2Þb +2cXa+b+c. 
So that the Terms of the Square of any Trinomial may be known 
from thoſe of a Binomial without actual Involution. And in 
the ſame Manner it is ſhewn that the Cube of a Trinomial 
a+b+f =a+db*+3cxa+b +3* xXa+b+ co. 
22095. We ſhall conclude with on Example of a Binomial in 
Numbers and Species together for the pr of aro: z let 
lo, and 5 = 23 


Then 243 = 10 + 2 = 12 
— ; - = W+ 2 = 12 
4% = 100+ 20 24 
+ & + 6* = ee + 4 8 
a* + 2ab T b. = 200 + 40 + 4 = 22 — 
* = 10 8 2 
27125 J 45 ” + 5 , 144 
a*b+2a6* 6 : 200 + 80+8 = | 


25 73 REIT + Þ=1000+600+120+ 8=1728 Cube. | 


CHAP. 


of ALGEBRA 115 
CHAT. X. 
of B YOLUT I 0 N. 


TY [7 VOLUTION: is the Reverſe of Involution, _ con- 

ſiſts in reſolving of Powers into their Roots, which 
Operation is called Extraction or Evolution. As Involution of 
Roots was performed by Multiplication of Exponents; (284.) fo 
Evolution is made by dividing the Exponent of the Power by the 


Index of the Root required. (See the Reaſon of this in 135.) 


Thus the Square Root of a“ is az = a; of as it is az ; of 44, it 
is ar = = 423 and the Cube Root of a* is 47; of a it is a =a; 


of a* it is a5; of 46, it is a*; and ſo on. Alſo the Square 
Root of a* b* is ab; of a* be ga, it is 2 b* c, and the Cube Root 
of a5 b is a; of x2 % z, itis x3 y* 24; and ſo of others. 


297. From what has been ſaid with Reſpect to the Signs in 


Involution (279, 230.) it appears, that any Power that hat an 
affirmative Sign, may have an affirmative or negative Root, when the 
Index of that Root is an even Number. Thus the Square Root 
of + a* may be + az or — 4; becauſe + aX + a 
and alſo — 4 X — 4 = 4. 

298. Alſo from thence likewiſe it follows that ns Root, whoſe 


Index is an eden Number can be found for a Power with a negative 


Sign. (See 285.) Thus the Square Root cannot be extracted 
from — 42; and therefore ſuch Roots of Negative Pow- 


ers are termed impoſſible or imaginary; and yet they are ſome- 
times to be conſidered, and will « come into U ſe, as we. ſhall ſee 


further on. 


299. If the Root to be aerated is denoted by an odd 8 


ber; then the Sign of the Root will be the ſame as that of the Power, 
Thus the Cube Root of — 49 is — 4; and of + 4 it is + à. 


300. When the Index of the required Root will compleatly 


divide the Exponent of the Power propoſed; then that Root is 
only à lower Kur of the ſame Quantity. Thus the Square 
Root of 46 is 45 = 48. and the Cube Root of 2 = a+. 
201. But otherwiſe, the Root required will bave a Fraction for 
its Exponent; thus the Square Root of a* is az; and the Cube 
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Root of 4 is ar ; ; alſo the Square Root of a itſelf is az ; and 

ſo of others, as we ſhewed more generally: before. is 
302. Any Quantity with a fractional Exponent, may be con- 

ſidered as an imperfect Power, or Surd ; and the Symbol uſed to 
denote Extraction of Surd Roots is this V, within which the 
Power is placed, as Vas, and without or over it, the Index of 
the Root, as \a* denotes the Square Root of a* ; and Vat 

= is the Cube Root of as: So that Vas Sas; and T5 

24 and univerſally, VE a. 

- 303. Theſe imperfe Powers or "oY are - nultiplied 

and divided, like other * by their „ added and 


R Thus az * az . OP. — *; and as X 4 
242 17 12,1 22 1 
* 1 And of + of 4 * 4 


2 


354 They are likewiſe involved and e in the fume 
Manner as perfect Powers. Thus the Square of 4 is 


2 3X2 
22 = dn =a; the Square of 7. is at 2 4 = 43, On 


the Contrary, the Square Root of 47 is a3 © 
3 
— 233 the Cube Root of as = a*X3 — az. | 
30 5 As to the Roots of Compound Powers or Quantities, they 
are known from the very Form of thoſe Powers, if well con- 
ſidered, as they ſtand in the foregoing Tablet (289.) . For if 
the Powers be of a Binomial Root a + b, and a Square, then it 
will conſiſt of three Terms, viz. the Square of a, the Square of 
b, and twice the Product of both, as 42, 243, bb; as to the | 
igns, if they are all affirmative, the Signs of each Part of the 
oot will be fo; if the Product has a negative Sign, then the 
2d Term of the Root will be negative or the Root will be a— 5. 
Ĩf there are any Coefficients of the Squares 42, and 4, they 
wil! be Square Numbers, and their Roots will be the Coefficients 
reſpectively of the Terms of the Root à and h, and the Coeffi- 
cient of the Product will be the Product of bald Therefore, 
unleſs a Quantity has all theſe Characters, it cannot be a 
Square. After the ſame Manner of Enquiry you may di ſcover 
2 1 if 


a by 


or a—b, It will be to little Purpoſe to ſay any Thing here of 
ſuch Powers as have Trinomial Roots, and indeed, unleſs any 
Quantity has apparently the above mentioned Criterions of 4 
perfect Power, it will be in vain to attempt any particular Ex- 
traction of Roots at all. If any thing of this Kind is neceſſa- 
ry to be done, it may be performed by the general Formula deli- 
vered for involving Roots (292) and which will equally ſerve 
for evolving or extracting them, and that out of * n 
even Surds, and infinite Series. 

306. For ſince in the Expteflions +7 + b, the Index *, if i it 
be an Integer, ſhews the Power of a + b; ſo, on the Contrary, 
when it is a Fractiom, it denotes the Root of a + . for @ Root 
is only a en Power of any Quantity. Therefore if m 2 


then 2 TU = b= = va + b; Conſequently to extract the 


Square Root of a + b is only to raiſe @ + b to the Power er, | 


—1 


Index i is 2 ; then fince aF. = a" + ma" 5+ m X 


a5 4 EEO Sc. DR 
ll have © a =a7 a5 td 1 
| | 3 2. det b | ; 
// V . 
, „ 2 d 1 
| n bs -21 : 32 
I 3 | 
5 1 nenn | 
ON 72 5 1 AS 2 4K — d Oc. 
„ eee on 
So that TB + >= %% Baz © r | 
307. After the ſame Mane you will find, that ag 5 EPL 
= 2 + 27 — *. + 7675 „Sc. And ſo if you would ex- 


tract the Cube Root of a3 +. _, you will find a* + PEER —=a 


#1: K 10 K* | gs” 
LT 5 % f. Na 243 N e 
may proceed for the n ir Root of any other Binomial 
nie whatſoever. „ 


ASR any 
if the 19 Quantity be the Cube of any Binomial a + 6, 
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Number of Places. 


1 ; PER. 


5 


Cuar. XI. 


The Rattoxars of Extradting the e and 
Cuz Roor. 


4 HEN a Nunbee 4 is given, whoſe * Roar is to * 


extracted, the firſt Thing to be done is to point it, 


that is, to place a Point over the firſt Figure and every other Fi- 


gure afterwards; which Points reſolve the Number into Periods 


of two Figures each, unleſs the Number of Figures be odd, for 


then the laſt Period can have but one Figure; the Reaſon of 
which is, that the Square of each of the nine Digits will produce 
but two Places of Figures; and 10 is the firſt Number whoſe 


3 Square will produce three Places of Figures; and 100 is the firſt 
that will produce five Places when ſquared; and ſo on. There- 
fore the Points denote the Number of Figures i in the Root. Thus 


In 64 there is but one Fi igure in the Root; in 144 there are too; 
in 99856 there are three; in 1002001, there are four Figures in 


the Root; and ſo for any other Number. (12 3- 124.) 

309. In extraCting the Cube Root, the given Number is re- 
ſolved into Periods of three Figures by the Points placed over 
the fir/?, fourth, &c. becauſe the Cube of the greateſt Digit pro- 


duces but three Places of Figures, or 10 is the firſt Number 


whoſe Cube makes four Places; and 100 cubed makes ſeven 
Places, and ſo on; therefore, over the , fourth, ſeventh, 


tenth, &c. Figure we place a Point, to ſee how many Figures 
| the Root will conſiſt of. 5 


310. Now fuice there are always ſo many Places of Fi igures | 


in the Root as there are Points, or Periods, in the given oper, 


the Figures of each Place may be repreſented by Letters, a, 3, 
c, Sc. Thus, if there be but one Period, as 64, there will be 


but one Figure, viz. 8 a, and ſo 64 = a*, only. But in a 


Number of two Periods as 144. there will be two Figures in 


the Root, viz. 12= 104 2 22 4B. A Number of three 


Periods, as 99856 will have a Root of three Places of Fi igures, 
viz. 316 300 ＋ 10 +6 =a-+b+c, that is a = 100, 
5 = 10, and c= 6. And chus you may proceed for any larger 


311. 


= 
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311. Again, ſince 144 =a + Þ* = a* | 296 + 32 — | 
a* + 24 ＋ NK 100 + 44 therefore a* = 100, and 
1 2 ＋ 5 Xb=44; conſequently a = IO, and 2 4 = 203 
and ſince 20 +62 20+bxb= 445 it plainly ſhews that 20)44(2 = 


b, becauſe 20 + 2 X 2 = 44: Therefore the Work, in Sym- 
bols and in Numbers, will ſtand as below. | 


FF 2 + 2ab +bb (a 


1 | | X b J2ab + bb. 


d * 2 


312. When the propoſed Number 1 has three Periods, as 
998 56, then there will be rer Parts in the Root, a + b + 3 


, and, therefore, a + © + © = 245 4 3 + 240+. 


an 1 — 99856; here then 4² —= 90000, and a = 309, and 
= 6000; conſequently 9856 2 4b 5 + 2 ac + 


3 ca; therefore 600) 98 56 (10 = b; and now 2 4 + b 
X b = 610 X 10 = 6100; therefore 9856 — 6100 = 3756 


3 4 na 


=2ac + 2 e + =2a+29 +: X. c = 620 +c<Xc; 
therefore 620) 3756 ( 6=c; and ſo 626 x 6 = 3756. See 
the Operation below. _ | | 5 


99856 300 = @ 
90000 10 = 07 


600 X20) 9856 310 =a +6 
' x .10/ 6100 S= 7c 8 


620 0 3756 316 244 B46 
x 67 3756 


* 43 


313. In the above Operation, the Cyphers being every where 
omitted, the Work will be contracted, and appear in the com- 
5 F 


4 
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mon Form, ſince then we take down but one Period at each 
| Diviſion ; for we muſt always make as many Diviſions as there 
are Places of Figures in the Root, and we can get no more 


than one at a Time. 


99856 05 
> 40 


229 ff 


EF 5 
. 


. 


By this analytic Proceſs, the Reaſon of 1 the 
Square Root of any Number, we preſume, is very evident, 
and particularly of all the . and Procedure i in (123) and 
_ (224) 

314. And in the fame Manner we 3 the Rule for 
extracting the Cube Root. Thus, let the Cube Number 
1728 be propoſed; there are two Points or Periods, the Root 
therefore will have two Places or Parts, viz. @ + b, whoſe 
Cube is a® + 3 4a* b + 3ab* + b = 1728 = I000 + 728. 
Here tis evident a? = 1000, and ſo a= 10. Alſo 3 a* b + 
3a b. + b* g 728, and 3 4* = 300; therefore 300) 728 (2 

= b, whence we ſhall have 3 a* b = 600, 34 b = 120, and 
2 — 8; conſequently 3 4 ö + 3ab* + 5 = boo + 120 + 
8 = 728, the exact Remainder ; — He Cube Root is 
| a+b=10+2=12. 


315. Let another Example be the 3 3 a? 4 | 
3a + 3ab* + b3 = 13000 + 824, and” tis evident (from 
the Table of Powers, 122. ) that the next Cube Number leſs 
than 13000 1s 8000, the Root of which: 1 191 = 4; there- 
fore a = 8000, which ſubducted from the given Number leaves 
5824 = 3a* b + 3ab* + 68. Now 34 = 1200) 5824 ( 
4 == J therefore we have | 


3a * 
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30 b = 4800 | 
345² = 960 
N= 04 
5824 = 34 5 + 32 + 33, 


And confoquently ths Cube Root is a + 5 = 20 + 4 = 24. 
From all which it is evident the common Rule, given for extract- 
ing the Cube Root, is nothing 1 more than the above NG 

| et in Words. | 


Cnar, XI. 


* AxaryTic Dodrine of ARITHME- 
5 TICAL PROPORTION. 


316. WE have alr TY ew chat eee! Aland 66 
| that by w ieh a Series of Numbers increaſe or 
decreaſe, by an eual Quantity, thro' the whole Progreſfion, (ſee 
Inſt. 96, 97.) and of which we have given ſufficient Examples in 
Numbers. We ſhall now proſecute that Doctrine farther, and 
in a more general Way by Anahſis. Thus, ſuppoſe the firſt 
Term of the Series be (a), and the Ratio, or Quantity, by which - 
each Term increaſes or decreaſes be (5), then will the ſecond 
Term be a + 6, the third a + 2b, and the whole Series will 


appear in this Form, viz, 


If : 445. a+2b. TE a + 4b. a+ 5b, Sc. 
nn 46. 4 — 2b. 4 — 3 b. 4 — 4b. 4— 5 b, Cc. 


77 15 Suppoſe the laſt Term of the Series be called x, then in 
| the Series above we have the laſt Term a + 5b==x; then 
the firſt Term will be a =x—5 5; conſequently, if to this 
Equation you conſtantly add b on both Sides, you will get the 

two following Series, of the ſame Value in each Term, Uike - 


We”, 44 8. a 4 23. 2433. a + 46. a+56. 
1 EY x— 3b. x—26, ROS. 3 


_ 


322. INSTITUTIONS 


318. If now you take the three laſt Terms of the ſecond 
Series, and place them in an inverted Order under the three 
firſt Terms of the firſt Series, and then add both together, you 
will have the Sum of the whole Series, thus 


a. = 433; a+26 
= add. x26 


. Sum 2 + x, a + x, a+ * 234 4 3« g Tx N 3. 


| And ſince this will be the Caſe, let the Number of Terms be 
what it will, *tis plain the Sum total of any Series in Arithmetical 
Progreſſion is equal to the Sum of the firſt and laſt Terms, multi- 
Plied by half the Number of Terms. Hence, if n = the Num- 
ber Terms, and 5 = the Sum of the whole Series, we have 


25 25 
£8 - X a , whence @ + x = — and as; — 4. 
7 


—_ Again, ſince Þ is not in the firſt Term, the Coefficit 
of b will be always 1 — 1; therefore the laſt Term will be 


leh wit * 5 * 7 (% whence we get 


2 


ſtance, ſuppoſe the Series were 1 +2+3+4+5+6, &c. 
continued to 100; then a=1, 6 = 1, and n = 100, whence 


ant.” b—nb _ | Th a Thus, for In- 


the Sum of ſuch a Series will be s = x + — * 100 


5050. 
320. Suppoſe the firſt Term of the genes be e or a 


1 (o), then in the 2998 52 above x = == — a, ſince 


” N K* ; 8 
a= o, we have == that is, the Sum of ſuch a | Series i ig e- 


qual to the et Term multiplied by half the N. umber of Terms. 
For Example, the Sum of the Series o +1 +2 +3 + 4 + 
| e 10 X | 
5+6+7+8+9= — 
vident by adding the ſame Series to elf, 1 the e in 
an inverted Order, thus | 


2 = 45. This is otherwiſe e- 


— 


0811 


S 
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Eo 04142+3+4+5+6+7+8+9 
$4 TEES UEE 3+ SF EIO 


gumg+9+9+9+9+9+9+9+9+9=10X9=90. 


The Half of which, therefore, is ; the Sum of the / ſingle Series, 


wiz. 45. 
N. B. The Uſe of this Theorem will be found hereafter to 


be very conſiderable in many Parts of the mathematical and 


philoſophical Sciences. 


Cray. XIII. 
= GroMETRICAL PxzoroRtTION, or 


PROGRESSION, 


* H EN a Series of Quantities cate by a conſtant 
Multiplicator, or decreaſe by a common Diviſor, 


| they are fall to be in Geometrical Proportion, as we have former- 


ly obſerved in Numbers (ſee 98.) but ſhall here more general- 
ly treat of this Doctrine. The ſaid Multiplier or Diviſor is 
called the Ratio of the Series, which let be denoted by ( r), 
then will the two Series be as follow | 


Increaſing; 4. ar. ara. 472. 474. ars. Ec. 


| ME ED TE oo. 
: Decreafing; 4 8. =o 8 = Se. 


which latter Series is alſo thus expreſſed : 
aa ( art ance Ie 


. 322. Now the Property of ſuch a Series is, that the Product 
F the firſt and laſt Terms is equal to the Product of any two o- 
thers equally diflant from them; or to the Square of the middle 
Term, if the Number of © 7:5 be odd, Thus if we take fix 
Terms, we have's Xx r Saru art S af 
75, Or, if we take Vu we Terms, we ſhall have 4 X ar* 

| | 8 


= INSTITUTIONS 
=erNer=er Xar* 42 2 74, and ſo on. Whence all | 
the other Properties of ſuch a Series, mentioned 1 in Chap. IX, 
of Arithmetic, are eaſily deduced. 
323- Suppoſe the laſt Term of the Series be called „ 26s 
41 = 7, then the firſt Term will be a = — (in che 
increaſing Series; ;) the ſecond Term 59 the third will be 
5 „ and ſoon; ſo that the Series will be doubly expreſſed 
as below, vi. 
. „ 5 a 25 ar* ars, &c, 
EET FE JT.» 
324. Now tis evident the Product of the firſt Term in the | 


firft Series, and laſt Term in the other, will be equal to the 
Product of any other two Terms, taken 1 an equal Interval 


from theſe ; that is, a * j Sn N 
ar X y, &c. (by 138.) 6 | 
325. In either Way of expreſſing fuch a Series, we ne 5 
2 Sum of all the Terms, except the firſt, is equal to the Sum of 
all, except the laſt, multiplied by the common Ratio (r); for ar 
- 4 ar + ar + ar- ers, Sc. =a+ ar + ar*+ ars þar* 
*r; and therefore let 5s = the Sum of the Series, and we have 


yer, (which i is the above Theorem i in Symbols) 
and conſequently 5 —a e , — yr. Whence r —s = vr. 


TOW and fo EY Ag 


7 
326. Since the Exponent of r begins from the ſecond Term, 

it will always be leſs by 1 than the Number of Terms ; and 

therefore in the laſt Term it will be n —1; ſo that y =a 


pom — - rar, and fo = (2 5 24 — do 
1 121 171 


Wherefore a, r, and 1 being given, the Sum of the Series g $ 
is eaſily found, 
327. In any encreafing Series, if the firſt Terms be a. ar. 
a ra. ars, Sc. and (y) the laſt Term, then will the four laſt 


Terms of the Series be 5 * * 1 75 and thus both 
| | Ends 


of ALGEBRA: 12g 


Ends of the Series may be be without the intermediate 
n "Thus" | 


a. ar. ar*. ars, Sc. $373 p17 11 
And in a decreaſing Series they will ſtand thus, 
2 4. 4 art, Sc. „rs 7 yr. 5. 


— 


In this Caſe we have — — x, or r- ragτο 


= 22 = 
and ſo 5 = . (fee 325.) 


328. If the Number of Terms i in ſuch a Series be ſuppoſed 
infinite, we ſhall have y = o; for ſince» = g,* * K 


will be infinite alſo; and @ finite Ruality divided by an infinite 


one is nthing, therefore 5 = A =0; and RY = 


Sum of ſuch a decreaſing Satien will be s = — which i is a 
finite Sum, though the Number of Terms be infinite. Thus 


| I 1 1 3 7 * +5 

1+ +7 371 . =; = andr+; | 

„ Emi ANF ALS, 
73 5 


Theſe Theorems alſo we ſhall hereafter find of 79 81 great be 
in Philoſophy. 


* We mall & the Og 8 for Hafinity, when there is — 


C RAP. XIV. 
of the Nature, Geneſis, and Roots of Quasar 
_ Eaqvarions. 


329. A 28 E quation properly ſignifies no more than 
the Square of a ſimple Equation. Thus the Square : 


of the ſimple Equation x — b = o, (x —bX x —b) = x*' 


—2 bs + * = = ©, Which is a Ruadratic Equation ; ; whence 
all.-- 


* 
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all Equations where the higheſt Power of the unknown Quans 
tity is a Square, or the ſecond Power, are call'd Duadratics, 
however they may differ from this in other Parts. For we are 


here to obſerve, that this is the moſt ſimple Form of a Qua- 


dratic, whoſe Root conſiſts of two Parts, or Quantities, x — 
3 ; this Root once obtained, gives the Value of * XIZ, 


„ 


330. All er Forms of Quadratics are ReQangles made 


—— 


of two different Roots, or Values of x, as x—a=0Xx—b 


= © makes x* n + ab = 0; where it is obvious, 


the Coefficient of the ſecond Term is the Sum of the two Roots, dix. 
a ＋ b; end the third Term is the Rectangle of bath, vix. a b. 
331. But now to determine the Signs by which the Terms 


will be in all Caſes connected, we muſt conſider the Quality of 


the Roots, viz. whether they are Affirmative, or Negative. In 


the Equations above, the Roots are both affirmative; for 


fince x—=a=o0o, and r—b= o, it will bex = a, and x=b. 


Let the Sum of the Roots be a + b = , and the Rectangle 


ab r, then when both the Roots are affirmative, the Form 
of the Quadratic Equation will be x* — K Tro. 
332. If both the Roots are negative, viz. x =— 4, and x 


= =, then x+ a=o, and x + b= o, and the Rectangle | 


of both Equations gives x* + ax + bx + av =0; that is, 
the Form in all ſuch Caſes is x* + 5s x + 7 = ©. | 

333. If one Root be affirmative, as x = a, and the other 
negative, x = b, then the Equations x — a = o, and x + 
b So, multiplied together, produce ** —ax + bx—ab = 


©; now as the Root à or ô is the greater Quantity, the Sign 
of the ſecond Term will be — or +, and __ ambiguous, 
it is cuſtomary to expreſs both the Signs, thus x* TS -T 


= 0; in this Form the laſt Term is always negative; and s 
= the Difference of the Roots. 


334. Hence by obſerving the Signs of the 100 you : 
will readily diſcover when the Roots are affirmative or nega- 


tive; for if the Signs change alternately from + to , and from 
— to +, as in the firſt Form, (331.) then both the Roots 
are affirmative; but if- the Signs are all affirmative, the Roots 


da © Negative, LE in the ſecond. F orm. (332.) And if 


there 


40 


ATE | rey : 


| there is but one Change of the Signs as in the 3d Form, (where 


there are either +, +, —, or +, —, —, ) there will be one 


_ affirmative Root, and the other negative of Courſe. 


335- There is another Diſtinction of the Roots of Equations, 
vix. into real and imaginary, or poſſible or impoſſible. Thus in the 
Equation x* — 4 = o, both the Roots are real; for ſince 


#* 2 8% will be either x = + a, or x = — a, as appears 


by (297.) But the Equation 'x* + * = o, has no poſſible 


Root at all; for here x* = — az, and x = TO 42, which is 
impoſſible, as appears by (298.) The Roots, therefore, of a 


| Quadratic Equation are both poſſible or real, or both impoſſible or 


imaginary together. | 
336. When a Queſtion is properly ſtated, in algebraic Terms, 
and produces a Qyadratic Equation, it will 1 be of one 


of the three F orms above-mentioned, VIZ. 


are all rectan cular Qua- 
dratics. (3 = ; 


q I, * -, & TTS 
var x* + 5x + 2 ** 


3 * T r oO 


337. Now if in each of theſe we 1 the known Quan: 


| tity ry they will 8 in the Form of an an Square. 


2. 1 1 A wy 
3 * FS . r 


| 1 
Thus 8 8 1125 Form of a perfect 922 
| b 


tic being e 


338. In order then to refulve: a Quadratic Fas, the 1ſt 


. Thing to be done is to complete the Square of it, which is ea- 


fily done, if we only obſerve, that the third Term wanting te 
make it complete, is the Square of half the Coefficient of the ſe- 
cond Term. Thus in the complete Square æ&* — 2 bx ＋ $6, the 
third Term 5 3 is the Square of half the Coefficient 2 þ of the 
ſecond Term. Therefore fince the Coefficient of the 1 =, 


| Term in all the foregoing Forms is 5, the Half of which is : 


and the Square of that Half i hm; which Square, rede makes 


the third Term to be added to each Side of the foregoing Equa- | 
tions, to make each a complete Square on that Side here the 


un- 
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unknown Quantity x is; and when this Addition i is — mm 
Equations will ſtand as below, Viz. 12 5 5 
1. ** — e 5 
3 = RE | In the Form of eise 
2. * + 5x ＋ 3 * = — —7 > Squares, whoſe Root 
1 5 ie | 

3. 7 e e e 


339. If now you extract ws Root from theſe Equations, w we 
ſhall have | 


$ 92 ED s 

5 in 5 

3 * + Pry — a * — 
x 2 © 85 2 
IS : 5 a 4 ö Ee 

3. * ＋ 2 — + 3 * — 
25 8 


340. Since the Equation in any "EN always contains two 
Roots, it is evident the Value of x muſt ever be expreſſed, in 


#0 Parts a or Terms, ſince their Sum gives one Root or Value 200 ow 


of x, and their Difference EONS ONIONS. is the Rea- 


Sa — 


2 +, 

341. But to put this Matter into a clearer 8 let us 
inveſtigate the two Roots, a and ö, of a Rectangular Equation, 
ſeparately in Numbers, which we can do by having the Sum 
given, viz. 4 + b = x, and their Product 4 r. (228.) 


Thus ſuppoſe * =@= 5, and again x = b= 3, then x — 4 


= OK bo, gives * —ax—bx b o, or x* 
N * | 


„„ 8 Here 


0 7 2 A L GE B R A. FP 129 E 


irrer I | 1 
And 2 3 9 


Thereſore 5 2 8— 2 
And c b = 2 = 8— 42 
And fo. 152884 — 42 
Tranſpoſing all the CT A — 8422 —15 
And compleating the Square — 84 4 1628 16—1 $= me Þ 
Extract the Root a—4=/1- 


| And fo. a=t/1+4= 5 
And of Courſe b(=8—2)=—/ T +4=3 


That is in Wards, The Sum of the Radical Quantity, and Hair | 
the Coefficient of the .middle Term, it the greater Root a; and 
Half the Coefficient leſs the Radical Quantity, is the leſſer Root b. 
342. Before we leave this Subject, it will be proper to ob- 
ſerve, there is yet a more ſimple Form by which the Root as = 


be expres than thoſe in ( 339+) F or fince ow Sr * | 


OO EI DT Im ——— — —•—— ? — — 


N eee 


. 2 

N 

- Wo = * | 
. 0 —. — 5 eee. the Root of a e 


de a X. 2 
2 


A 


— 


in the two firſt Forms, or 


1 in the third. Or more particularly, fon every 

Form of a Quadratie Equation, the Root wall be as in the fol- 
lowing Table. | 
 EquaTi1oNs. * = One. 


5 WS. 4. a PE ST —47+5S 
\ I, * $ * pe F — O 0 | X. — + : | 8 - VR. 
S 2 ö | f ; AN ; 2. & 


* 


d INSTITUTIONS. 


| EQUATIONS. N — 

2. x* +5sx +r =O — _ Ros 7 ? 
3. * —s$&#—7z0 Vf . 
er LEH 


. XV. 


4 Colleftion of QuesTIONs producing QuapRA- 
Tic EQUATIONS, 


343: 15 this place we mean the denen of ſuch Queſtions 

= or Problems, as involve not the pure Suare of the ſun- 
known Quantity x, as x x; but the Sum or Difference of this 
Square, and the Rectangle of the Quantity x, and ſome known 
Quantity $,as xx +5 x; and theſe are called Aafected Quadra- 
tic Equations: All of which are to be reduced to one or other 
of the four Terms in the laſt Article, and then the ſought Quan- 


tity x is known, and the Queſtion ſolved, as will be illuſtrated . 


by che following Examples. 


. i QuzsrION I. 
344. What two Numbers are thoſe whofe Sum 3s 20, and 
their Product 36? 
SOLUTION. 
was the two 1 be x, 1 * 
Then their Sum is x + y = 20. ? 
Their Product xy = 96. 


. | J = ZO —xX. 
Then we have þ | _ 3 36 


And confequently © = 20 —» 


Which gives * 20 12 = 36 : 
| There- 


FALQOERRA! we 


Therefore #* 20 * — - 36 So, Which is a Quadratie of the 


firſt Form, where 5 = 20, r= 36, and x = X. — 36} 


= N 3 e = 18; and ſo y =2: Thus the Sum 
18 + 2=0, and the Product 18 * 2 * 36. | | 
| QuesTiON II. 

AY 345. What two Numbers are thoſe whoſe Difference is 24, 

and the Quotient of the greater 2 EY the _—_— of the 
leaſt i is 3? £ 

SOLUTION. 
Let the two Numbers be x andy 
Then (per Queſtion) x — y=24 


And == 
FX: 3 
Which = this „ Equation * 2237 , and y=z 74 
Therefore we have * — 24 = , = af 0 | 


| Whence, by ſquaring, * —48 x + 576 = : 
| Therefore, 3 ER 164 x + 1728 = x 
And tranſpoſing, 3 x* — 145 * + 1728 =0' 

And dividing by 3, & — 48.3x + 576 = 0 


Here then. = 48.33 6 and (per Form fifſt) * = 


4 8 —.— 1 2 27, and therefore y = 3. 
Qpxsriox III. 


995 There are two Numbers, the Sum of their PIES is 
2368, and the greater of them is in Fra to che leſs as 
6 to 1, What a are the Numbers? | 


Solurion. | 
* @ = the baer eren S the _ apd 2 = 2368. 


r Then 
7 7 - v2 4 
298 2 * ; 4 
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Then | 1 
| And Fe a Rey ö EM =? by the Queſtion 
. 3 eee e 
38 | 4] aa=36ee 
I—4| 5| ee =z— 3bee 
5 + 36ee | 6| 37ee=z i 
62377 — 35 2 64 
| | . 8 | 
« L FhRe= {#—=$ 
17k ON 35 
8 Kö 69 62-=6 [== 48 
| 27” 
gandg 10 a=48. Nö 
| If a=48 
And e=8 
a a = 2304 


5 ef 2366 
and 48:8 :: 6 1 


Quxksriov IV. 


8 ee 2 64 
L 


247. There are three Numbers in Seit t the 5 
Sum of the Extreams is 156, and the Mean is 753 What are 


the two Extreams * ? 
| . 


That the ſuppoſe a, m, e, in continued Proportion, and m = 72. 


1 4 ＋ 5156 by the Queſtion 
Then s 2 o M::m:e > Quazre's, e, fc. 
2 3la S2 i m | 
1 44a TT 24 Te s 
N45 4 = 4 mn 
4—5 6 424 - 240 Teegzs— 4 
6 l: 74 -= - 4 un 
147 SZ T= -n | 
| + SS—4Amm | 17 
| 8 ＋ 2 4 2 = — 2 2 5 4% 
'Or 
I—9 179 * . 48 e108 
Quks- 


5 
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QuesTION V. 1 


348. There are three Numbers in continued Proportion, their 


Sum is 74, and the Sum of their Squares i is 1926: What are 
thoſe Numbers" | 


SoLUTION. 4 
That is, 4, e, 5, are in continued Proportion. 


5 1 # + £419 mnnnrg 5-20 
Then 2 | a a+ CG ES ane Qne 6s a, e, 5. 
3 3] a:e::8:y 1 
54 ay See N SE 
11 |S] 4a+y=$—e „ + 
2—ee | bPaa+yy 2 — e 
4X2: 7 249=2ce 4 
6 +7 a a + 2ay+yy=2z bee 8 
5 O- 9 [4 ＋ 24 + yy=5ss—25ebee 
8 and 9 10 [ + 2e=s5—25ebee 
10 E ji 2reD-s \ 
11 +2: „% = on, 
f 5 5 os wg — 24 
, S 
138 | 14 . 
4X4 15 4ay=4te = 2304 
14— 15 |15] aa—2ay + yy = 196 
16 l [17] a—y=y/ 196= 14 
13+ 37. 182% +14 =64:; 7 
18 — 2 [19 a= 32 a = 18 
"9 20 75 3 180 * Las 


| QuesrT10N VI. 
349. There are three Numbers in Arithmetical Progiafion; 
the firſt being added to twice the 2d, and three Times the 3d, 


+ their Sum will be 62; and the Sum of all their Squares i is 275: 
What are thoſe Numbers ? 


„ | SoLvTION. 
Suppoſe | T | a, e, y, in Atidiatcal Progreſfion 
12141 26 35 62 be 
And} 3 225 5 3 by the Queſtion 
Then | 4 


4 +y=2e (per Article 136.) 


* 


45 13 


134 55 
2 — 4 


4 '6=—e. L 
4—7 


8 S-. 
78. 


9 ＋ 10 pk 


1 
12 + 20e 
13 — 372 


14 + 21 
| Comp. Square 


16 bo? 

wo + + E 

| 77 7 
18 K 4 
8 and'19 


18 + 2 


NSTITUTIONs 


| 52 e- + 2y=62=—26 
6 ＋ 5 = 31 — e 


3 
9a = 16 248 e + 961 
5 = 961 — 1240 1 4ee | 
a + yy = 20e — 372 + 1922 
e=372e—20ee— 1647 
1e 3720 — 1647 
ö 1647 


2 842 


7 . 
—5 — 3844 3844 49 _ Y 
49 wy. 


4 4 


194 = 36, or | 
20la = 36 — 31 5, or 34 7 -a = _ 35 5 
$ - 


S312 == IS, « or 175 


20 = 31 —18= 13, or 31 — „uf 


0 QutsTION VIE. 


350. There 


are three Numbers in Soithmeticel lation, 


the Square of the iſt Term being added to the Product of the o- 
ther two, is 576; the Square of the mean being added to the 
Product of the two Extreams makes 612, and the Square of 


Suppoſe [x 
- 2 

Then) 2s 1 
| 4 

5 


« » 
3 


L 


the laſt Term being added to the Product of the firſt into the 
ſecond is 792. | 


What are*thoſe Numbers ? 
SOLUTION. 


a, e, , in Arithmetical Pape Bon as before 


aa+ye=576 
eebya= I the yes 


yy + ae = 792 


a+y=2e_ 


5Xe 


11 and 12 


13+ 42. 


Wann 


135 
ae 3 


4 — — * - 


I e= Hig —2cc | 

44 ＋ 294 T＋ 57 2502 — 4% 
aa ＋ 2% =4e7 ba 
4ee= 2592 —4ee 

8 ee = 2592 

14 = Bid 

=o 324 = 18; the Mean 
ta +1593 = 1308 — 2ee =/720 
 2y@a=1224—2ee= 576 


r ACS Tt OM 


a —j =4/144 = 12 
24 24 T 12= 


422 24 a —= 12 


y = 20— 24 = 12 Org, = 24 


| QyesTION VII. 


351. It is required to find two ſuch Numbers, that their Sum 
being ſubtracted from the Sum of their Squares, may leave 14, 
and if their Product be added to their Sum it may make 14 ? 


SOLUTION. 


Let a and e be put fof the Numbers; and let y=a+%# 


Then 9 


14 


8 ; 


on __ | 
TH 


| 


174 


| y=6,5—x = 
'S: 


4 4 + rms 


I 
ae 1 25 — by hb Aue 


4 4 a 288 4g y 

4 =) 

2 4e 29 — 25 

aa+ 24 a- 


a +e=V qz—y 
a+ 2 
7 A= 
8 42 —95 
EY +3= 42 


* above 
wo ee 


Jy +3 +3=4 + = 425 


4 . 2, 25 = 3 


Con- 


136 INSTITUTIONS 


Conſequ. ] 15 a+e=6, (fora + e = y) as above 
3 and 1416 l Tee 14 T 6 20 - 
5 and 15 | 17 24 2 28 — 12 16 
I6—17 | 18 [aa—2ae+ee=4 
8 l 19 a—e=/4=2 
15 ＋ 19 20242 8 | 
IT ”E3 1211}: 8=4 
I—21|22 Pn LO. 


QuesTION VIII. 


352. Three Merchants join Stocks together; the firſt Man's 
Stock was leſs than the ſecond Man's 13. the ſecond and third 
Man's Stock was 175/. In trading they gain 48/. more than 
their whole Stock was; the firſt Man's proportional Part of 
the Gain was 78/, What was each Man' 8 eder Part of 


the Gain? 


Dy 

4 
And 8 0 3 
4 
4414215 

1 and 5 6 
6 and 2 7 
But 8 

8 9 
978210 
| 11 
12 


11 2 
12 — 7255 | 13 
3» 1 14 
4— 14 |] 15 
Then | 16 
Again | 17 
Proof 3 18 


SOLUTION. 


Let & © 35 repreſent each Man's Stock. 


a+e+y=5, the whole Stock. 
'5 + 48 = the whole Gain. 


„ 8 
FE. 


ate+3=275 +a 

= 

s + 48 = 223 + @ 
175 +a:223 +@::0: 78, per Queſtion 
4 44 223 4 78 4 ＋ 13650 

44 ＋ 145 4 = 13650 

aa + 145 4 + 5256, 25 = 18906, 25 

a + 72,5=4/18906,25 
@=1375— 72, 2 65 

4 ＋ 13 78 

2 | 

65: 7 78: 93). 125. es Gain 

65: 78 :: 97: 116. 85. y's Gain 


| 1161. 85. + 938. 125. + * = 288, the Gain 


65 + 78 + 97 = 240, the whole Stock 


1 


288 — 240 = 48, the Gain more Guat the 
Stock, | 


| 3 Theſe 


77 ̃ . 137 
353. Theſe Examples will, for the preſent, be ſufficient for 
Quadratic Equations, according to the beſt Methods of Soluti- 
on. What relates to adfected Cubic, and high-r Equations, we 
ſhall defer *till after we have proſecuted the Doctrine of ſimple 
and compound Intereſt, which now- the Reader is prepared for; 
fince if Equations, higher than Quadratics, occur in that Affair, 
they are ſimple ones, and may be ſolved by . or Tables 
made for that Purpoſe. | | 


a . „ 


Of Aus ee Punvions, Se. in Arrears, at 
SIMPLE INTEREST. 


| 354 'NNUITIES, or 8 Sc. are d to be in Ar- 

rears, when they are payable or due, either yearly, 
or half- yearly, &c. and are unpaid for any Number of Pay- 
ments. Therefore the Buſineſs is to compute what all thoſe 
Payments will amount unto, allowing any Rate of ſimple In- 
tereſt for their Forbearance, for the Time each particular Pay- 
ment became due: Now, in order to that, 


U = the Annuity, Penſion, or yearly Rent, G 


pu T = the Time of its Continuance, or being unpaid. 
R = the Ratio, or Intereſt of 1/. for one Year, as before, 


A == the Amount of the Ty and its Intereſt. 


355. Then fay, . N:: N RU, the Intereſt due at 
the End of the ſecond Vear, * the Rent forborn one Vear; 
and 2 U will be the Rent or Annuity due at the fame Time. 
So that for any given Time, the Intereſts and Rents will ſtand 


as below for each ſucceſſive Year, viz. 


RU S the Intereſt > 3 
i 0 due at the End of the 2d Year. 


2RU=the Intereſt 2, _ | | 
3 U = the Rent * at the End of the 3d Vear. 


. - SU 


138 INSTITUTIONS 
3RY= abe Nene 8 due at the End of the 4th Year. | 


40 — the Rent 
RU — the Intereſt 
T US che Rent Taveatthe End of he Sch Near. 


And fo on, for any Number of Years. Hence it is evident, 
chat RU+2RU+3RU+4RU+5RU=A, the 
Sum of all the — and their Intereſt, being forborne five 


Years. 


356 Let 3 the Time or Number of Vears, then it fol- 
lows that RU+2RU+3RU+4RU=A—TU. 
Here T=5; divide by U; then RT RT ART AR 
=— nk, hug - Next to find the Sum of this Progreſſion: Thus, 
Let R +2R+3R+4R, oc EZ; chen 1 4 2 1 34 


4 e .= Se Here the Sum of the firſt and laſt Terms are 
4+1=5 = T, and he Hades of all the Terms i is 4 = 


T — 
. 1: eee e de 4 == thes Sum of all the Farms: ; 


— „ Ge os be TR 
= Hence a ey 


nn T TR" x, 8 


What has been here ſaid may be eaſily Lala from Chap: 
12, and Theorem in Article 318. 
357+ From the laſt Equation we raiſe the following Theo- 


+ Molar ES ic RAT. 5 


chat By — Fe 


rems. Theorem I, 


2A = 
Theorem II. 7 7 1 35 1 40 3 III. 


* le R- 1 Then Theorem IV, _ 
3 - 200 4X * — . 


QuesTION © 
5 58. If 250l. yearly Rent, (Penſion, Sc.) be forborne or 
unpaid ſeven Vears; what will it amount to in that Time, at 


3 per Feat, for each n as it ene due? 
| ns | Here 


of ALGEBRA: 139 


(S 250 
| Here is e == fret find A, the Amount. 
| f R = 0,03 


By Theorem. L = hn xR+TU= * X7X2 Te 250 


10500 
X 0,03 + 7 X 250 = * ©,03 + 7. 250 = 15055 


+ 1750 = 1907,5 = 19070. 10s. = the Amount required. 
| 359. If the Annuity or Penſion were to be paid half- Lyearly ; 
then U = 125, T = 14, the Number of Payments, and R = 


| _ = ©,015, to find A; then the Theorem will be as follows: 


TTU= 14 X 14 X 125 = 24500 
| TU = 1% ihy== 190 —- 
TTU—TU = 24500 — 1750 = 22750 


U 
* 2 * R 2 X o, o15 = 170,625 


170,625 +T U= = - toes TY 1750 = — 20a = A 
1920. 12s. 6d. 


Wherefore the half-yearly Payment is more a 
than the yearly one by 13/. 2s. 6d. and conſequently. quarterly 
Feen are Rill more ſo than theſe. 


| QuesT1ON II. 


366, What Annuity, Penſion, &c. being forborn, or un- 
paid ſeven Years, will raiſe a Stock of 1907/: 10s. at the Rate 
of 3 per Cent. Intereſt for each 9 as it becomes due? 


A = 190%, 5 
Here T = 7 to find U, the Annuity, . . 
R = 6,03 


| 2 A WD, if x 
T 


8 = 250ʃ. the Annuity re- 


Then per Theorem II. 
2X I907,5 


7 * 7 E I FTAN OTF 7 


 Ques- 


40 INSTITUTIONS. 
| = QuzsT1ON III. 
361. If 2 gol. yearly Rent, being forborne ſeven Pw will 


amount to 19077. 10s. allowing ſimple Intereſt for every Pay- 2 
ment as it becomes due, what muſt the Rate of nn be per 


Cent, &c. 


5 2 5ol. | 
J = 190%, 5. . find R, the Rate of es, 


E 
PR 2A—2TU | 2 * 1907 5—2 X 7X 250 250 
Theor. III. * a 
Per Theor „ 7X7 X 250—7X250 
= 0,03; then I : 0,03: : Tool. : N. the Intereſt per Cent. re- 
quired. : 


con IV. | 
362. In what Time will 250/. yearly Rent, amount to 
1507h 10s. at 30. per Cent. for Forbearance of Payment as my 
become due ? | 


| U = gol 
wa = 190%, 5 0s find T, the Time, rer Theo II. 
0, ä „ 


Here f — — 165.6 3 32, 83; 


. eee B 
__— 51 U Th td ITY 4 
— 32,83 = 5 the Time, or Number of Years * 


An VII. 
The PRESENT WORTH of ANNUITIES, PENSIONS, 
Sc. computed at SIMPLE INTEREST. 


363. Tur Buſineſs of . Annuities, or taking of 
Leaſes, &c. for any aſſigned Time, depends upon 


the true equating of the Principal, or _— laid out on the 
| Pur- 


f ALGEBRA. 1 


"LOWS with the Annuity or yearly Rent, by allowing (or 
diſcounting) the ſame Rate of Intereſt to both Parties; which 
may be eaſily performed, by duly applying the reſpective Theo- 
rems in Article 270 and 357, for finding the Amount of any 
| Annuity and its Intereſt, forborne for any given Time; and 


then what Sum or Principal, put to Intereſt at the ſame Rate, 


will in the ſame Time amount to the ſame Sum. 

364. Now fince the Amount A in both Caſes is the ſame, - 
the Theorems which give the ſaid Amount, muſt be equal to 
trU—rU 

2 
XR +:U=:PR+P=A. (Article 270.) Which two 
Theorems compountie together give the OY viz. 


each other; that is, (Article 357. Theorem I.) - 


— 
Tie i N 12 2 3 
Theor Fae — — —— — = = 


gives 


& * * 


dvds 1. 


365. What is 75 l. yearly Rent, to continue nine Years, | 


worth in ere Money, at 3 per Cent. 


1 | 
e = 0,03 9 find the re Worth P. 
t = Tears * 


Theor 1. tt tR +27 * Needs senke 


| 2tR + 2 3 2X 9X 0,03+2 
WER... a — 0,27 + 18 : 5 
X 75 "Greta * 75 = 6111. 45, 4 k. 
ſent Worth required. 


Our. 


** 
. * 
i £ 2 OF 


tz INSTITUTIONS 
mW | Qs rION II. 
366. What Annuity, to continue 21 Yeats, wil 192]. 1, | 
FA. 5 at 5 per Cent? 0 


5 1987870 „„ 
Hef £ = 21 Years 8 find the Annuity U. 
| E e . 15 
Then, Theor. II. in Numbers, . 
21X21X0,05—21X0,05 ＋ 2X21 
2K auf = 12,5 = 12. 10. the as. required. 


GG II. 


367. At . Rate of eagle Intereſt will 1921. 1s. 54d. 
purchaſe an Annuity of 12/. 10s. to continue 21 Years? © 


P — 192 07310, 
Here U = = 12,5. ST R. 
L = 27 Fears 3 
Per Theor. III. 2 192,731 —2 X TEX 125 _— 
2IX 21 X eee ee * 192,07 31 
= o, o5; then 1: as ; Tool. : * che Intereſt per Cent. al- 
Des - -- _. 


3 IV. 


368. In IR Time will 71. per Ann. pay a Debt of 1200 87 

at 61. per Cent. Intereſt? Or thus; For how long a Time 
may an Annuity of 7. per Ann. be purchaſed, or enjoyed, for 

120/. 86. at the aforeſaid Rate of Intereſt? . . 


| U = — : 
HereyR = * or os 2 find T. the N | 


Then = — 4 + 1=x = 2, og. (See Article 364. J And 


AD 1 Tears, the Time 


CHAP. 


1 LG E B R A. „ 145 


0 5 A p. XVIII. 


The Conftruttion and Us of TABLES c SIMPLE 
| IxTEREST. 5 


369. „Tur great Deſign of Tables of lack (both Simple 
and Compound) is Eaſe and Expedition in practical 
Calculations. For, beſides that the Rules expreſſed in Words 


for anſwering Queſtions of Intereſt are tedious and intricate, _ 


and the Reaſon no Ways to be underſtood, the Operations them- 
ſelves are, for the moſt Part, very Jaborious; and conſequently 


- Tables which e and facilitate the N are innen 
ſibly neceſſary. 


370. Theſe Tables are made in tot Numbers, the firſt 
for Days, and the ſecond for Years; which Numbers, being 
| Arithmetical Proportion, make them capable of that Perfection 
which no other Tables can pretend to: They are ſo contrived, 
that the Intereſt of any principal Sum is eaſily found for any 
Number of Days, or Years, at any Rate, from one Pound to 
ten, with the Halves and Quarters; having followed herein the 
Rev. Mr, Brown in his Arithmetica Infinita. 

371. The Conſtruction of theſe Tables is eaſy from the The- 

orems themſelves, (and indeed the Reaſon of their Conſtruction 
can be no otherways ſo eaſily conceived.) Thus, by Theorem 
I. of Simple Intereſt, viz. RP P = A is the firſt and ſecond + 
Table conſtructed. For ſince the Amount leſs the Principal, 
is equal to the Intereſt, therefore the Theorem will be f RP 
= Intereſt, Now if P = II. t = ,002739, &c. (the Deci- 
mal of a Year for one Day) and R = any Ratio of Intereſt ; ſup- 
| poſe 5 per Cent. then the Simple Intereſt of one Pound for one 
Day, at 5 per Cent. is ,002739, &c. Xx ,05 1 == 00013698, 
&c. which being multiplied by the nine Digits, ſeverally con- 
{fTute that Part of the Table of Intereſt at 5 per Cent. and 
thus the whole firſt Table is made. The ſecond Table, for 


| Years, is only the various Ratios of Intereſt "multiplied by the 


ſaid nine Digits; for ſince ? 1 Year, and P = 11. it will be 


= R, the Intereſt for the firſt 18 oa. -.... nd” 
46 U —_— 


1 e e — 5s > * BY — 


— mmm th Dea 
. ĩᷣͤ . nan gs ay ag ate = B- - . 
V " * Mu * — 2 


Tas INSTITUTIONS 


372. The third Table ſhews the Rebate or Diſcount to be 


made for one Pound, at the ſeveral Rates per Cent. for Days. | 
The Manner, Truth, and Reaſon of its ES! is de- 


rived from Theorem II. of Simple Intereſt, Z. RS = P. | 


Poor ſince the Principal or preſent Worth, ſubducted from the 
Amount, gives the Rebate or Diſcount of that Amount; there- 


fore the Diſcount of any Amount for any Time, at a; Þ Rate, 


(without Regard of the preſent Value, or principal oney) 
may be found 4 this Theorem 1 == D = : Diſcount, | 


. 85 
(For 45 — _ 7 RET : 5 Hence if we put A= 
II. t = ,002739, Cc. and R = any Ratio of Intereſt, ſup- 
poſe 5 per Cent. then by this laſt Theorem we have the Diſ- 


count of one Pound for one Day, at the Rate of 5 per Cent. 
per Aun. for AtR = 1 X ,002739, &c. X ,05 = , 00013698, 


Sc. And ?R + 1 = 1,00013698, &c. then by Diviſion, 
T,0001 3698, Sc.) ,0001 3698, Sc. ( = ,00013697, &c. the 
Diſcount. If : 1 Year, then the annual Diſcount of one 
Pound at 5 per Cent. will be found, by the above Theorem, 
thus; Af R „05, and ?R + 1 = 1,05. Therefore by Di- 
viſion, 1,05) 05 ( = 04761904, Sc. the Diſcount. And 
thus is the Diſcount of any Sum, at any Rate for any Time a- 
bove one Year, found at once by the above Theorem; and 


for any Time under a Year by the Table of Diſcount for Days, 
of which I have now taught the Conſtruction in a new and more 


rational Method than wy 1 have yet * | 


The Us of Table I. dia IT. 


373. In order to underſtand how to make thoſe two Tables unĩ- 
verſally uſeful, the Reader is to obſerve, that if a Number con- 
ſiſts of only one Digit, with Cyphers affixed, as 10, 50, 700, 


gooo, 8Q0coo, &c. it is called a pure Number ; but thoſe Num- 
bers which conſiſt of more than one, or wholly of Digits, as 
370, 568, 7569, &c. may be called mixed Numbers. Now e- 


very mixed Number may be reſolved into thoſe pure Numbers, 


of which they are compoſed; thus the mixed Number 567 may 
wh ads: - -— mn 


i . ; 72 
* OE 


be reſolved into the pure Numbers 500, 60, and 73 ſo alſo 
15890 is reſolved into 10000, 5000, 800, and go. 
374. 8 as to the ws of oh Tables, obſerve theſe 
Rules: | 
I. If the Number of "Son yo G. . be a mix= 
ed Number, let it be reſolved into pure Numbers. | 
II. With the pure Numbers ſeverally enter the Tables, and 
take thoſe Decimal Numbers which ſtand againſt the firſt Fi- 
gure of each pure Number, in the Column marked Numbers. = 
III. Remove the Decimal Point in each ſuch Decimal Num- 
ber, ſo many Places to the Right Hand, as there are Cyphers | in 
the reſpective pure Numbers. | | 
IV. Laſtly, Add together all the Decimal 8 and find 
the Value thereof by che Tables for that Purpoſe. 
Theſe Things premiſed, the Uſe of the Tables will be ob- 


Vvious from the Examples of the e, Problems. e 


- PaoLem . | 


2375. To find the Intereſt of any Sum of Money * A a Day | 
or a Year, at wy Rate per Cent. per Ann. 


Exaurkz I. 


What is the Intereſt of . at 5. 154 per Cent. for a : 
Day? 
7 | K | 
In Table I. under the 2000 — ,31506 
Rate 53, you find a- f 700 — „11027 
gainſt the pure Num- 40 — 400630 


. | 6 — 200094, | 


wo Anſwer | is — 43257 = Bs, 1 | 


ExameLe II. 


376. What is the Intereſt of the fame Sum, at the ſame Rate 
for a Year? 


2:2: ò•12“ 


146 INSTITUTIONS 


Decimals. 


2000 — 115,00000 | 
In Table II. you One 240,25000 Under 3s 
pins _ 40 — 2,30000 e 5 
* 0734500. 


The Anſwer i in Darimals L 1 57,898 : 
Which! is in Money = I570. 175. 1024, 


ay ProBLEM 1 
377. To. find the Intereſt of any Sum of ws for any 
Number of wag | 
ExaueLy. 


What is the Intereſt of 2651. for 149 Days, at the Rate of 
3. 155. per Cent. &c. ? | 


| Multiply the principal "II — 265. 
By the given Number of Days — 149 


| The Product is the mixed date; 3948 5 with which 
reſolved, enter the Table as before : 
| Decimals. 

5 OBE . 30000 — 3, o8 220 „ 
Thus in Table I. you Y 9000 — o, 92466 1 
| find — the pure 400 — „% 109 eke 344. 
Numders 80 — 0,00822\ N n. 

| | 5 — O,00051 | 


The Anſwer in Decimals . 4405668 
£4. Jin Money 40. Is. 14d. | | 
The Method! is the ſame for any greater Number of Days 


ProBLEM III. 
378. To find the Intereſt of any Sum forborne any Number 
of Years, at any of the given Rates per Cent. 
ExAMPLE. 


What is'the Intereſt of I7 55 155. forborne I 3 Years at the 
Rate of 6 per Cent, &c. ? . dd. 


' Muldply the 1 Sum 3 175; 1 | | 
| By the Number of Years given : — 13 


The Product is the mixed Number 2284, 7 5 : 
, Which reſolved, as before, will fiahd mus, 


2000, — 120, ooo 
200, — 12,000 
In Table II. you 80, — 4,800 Cole 6 2 
find againſt 4, — o, 24% Cent. 
"7, of =, e 
: SO. Wm ops. 


| The Anſwer i in Decimals /. 1 37,085 i | 
The ſame in Money 13/1. 16. 82d. . 


N. B. The Reader muſt obſerve, in reſolving a mixed W 


ber, wherein are Decimals, to remove the Point one Place more 


to the 1%, than are the Number of Cyphers in the Decimal 
pure Number, as in n the laſt Rs 


De Uk 0 "Table III. 07 Diet 


379. E ſeeking the Diſcount for any Sum due at the 5 of 
any Number of Days, if the Number of Days be a mixed one, 
reſolve them into pure Numbers as before taught; and even 
with them in the Table take the Diſcount of 17. which add to- 
gether; and then multiply 85 the ene 8 the © TO 
will be the Diſcount thereof. 


ProBLEM Iv. 


To find the Diſcount of any Sum, for any Number of Days, 
at any given Rate i in the Table. 


EXAMPLE. 


| What is the Diſcount of 831. 1085. for 235 Days, at 4 Per 
Cent. per m— 


> " ; | | x IE Deca- 


195TITUTIONS 


* Decina 1 
Vou find in G 200 — „0214478 
the dae 30 — 755570 3 _ 
even with 5 . - 0005496 m_ 
— 0252723 
Which Sho: Hogs by the Sum : 835 


| The Product is the Anſwer 251 10237 = =2— 2—2z 


| PROBLEM V. 
* To find the Diſcount of any Sum for a Year, 


| Feen. 3 
What is the Diſcount of 1007. for one Year, ISS en: 5 


In the Table under 5 per Cent. 
and againſt 365 Days, IS 4 9947619, & Sc. 


Which multiplied by the prin- 2 
cipal Sum — 


* 


The Product is the Anſwer I. 4.7619, c. = 4— 5 i 2% 


Now the e Fang e eee at —8 25 — 


The Difference therefore of Diſcount and In- Inz 1 
tereſt is _ — — — 4 9⁴ 


Whence it is evident, he who allows Intereſt for SORES 5; 


wrongs himſelf conſiderably, which yet is very common among 
Traders; for ſo much Money ought to be paid as, at Intereſt, 
| would amount to the Sum . in the Time . ; 


4 . 


381. What is the Diſcount of 9342) at 4 per Cent. fora 
" Year . . 
The 


ff ASOEBRLAs: woo © 
The Diſcount of II. for 365 Days, at | 
4. per Cent. in the Table, is : 5 ,04.3062, c. : 
Which multiplied by the principal Sum 9342 


| The Product i is the Anſwer — . 402, 28 ö, &c. 
| In Money 4021. 55. 82d. 
And thus proceed for other annual Diſcounts. 


It muſt be acknowledged this Table of Diſcount gives net 


the preciſe Truth, and yet differs but little from it; being ſuffi- 
ciently exact for any Uſe. None but a Table of the Diſcount 
for every Day can be perfect; becauſe every Day's Diſcount 
differs, being ſtill leſs as the Number of Days increaſe. | 
This Table is perfectly true for all the Days expreſſed therein, 
and, as 1 ſaid, may be uſed without much Error for any other. 


| | | . e 
The true Diſcount 3 is — | 2—T—TIT 
Hl l The Difcount by this Table 2 —2— 27 
The Intereſt for the Time and Rate 2 — 3— 0 
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2 per Cent. 
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384. The Rebate, or Diſcount of one Pound for Days, ar 


the Rates of 2, 24, 3, 


2 4, 42, 55 6, Per Cent. 


28 Annum. 
| 2p 2 77 24 per Cent. 3 per Cent. 34 per Cent. 
| 1400548 000685 .ooo0822 | ,c0oo0959 
| 2 | .c001096 | .0001370 f. 001644]. 001917 
3 | 0001644 | .0002054 . 002465 | .0002876 | 
41 .0002191 | .0002739 | .0003287 0003834 | 
| 5 0002739 | . 003424 ; «0004108 0004792 
60003287 οjẽjjũ0. ooo | .0005750 
70003834. 004792 . 0005 750 | .0006708 
80004382. 0005477 | .0006571 | .0007066 
9 0004929 . 0006161 [. 007392 . 0008623 
| IO | .0005477 | .0005845 | .coos8212 | .0009580 
| 20 | .0010947 | . 0013680 [001641 [0019141 | 
30 f. 0016411 | .ooz0;06 | .0024597 | 0028685 | 
40. 0021870 | .0027322 | .0032769 | .0038210 
50 | .0027322 | .0034139 | .0040928 | .0047716 
| 6o 0032769 -0040928 | 0049073 | -0057205 
(i 70 0038210 | .0047716 .0057205 | .0066676 | 
80. 0043644 005 4496. 065 324. 0076128 
go | .004c073 | .0051266 | .0073429 | .0085563 | 
100 . 054496]. 068027. 0081522 0094980 | 
110 . 0059913. 0074779 . 0089601 . 104379 
| 2 — — —— 1 — — EET e b 
| 120 | 0065324 0081522 | .0097667 | .0113760 
130 | .0070729 | .oo882z55, | .0105720 [123123 
| 140 | .0076128 | .0094980 | .0113760 | .0132468 
150.0081522. 0101695 | .0121786 | .0141796 | 
160 f. 086909 0108401 | .0129780 0151106 
| 170 | .0092291 [. 0115098 0137801 [. 0160399 
180 . 097667. 0121786. 0145788 0169674 
190 [. 0103037. 0128465 [. 0153763. 0178932 
200.0108401 [. 0135135 | .or61725 188172 
| 210 0113759 SEE 0169674 | .0197395 | 
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TABLE III. : 
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The Diſcount of one Pound for Days: 


. 


Tazit 


| ays.| 4 ßer Cent. | 45 per Cent. 5 per Cent. | 6 per Cent 
| 1 | -0001096., .0001233 | .0001370 . 01644 
200 191 | .0902465 | .0002739 | .0003287 
3 | .0993287 f. 003697 | .0004108 | .0054929 
4 | 0004382 | .0004929 | 0005477 | .ooobg71 
5 | -9005477 . 805161 |..o005845 | .coo8212 
6 | .ooobg71 | .0007392 | .coo8212 | .ocog853 
7 | .0007665, | .ooo8623 | .ooogg8o . 0011494 
8 | .0008759 | .0009853 | .0010947 | .COL3133 
9 | .co09853 | .oot1o84 | .oor2314 | .0014773 
o | .co1cg947 | .oo012314 | .0013680 | .co16411 | 
] — — — —— — 
.0021870 [. o 24597. 0027322. 0032769 | 
0032769 . 0036850 | -2040928 | .0049073 | 
| -0043644 | .0049073 . 5449068065324 
.0054496 | .0061266 | .oob8027 | .oo81522 
0065234 j .0073429 | .co$1522 | .c097667 | 
.0076128 | .oo85563 . 094980 [. 0113760 
0086509 |, .0097667 | .0108401 [. 0129780 
.0097667 | :0109741 | .0121786 | .0145788 
.0108401 | .o0121786 | .o135135 0161725 
0119112 | .o133802 | .o148448 0177610 
129800. 0145788 .oi61725 | .0193444 | 
.014046; | .0157746 | .0174966 | .0209228 
015 1006 10169674 0188172. 0224960 
01617255 .0181574 . 0201342 6240642 
0172321 | .0193444 | 214477 0256273 
0182894. 0205286 [. 0227577. 0271855 
0193444 217100 f. 0240642 [0287387 
0203972 f. 228885. 0253672. 0302869 
0214477 0240542 0266667. 0318302 
0224960 . 0252370 f. 0279627 [. 0333686 
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Days. 2 per Cent. 27 per Cent. 3 per Cent. 37 per Cont. 
220.0119112 0148448 0177610 20660 
230 f. 0124459 . 0155091 | .o185534 | 0215789 
240 f. 0129800 | .o161725 . 0193444 0224959 
250 0135138 0168350 . 0201342. 0234114 
260 | .0140465 . 0174966. 0209227 [024325 
270 [. 0149788 | .o181574 | .o217100 [. 0252370 
280 . 0151106 [. 0188172. 0224960 0261473 

8 290 | .o156418 . 0194762 . 0232807 . 0270558 
300 f. 0161725 f. 0201342 f. 0240642 l. 0279627 
310 f. 0167026 [. 207914. 0248464. 0288679 
320.0172321. 0214477. 0256273. 0297714 
330 |} -0177610 0221031 | .0264070 | .0305732 

| 340 | .0182894 | .0227577 | .0271855 | .0315734 
350 | 0188172. 0234114 .0279627 | .0324718 
360 | 0193444 .0240642 | .0287387 | .0333686 
361 | .0193971 | .024129 0288162 03345 82 
362 | .0194498 | .0241946 [. 0288937 0335478 
363.0195025 | ,0242598 | .0289712 | .0330374 | 
364 | .0195552 0243251. 0290487. 0337269 

| 365 | .0196078 | .0243902 | .0291262 | .0338164 | 

1 


— 
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Tants III. 
| The Dicnnt of one Pound ſor bor 


INSTITUTIONS 


Days, 


220 


240 
250 


230 


1260 


, 


| 4 per Cent. 


0235420 
0245858 
0256273 
0266667 


| .0287387 
| 0297714 


.0308019 
0318302 


0328564 


0349022 
0359218 
0369393 


0380561 
0381575 


0382588 


0383602 


0277038 


03 38804 


4% per Cent. 


8 .0264070 
225743 
0287387 
. 0299003 
8310592 


| -0322153 


0333686 
-0345192 
0356671 
0308122 


9379547 
0402314 


0379547 


| 413057 


0424974 


0426104 


0427234 
0428364 


0494 


390444 


5 Per Cent. 


0292553 


0305445 


0318302 
0331126 


0343915 


0356671 
0369393 


0382082 


0394737 
0457352 


0419948 


0432503 
0445026 


04575 K6 
0469974 


0471218 


0472462 
473705 
0474948 


0476191 


6 per Cent. 


0394737 
49879 


. 0424974 


| «0499740 
0544041 


0560182 


0349022 
0364309 
0379547 


V 
Q455021 | 


0409974 
.0484880 


4 


. * 


8514553 
05 29320 


0558717 | 
0561647 


0563111 
564578 


0384615 


0430622 


0566038 
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CHAP. NIX. 


oF: Compounp INTEREST, Anxv1TIES, Tec. 


385. 68 Ompound Intereſt i is that which ariſes from any 5 
pal and its Intereſt put together, as the Intereſt ſo be- 


comes due, ſo that at every Payment, or at the Time when the 


Payments became due, there is created a new Principal; and 
for that Reaſon it is called Intereſt upon Intereſt, or Compound 

Intereſt, As for Example: Suppoſe 1007. were lent out for 
two Years at 6/. per Cent. per Ann. Compound Intereſt; then 


at the End of the firſt Year it will only amount to 1061. as in 


Simple Intereſt; but for the ſecond Year this 106/. becomes 


Principal, which will amount to 112/. 7s. 224. at the ſecond 


Years End, whereas by Simple Intereſt would have amounted 
to but 1121. And though 1 it be not lawful to let out Money at 
Compound Intereſt, yet in purchaſing of Annuities or Penſions, 

Sc. and taking Leaſes in Reverſion, it is very uſual to allow 
Compound Intereſt to the Purchaſer for his ready. Money ; and 
therefore it is requiſite to underſtand it. 

386. Now in order to raiſe the Theorems for Compound In- 
tereſt, we muſt conſider that the Amount of 11. and its Inte- 
reſt, for one Year, is here called the Ratio, and is found by the 
l ws for any Rate of Intereſt. Thus, 


As 48 105 : 1,05 = R, at 5 per Cont. 
100: 8 {41 wy =R, at 6 per _ &c. 


387. But as one Pound is to the Amount of one Pound at 
one Vear's End, ſo is that Amount to the Amount of one 
Pound at two Years Ehd; and fo on continually. 

'Thatis, 1:N:iÞ: R : RR: RRR: „ 
Rs: : Ec. 


a „% $- = Fouls: | 
Then RE. R3. R“. R“ =. the Amount of 1. at 2 
Rate. | 


Þ 2 fe 388. Hh: 


n 
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388. Hence tis evident the Amount proceeds i in a geometri- 
cal Proportion, wherein the Time (= r) or Number of Years, 
is always to or the ſame with the Index of the Power of the 
laſt and higheſt Term of the Series, viz. R* or Re; for in 
Compound Intereſt the Letters denote as below, | 


P — the Principal put to Welt. 
t = the Time of its Continuance. 
A = the Amount of the Principal and Intereſt. 
R = the Amount of 11. and its Intereſt for one Vear, at 


any given Rate, which may be thus found. 


289. Now as one Pound is to the Amount of one Pavid for 
any given Time, (?) fois any propoſes e or Sum to its 
Amount for the ſame Time. | 


That is, As 1:; Re : ::P :PRe. 
But PR. A, the general . 


| From this Nee en any three of the four Quantities P, R, f, A, 
being given, the other may be found. But becauſe # in all theſe 
Caſes is the Index, or denotes the Power to which the Quan- 


- tity R muſt be raiſed, and is in itſelf uſually large, it. plainly N 


appears that in the Solution of this Sort of Queſtions, there will 


be great Labour required, if we proceed in the common alge- 


braic Way of extracting of Roots, or raiſing of Powers, which 
therefore we ſhall here decline, and ſhew how this may be done 
very eaſily by Logarithms, and alſo by Tables ready computed, 
for ſhewing the Value of R* for any Number of Days and 
Years, and at any of the uſual —_— of Intereſt : And firſt by 


Loganithums, | 
390. From the Theorem PR'=A, we have N 2 


which muſt now be expreſſed logarithmically; thus, RALX 
L. R, (here L denotes the Logarithm of the Quantity to which 


it is prefixed. See 1345 141.) and = = A—L. P; and fo 


t N LjiR = L. A — L. P; whence we have the Pe 
Theorems, 


2 


r 
* 


r 
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t NL. R ＋ L. P L. A, Theorem I. 
L. At Xx L. R L. P, Theorem II. 
KEDS = LR, Theorem III. 


1 


k 2 * * L 1 EY 
<> an bat, ny 
N 


E ˙ Es; rr >; 


" 4 
f en WED res ———— drodtc AE KEes +. : 


1 8 Pp 


ali > — 
o 5 . 70 
2 PFE 


L.A—L.P 
L.R 
301. We ſhall illuſtrate theſe Theorems by the following 


Examples, 


f, Theorem w. 


3 
L 
* 
= 
5 


Quxsriox I. 


What will 2757. 155. amount to in three Years and an hal 
at 4x per Ln * Ann. Compound Intereſt? 1 k 


P = 275,75, the Principal. 
Th R = 1,045, the Rate of Intereſt. 
t = 23,5, the Time. | 
To find A, the Amount, per Theor. I. 


The Logarithm of the Rate . R= 1,045 = 0,019716. 
Multiply by the Iũũmmm er I 355 | 


The Product is the 3 of © Rn 8 ob6906 | 
To which add the Logarichm of P = a bes = 2,44051 5 


The Sum i is the Log. of PR'=L. Ada 321,68 = 2,507421 


So the Amount ſought is 3211. 135. 74. which is more than 
the Amount by Simple Intereſt by 21. 10s. as N vg found in 
Theorem I. Article 270. 


Ny II. 


392. What Principal or Sum being out to Uſe at 42 per Cent. 
Compound Intereſt, will amount to 321 ul. 135 74. i in three Vears 
and an half? 


f , the e 

3 = 1,045 the Rates of Intereſt. 
„% - 
8 To find A, the Amount, 4 Theor. II. 


From 
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From the Logarithm of .. A 321,68 2, 50421 
Subduct the Logarithm of . R = 1,1665 = were 


The Differ. is the Log. of Av L.P = 275,75 = 2440519 5 
= Therefore the Principal Hoa is 275. 15s. 
= | | QuesTIon III. 


393. At what Rate per Cent. &c. Compound Intereſt, will 
2751. 155. raiſe a Stock, or amount to 3211. 135. a in three: | 
Years and an Half ? . Th | 


| P — Bi y 
_—_ = 75 | 
To find A, the Amount, per Theor. III. 


From the Logarithm of . . A 32168 2,5042 
Subtract the Logarithm of , , P = * = 2440515 


The Difference i is the Lois of Ro 1 0,066906 
ang on divide by the Tine res . - 3 37.55 


The Quotient is the Ln of R = 1,045 = 0,019116 
| Then as 1: 0,045 : : 100: 4, £ = 4x1. per Cent, the Rate re- 
quired. 5 | 5 


5 IV. 


394. In what Time will 2751. 155. ' raife a Stock of 3211. 
I 35 7d. at t the Rate of 42. per Cent. * Intereſt ? 


5 P= 275,75 
| R = 321,68. 
RIS, 1045; 
To find A, the Amount, per Theor. IV. 


5 From the Logarithm E A = 321,68 2, 507421 
Subduct the Logarithm of . . 255 = 275975 == 2:440515 


The Difference is the Loe of R 122 = 0,066906 | 
| Then 
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Then the Logar: of 1,045 = neee 3,5 =# 
57348 


95580 
wo | 4 $ 95580 


0 329 


Thus the Anſwer i is three Vears and ſix Months. | 


Mete, As the Amount of any Sum and its Intereſt is 8 
er at Compound Intereſt than at Simple Intereſt, for any Time 
above a Year, ſo it is leſs at Compound than at Simple Intereſt 
for any Time leſs than a Year, as the Learner may eaſily prove 
| by the Theorems before going. 

395. From the above Examples it appears how expeditiouſly. 
Queſtions of Compound Intereſt are ſolved by Logarithms; but 
as few People concerned in this Affair anderttand this uſeful 


Method of Computation, we ſhall next exhibit a Set of Ta- 


bles, wherein the Value of R- is expreſſed for any Time, or 
Rate of Intereſt it can be required, and then the whole Buſi- 
neſs of Compound Intereſt is done by Multiplication and Divi- 
ſion only. 

396. The firſt Table expreſles Re for Days, and is made 
from the general Theorem P R* A; thus, Put P = 1/. then 
will the Theorem be R. =A: S R = 1,051. for one 
| Year, or 365 Days, then we have R365 = A = Amount for 
one Day. This 365th Root of R may be extracted algebrai- 
cally, or be found by a large Table of Logarithms, near enough 
for Uſe: And if R = 1,05. then 1, 05368 = 1,00033680. 

= the Amount of 1/. for one Day, at the Rate of 5 per Gant. 


2 Conmpongd Intereſt, 


397. Then ſay: As 1: 1,00013368 : 1,0001 3368 
1, 00026738 = the Amount of 11. for two Days: and fo on; 
or thus, 
es 1,0001 2268 = Amount of 11. for 1 N. 
Multiply by R = 10001 3368 


| The Product is R* — 1,00026738 = = Amount for two voy 
Multiply again by R = ee | 


* 


The Product is R - 1,000401 10 = Amount for three Days. 
And 


—— 


233 


: 
t4 
& 


— — » 
2 — — — „ e 


———— ore eous 


r . 
* * — — 2 < ww — 


. 1 Table I. againſt 30 Days, under 5 25 Cent. 
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z And thus the Amounts for the Days, at the ſeveral Rates f 
| Intereſt in the firſt Table, are found. = 


398. In the ſame ROI is the ſecond Table conſtrued for 
Years; for if R* = A = 1,05/. then fay as before 1 : 1,05 


"IK 1,05: 1,1025 = 2 = Amount of 1. at the End of the 


ſecond Vear; then 1. „1025 X 1,05 1 157625 = = R — A- 
mount of 17. at the End of the third Year; and thus you pro- 


ceed for the Amounts at the End of every other Year in the 
Table. 

399. Now the Uſe of theſe Tables is extremely Rs, ; for 
let N be put for any Number in the Table; that is, let Re = 
N, then the 55 f PR*=A, will be PN A; whence 


we have P = N and fo the Amount of any Principal is known 


by multiplying the ſaid 88 by the tabular Number for the 
given Rate and Time ; and the Amount divided by the ſaid Num- 
ber os the T4 8 


% 


EXAMPLE. ” 
400. What will 2461, amount to in 30 Days, or Years = 


| at 5 per Centum? 


ſtands 8 , oo40182 
Which multiplied by the Principal . 5 „„ 1g 


— 


| The Product is the e RNLIns, VIZ, L. 247,06847 


In Table II. ES 30 ve: and 5 per Cent. is 43219424 
Which multiplied by the Principal % # M0 240 


Gives the Amount for that Time, viz. L. 106 27078 ue 


or. By the Reverſe the Principal 3 for any given 


Amount, which nceds no Example. If it happens that the 


Amount be required for any Number of Days or Tours that are 5 
not in the Tables, then obſerve this 


* 6 2 * ” "IM en : Z \ His : N 7 
PIES + % * 65 
- 2 ; i 


1 0 


# 2 re N 267; 


rote. A R 1 nian II S T al. 
: 4. E. inen FE 8 DAA 
Divide the given e of Days, or A into two ſuch,. 
Numbers as are in the Table, then multiply the Amounts. per- 
taining to each, into each other, the Product will be the As, 


mount ae ime required. l N 


% 1 | 5 . 


E * A MP FP E + | 
What will 523ʃ. amount 405 in 194 Days, at 5 per Cent. FE 


* ** * 7 £4 * 
* * + , 


# o 
+ I 


Amn $9" 4 : . i 
The two Parts of this Number in lie Tabls are 190 and 451 
therefore, O #23 04.97% * 1s Þ ati ni evimelt 3 bnd 
O mii bi; Cros Jeg!) 


| * Table [ 3 190 © IR under 5 per La is 10255228) 
And againſt 4 Day s at the ſame Rate, is .=y 570 1. 9995848, 


The Product is the Amount of 11. fo 194 0 6 
Days, vis. _ - - — N 
Which ar by the Ke Sum, Viz, 5 523 


| TIO Product is the Anſwer EE 536.7399840 
In Money, 5360 145. 9:4. 5 


| F N SAMPLE Bit 
What is the Amgay ny in 8 Yea rs 


In Table Il. agai aft 50 IYcargubder} 3A, 4 | 
And againſt $7 Yeaſs, at 8 per Cenis 


e R How ; 
=o 


The Product is e of 1% for 9 15 
VIZ, e 9 


Which e iy by the radeon 0/4 — — 150 


1 The Product 1 is the Anſwer CC 12715, 032495 
In Money, 127150. Os. 734, 


E X AMP „ 

What will 523ʃ amount to in 5 Years and 194 Days, at 
$M TY 5 1 | 7. OW 

Ne. 22. „ e In 
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In Table 1I. againſt 5 Years, at 5 per Cent. is 1.27628 16 
And the Amount of 1l. in 194 Days, as above, is OP? hs 


The product is the Amount of 21 in 5 Years 
and 194 Days ug 2 3098113 
Which multiplied by the principal 85 „ 8 


Tne product is the Anſwer, viz. = = 4 TH 0313413 
In Money, 68 50. Os. 744. | 1 


> N. B. The Reaſon of this Rule is, that the Nambers of 
; Days and Years are in arithmetrical Progreſſion, and the correſ- 
pondent Numbers in the Tablcs are in geometrical Progreſſion, 
(390) 397.) and therefore to the Addition or Sum of any two 

the former, there anſwers a — or a Product of 
the latter. (See I 32.) 


„„ - TABLES 


” A B LE 8 of CourounD INTEREST. : 


the Amount of 0 one Pound for Days, at the Rates 
of 2, 2+, 3» 3, 4, 455 5 and 6, A 


TABLE 'E 


A 


[ Days: z per Cent: 


u. 00005420 
} 2 1.000185 
1 3 1.000627 
4 11.000270 
15 110002713 
J——]| — 
1 6 [r.00032z55 
| 7 03798 
8 [1.0004341 
19 [|1.0004384 
8 1 Sees e 
20” tio010856| 
30 J1:cor622%9 


50 [4,0027163 


60' [1,0032605f 

| 70 1,0038049] 
180 [1.0043497 
90 110045947 
100 [1.0054401 
1110 Mn, 
| 120 fi. 0065 316 
130 [1.0070779 


140 [1.0076244 
150 [1.0081712 


4 0172 f 


per C. 3 per Cent. 


4 — — 


— 


1.0004050 


1. 004736 1.0005670][t. 
1. 00541211. 0005480 
1. oooboge] f. 0072911. 


1.000676 


10013539 
1. 0020315 
1.027097 
1.033882 
1. 0040673 
1.047468 
1.05426 
1.006 107101 
1. 0067880 


. 0074693 


1.081511 
1. 0088334 
1.0095 101 


10101993 


— — | 


1.c000676| :.c000809[1.00 
1.000135 31. 00016191. 
t. 0020291. c00 242911. 
1. 9002706 1,0003 2401. 


1.COO4050 


1,0004860[1. 


1. 005 101 | 


t.0016209 1. 018867 
1.00243 24/1. 028315 
1.032445]. 0037771 
. 040573]. 042236 
',004870811.0056710 
1.005849 1.006619 

1.006 4996 1.005685 
1.007311. 0085 186 
1. 081311. 0094696 


1. 0894791. 01042 14 


. oc 965 301.01 13742 
1.0105834/1 0123279 
1.0114021|t.0132825 
f.OI22215|11.01423709 


„ Att 


— 


| 


1.0108829 


160 . 0087183 


2 


1.01304151.015 19043 


TABLE 


4 £ 

; — 
n 
— FIR 


= 4 
2 3 
1 
Pr 
7 A 

7 

=O 
4 is 
4 : 4 ws 
of 19 

a © 
d 1 

5 

Fs 
* | 

= 

” = 
-- Us 

15 

« 

74 x) 

7 1 1. 

A 8 
1 4 
«© WP 

1 

* — F 

._ - 

17 

** 

4 T 
1 
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The Amount 
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* * 
WAA 9 23. 


TI 


1119.4 4, 


1 2 B L E I. 


29 * 


; \ 


LAG yy 


24M 8 


„ 


35 


D 


lo 


4 


of one Pound, Compound Intro, 


t 


Days. 


4 per Cent. 


1.090107 4 
. 4 


o 


Al,00042G5 
p N 555. 


e849 
17 524 


[1. ed Sd. 


12999075 
1. 801 9551 1. 


: — 
1. 0021513 
HK L993 228811 


10043024 


* 8587685 
O D 

ir 
2 116035591 


24080 


110086333] 
110097172 
10198933 


. 


2977 
10 2275 


1.0151572ʃt 


1.016243; 


42 per Cent. 


l 0001206 


1 »0CQ2415 « 
x. c093618 
i 0004824 
10026031 


1.c007238| 


1.0203445 


1090207. 
1-Q:04011 


1.boohgs5 
Re * 


1. 8 
1.0009361. 


1.000965 2[1 010699 


030248 


1 0000479, 


1100726 18 


[1.0010859] 1 


* 9012 2000.1 
1 {987 7 MITT ERS 
10048354, 


513379 


1.00401 82 


—— 


1 0067955 


(09847735 ges 


149090942 
101991 2501 
0221826 #9138559 ö 
1133537 


10145765 


1,015 3007 


101702651 
1.01825 37 


10173412 


120194824 


18788857 
0121831 


1014 


18161599 
10175291 
1. 0188902 
1. 0202531 
— . — 9 


1.005 3441 


5 


1100805 250 


125 I, . 
70219340 
1. 0209701 
10226013 


1.024235 
1 9258715 


5 per Cent. ſo pen Cent. 


1. 00013361. 000596 


q 


1.co07985| 


1. oo0319 
1.000479 
1.000038 


co 
1001118 


1.001277 


2 —_— 


— 


; 


! 
: 


TABLE 


F AGE 


ABL 


— ft — ͤ — — TT ISL 


B R A. 


E 1. 


The Amount * oy Pound, ound her. 


is 


1 2 fer C 


76552650 r. or 15670 


o 1. 0098135191225 16 


1.010361 5 t. 9129366 
1,0109098;T. 0136221) 


0 bh 0114584[1.0143081]r, 


| — 


I 0120073 t 749945 


oO i[1.0125565]1.015481417 
40 [1:0131066[t.01 368701 
50 f 0136558 1. 01705651 


101806491. 0225758 


101861741. 0232679 
1.191702. 0239603 


1.9197233|1.02465 33 


1.019944 
1. 0200000 


1.0250000 


f oe | 


1.0249306[1.029916; 


3 f C. 


0167516 


1 .q738624 
r.01 1555 1.01710 
T 21 6059 


0 
12 2e 
r.9 17167 1.199897 
10 875 7] are 
800 Pr. 
0 $6260 10228778 


2047 280.0238424 


8 10142059. 5177448 Br 78 j 
1:0147563[1.0184336]1. dies 71 N 625774 % 
1.01830 701.0191 22801. 022934201 92540 
1.018 85801. 198125102371 3501. 277 
1.016409; . 2050261. 4924. 0286780 
310 101696091. 02119321. 025 42251. 0296486 
1.017512711.0218843[1.0262532 1.0306195 


11.027084711.0315914 
E: 3 1.032564 
1.0287495[1.0335378 
. b hs 011-9345 123 


[1.0197786[1.0247226 10296664 I 0346098 


: |1.0198340f1.0247919]1.0297497[t.0347073 
| 1 1. 0248613 


10298331 10348049 8 


1. 03490244 
1.030000"[1.0350000 | 


TABLE 


| The Amount of one Pound, Compound-Intereft. 


INSTITUTIONS. 


4 [ 4327014 


ne Fey 
1.0228218 


0239215 
1. 0250233 
1.0361 243 
9282776 
; 42294375 


1.0305 443 


— 


1. 0397765 


1 2 
1.0360g6c 

1.037 2099 
1.0383250 
1.0 39441 3 


1.03955 30 
10396648 


10398882 


_ (1.0400000 


4 er Cent. 41 per Cent. 


1.184350 7126 


F [-2195299 140219443] 


1.02688 580 


— — 


.024412c 


1.0281 249 
1.029365 

9 2 5 
1.318512 


1.03 30963 
10343429 

1.035918. 
. 0368400 
i 038391 7 


0393444 
1.045935 
1. 0418542 
1.431114 
1.0443700| 


454449650 
1.442200 


——— — 


n 


1.0229343 
12223525 
1.028694% 
1.284687 


1.0298 4. 
10312219 
= 0326013 


1.033982 


10353656 


1.536750 
12381373 
1.395259 
1.0409 164 


| [ O42 308 7 


. 0437029 
1.0459990 
! 0464969 
. nandgs 


1. 0494387 
10497193 


104985961. 


1.0450000[ 


! .0492984]t 


| 636 C. 
1.0275 105 
10291522 
1.307964 


1.04071 74 
I 942 3800 


x 0449454 
l 045 7 135 
10473842 


1.05 24124 
1. 054093 


1. 0574647 


f 0324433 
10340928 


—0¹545 


n — RE II 
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1.0373998] 
(.0390572] 


1.2490576] 
1.0507330 


10557779 


1. 0500000 


2  ——— 


TABLE 


1.593233 
4957901. 
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TABLE 1. 


of ALG 1 BR A. = 


of Couroynn InTezzs7, 


The Amount of one Pound for Years, at the Rates 
F 2, 2%, 3, 37, 4, #5 5, and 6, per Cent. 


per r Annum. 
Years. |2 per Ge 2 f per Cent. 3 per Cent. 32 per Cent. | 
1 1 }1.902000001.0250000[1.0300000[1.0350000 
| 2 [1.0404000|1.0506250[1.0609000[1,0712250 
+ 4 In .0612030]1, .0768906]1.0927270[1.1aB7178] 
4 11.082432151.103812811.1255088{1.1475230| - 
5s |[1.1040808|1.1314082 1.159274} 1.1870863 
65 1.1261624[1.1596934 101948523] 1.2292553 
7 |1.1486856]1.188685 511.2298733[1.2722792| 
8 [1.1716593]1-2184029{1.2667700]1 3 168098 
9 ]1:19509925 124886291. 304773 101.3628973 
110  [1.2189944[1.2800845]1.3439163[1.4105987 
111.2433743 r. 31203661. 38423381. 4599697 
12 1.26824171.3448888 8.427608. 5110686 
13 1.2936066 1.3785 11011. 4685 3371.563960 
14 1.3194787|1.4129738 1.gi2589711.6180945 | 
15 [1.345868311.4482981]1. 5579654 1.607534833 | 
16 [1.3727857]1-4845056;1. 6047064 1. 7339860 
17 1.400241401.5 216182165 28476] 1.7946755 
18 [1.4282462|[1.559658711.7024330[1. 8574892 
| 19 [1.4568111[1.5986;01[1.7535c6c|i.g2z25013 
20 . 4859474 1.6386164[1.8061112]1 9897888 
1 1.5 156663 1.67958 181.8602945 2.594314 . 
22 8482595 1.7215714ʃ1.9161034]02. 13151151 
23 1. 57689921. 764610601 .9735865|2.2061144 
24 1608437201. 80872592z.03279412. 2833284 
. 25 3 6405059 11.85 3944.937779 12. 3632449 
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T A B L E II. 


AAA 8 JOAN 


þ 
i 
# 


. * bf £ 
z 
GIS a % 4 * J of 4 a *% 
2 1 2 4 
93 3 * * 4 8 K* N 2 


Years. 4 per Cent X per Cent. 5 per Cent. |6 per Cent 


]:.0405000[1.045000c[1.95c0200 
1.509816000[r:092025c[r;r025c009 
41124854001. 141166101. 1576250 

1.269858 1.1925 180/11 215506301 
1.21665 29/1, 2401819]1 2762816 
1. 2653190 1.30 226011. $3490956 
[.3159318j1.,30086018|1.407 1004 
1.368559 11.422 10061. 4774554 
1.4233118[1.4860951|1.5513282 
1.4802443]1- 55 296940 5288946 


| [.5394541 1 62285 30/1. 7103393 
1.6010322[1.6938814|1.7955503 
- 1.6650735 t.7721964[1.S156471 
17316764, 5519449] 1.97993 i6| 
. 8609735. 3452834 25 3789282 


—  — 


— —— — 1 


1.87298 12 2.022701 2. 1828746 
1. 9479005 z. 113376802. 2920113 
2.0258165j2. 20847872. 4066192 
2. 106849202 30786032. 5269502 

2.91123 102 411714902 6532977 


2. 2737681 2.5 2021 I! 27858626 


1 .0620000 
1. 123600 


1. 2624769 
1.3382250 


14185191 


15938481 


l 6894703 | ; | 


1.7905477 


— ——¼.ꝑũ 


1. 8982980 I 


2.0121995 
Pol 329293 
2 5 


2.54523 17 | £ 
2.6027728' 


2.8543392 


3-025 5995 


3-2071355 
3 3995636 


. [2.3699188j2.6433652212.9252007 


| 2343 304212-27 0083, 3. 3663; 
2.058303 3905434415; 


42.4647155 2.7 52160313. 071523853. 
3 


4.489340 
4. 28 870% 
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r „ „ 


The Amount 5 one e 4 Compound: Inter 5 


1.1910160| 


1.5030303] 


OGO 9 | ' 
23965502] | 
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TABLE H- 
The Amount of one Pound, Compound- Intereſt, 


1 — — — — 1 


Trars. |2 per Cent. 24 per Cent. 3 per Cent. [35 per Cent. 
r 1 
26 [1.6734181][1.9902927]2.1565912[2.4459585]. 
27 1. 70688641. 947 8000 z. 22128902z. 5315871 
28 1.740242. 996495002. 28792762. 62017 19 
29 177584462. 0464073 ½2.3568655 2065377 
| 30 [1.8113615]2.0975675|2.4272624|2.8067937 
31 [1.8475888[2.1500067]2.5000803[2-9050314| 
32 1.8845 40512. 20375692. 57 568273. 067075 
23 1.92223 14/2. 25885082.65 233523. 1119423 
34 1.96067602. 315322102. 731905303. 2208603 
{| 25 1.999889. 373205102. 813862403·333 5904 
36 2. 03988732. 432535 302. 898278303.4502661 
37 J.o80685c 2.4933487 2.985 226603. 37102544 
38 [2.1222987[2.5556824;3.0747834}3-696011 3 
39 [21047447 2.6195744|3-1670269 38253717] 
40  [2.2080396;2.6850638[3.262037713-9592597 


0 598989 40978338 


A [2.2522004 . 7521904 3 

I 42 2. 29794442. 82099573 | 
|. -43 [2-3431893]2.8915500[3.5645 1674389702. 
44 |2-390053112.9638080[3.671452214-5433416] 

45 [2-437854213-937903213-7815958[4-7023585] 
I; 1 46 |2.4866112[3.1138508[3.8950437]4-8669411 
| 47 [-534343513-191697114.0118950[5.9372540 
48 [}2.587070313-2714895 4.1322518|5.2135889 | 
49 [2.6388117[3.3532768]4.2562194[5.3909645} 
50 [2.691588013.43710871[4.383g0t0[5-5849268 


3598c | 
450695 804.2412579 
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TABL E 
The Amount of one Pound Compound. Intereff ; 


——__— n 


——_—____—— 


= | 


INSTITUTIONS 


5 


| ears. [4 per Cent. 44 ber Cent. 5 per Cent. 6 per Cent. 
26 j2.7724697{3.1406790] 3.555627 4-5493829 
"| 27 [z-8833685[3.282cog5} 3.7334363f 43223459 
28 [12.998703313.4296999f 3 9201291 5. 11168660 
29 3.11865 143.5840364 14781576 54183878 
30 [3-243397513-74531S1] 4.3219424/ 5-743491!] 
31 [3-3731334|3-9138574f 4.580395 6.0881006 
32 3.308058 9910 4. 7049415 6.45 33866 
8 13+ 6483811 4.2740301| 5.0031885} 6.8405 898 
34 |3-794316314.4663615; 52533480 7.2510252 
35 3-9460689 40673478 5.5 160154 76860869 | 
36 [4-1030325/4.8773784 5: 7918161] 8.1472519 
37 [4-2620898|5.0968604| 6.08 14069 8.6360870| 
38 [14-438813415.3262192] 6.3854773| 9.1542523 
39 [4-616365915.5658990 6.704751 9.7035074] 
40 4. 8010206 5 ez 7.399887 10. 2857178 
22 | 
41 [4-9930614 0 3 3919881 10.9022609 
| 42 5-192783916.3516154 7.7615875]11.5570326| 
| 43 13-4004932[6.63743S1] 8. eee 
4+ [5-6165150[6.9361229] 8.557 1503.984818 
1 45 Fre. 2 bree cho 
46 (6.0748 227.5744196 94342582014. 5904873 
47 16.317815617.91 52684] 9.9059711115.4659166 
48 [6.5705282[8.2714555110.4912696116.3938716| 
49 [6.8333493[8.6436710[10.9213331[17.3775039] 
50 TER 9: 0326362|11, ee eee 4 


2— 
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f, ALGEBRA, 177, 
402. The Conſtruction of Table II. is by Theorem II. viz. 


A 
N =P, P, the preſent Worth or V ud of one Pound, which is 


here to be conſidered as the Amount; therefore if A=17. R 
= 1,05, and 1 = I, 2, 3, 4» 5, and Years, as before; *tis e- 
vident that Unity, or 1, being divided by the Numbers in the 
ſecond Table (deſigned by Ri) will give the Numbers in this 
third Table, or the preſent Values of 11. for the Tabular Years, 
and 5 per Cent. and fo for any other Rate of Intereſt, 


Exempli at 5 per Cent. 3 


= >£295 5 (82367) 7 
8 11025 5 9070297 7 88 2 
8 1174 9 | 822785 5 3 
S 2% 1,21550025\ ©. 227020 2 2 54 
— 1.276281 | — 783526 8 C5 


403. The Uſe of the Table i is very eaſy, as vil appear e 


the following Example. 
What is the preſent Worth of 2467 due at the End of 30 


Years, allowing 5 per Cent. Compound Intereſt ? 


In Table III. againſt the given Time and 
Rate, is the Number 355 92313775 


Which multiply by the given dumm 24 
The product is the projet. Morth N 4. 5, 9.1 189, Sc. 


404. Note, in this Table you have the ener for whole 
Lean only; but if the Time conſiſts of Years, and Parts of « 

Vear, you take the Difference between the two contiguous 
whole Years, and then a proportional Part of that bee 
ſubducted from the tabular Number of the given Years, wilt - 
be the avoir Number Lats, for the oo TI | 
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17 A B L E III. 


a ö Of dontopes | IxTEREVS r. - 
40 5. The preſent Worth of 0 one Pound for Years „ai 


the Rates of 2, 2+, 3: 34, 4, 44 5» and 6, 
FL Cent. per Annum. 
Years. 2 per C. [a 1 per C. 3 per C. 
1 4.980392 19756097 9708738. 
2 -96316871.9518144[.9425959]- 
3 |-94232231-9285994[.9151417]. 
4 . 9238454J˙ 2559500888487 
5 ba thei 88385 420.8626088. 
0 |8879713þ8622968|.8374843] 
7 J. 87056010. 8412653]. 8130915. 
8 J.85 349030. 8207465. 894092 
9 |.8367552[.80072831.7664 167]. 
10 1 3203483]-78119841.7 449939]: 
= Ak J. 8042630 7621447. 72242130 
12 788493 10.743555 80.013799. 
13 7730325. 7254203. 68095 13]. 
144 75787 500.7077 272.6611178 
15 -74391471-09046551-641 8619]. 
16 . 728445 86736249. 623 1669. 
17 .71416256571950 6050164. 
18 . 00159 3/,6411659.. 5873946. 
19 6864307. 625 5 277.5702860. 
20 67207 3517583758 
21 '|-65977581.59538621.5375493]- 
22 J. 6468 390˙5 808646 52789250 6 
23 6341559 3665972565917 
24 6217214552875 34919337 
25 [:6095308|.3353905 W a 


YALGEBRA-, wy 


TABLE III. 


De projent Worth of one Pound, Compound-Intereſty 


; [.5339082 


—_ 


9615385 
1.9245 562 
8889964 
8548042 
. 8219281 


7903145 
7306902 


{6755042 


11 6495 80g. 


6245971 
6005 741 
5774751 


5133733 
4936281 
44746424 


4388336 
14219554 


4 per C. [43 per C. 


J. 7025867. 


4944693 
47317641-4362967]. 
45 28004. 415 520%. 
4433301 80. 3957340. 
o 4563870. 4464293768895. 


39678740. 


4057263 


4 


3797009. 3 
3633 501, 


A 


5 
-9569378|-9523810 
-01572991-9070295 
.8762966[.8638376 
.8385613[.8227025 
80245 110.7835 262 
7618957. 7462 1540. 
.7599178ʃ.7348285 . 0 
703185 1067683940. 6 
6729044. 6446089. 
6439276139133 
6161987J.5846793 . 
5896639. 5568374490 
56427 16.5303 214. 
5399729. 5050679. 
55526455 1672040. 4810171 


3255713. 
39012 15-3477035. 3 100679. 
375 1168.332730. 2953028]. 


— 


per C. 6 


her C. 
ö 
2225 
8899904 
8396193 
7920937 
7472582 
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. TA B LE III. 
fh Worth fer ne Cmprant-Intere 
4 Years. Ee C. [24 per 3 per C.|3% per C. 
4 | 26 5978793]. .5262347|-4636047|-4038378] 
1 27 J.58586200.5 133997. 4501891395123 
4 28 (5743746. 5008778. 4370%68ʃ.3816543 
4 29 563112348866 3].4243464|-3687482 
30 5520709. 47674 4119868. 3562784 
i 31 j-5412460].4551148|.39998711-3442304 
4 32 [-53<0333[-4537706[.388337c[-3325897 
4 33 5202287. 4427030. 3770263. 32 13427 
34 |-51002821:43190531.3660499].3104761 
4 35 [59902761-42137111.3553834-2999769 
. 2 To EH 
1 | 35. 490223 2. 110937. 3450324289832 
. 4806109. 401067 1. 3349829. 28003 16 
1 © 38 1-4711872[-391 2849]. .3252262|.2705619 
4 39 .4619482.3817414½/3 5753602614125 
A . 4 45289043724 306. 3005580. 2515725 
1 W a FR, „ +5) n Mtn 325 
9 I 41 [-44401021.3633470|-2976280ſ-2440314 
1 42 $305041 1-35 4404612089592 
4 43 © [-4267608[.345S389|.2805429]. 
. ] 44 . 84008. 3374038272371 
© 1 45 }-41019691.3291744[-2644386|. 
q —_— " — | 
Þ 46  |-49215371-32114581.2567395 
47 eee. 
48 3865 376.3056712. 2419988. 
j | 49. . ieee | 
| s | 50 beth: eee 17905 34| 
þ þ — — — -b — — 
| | | 


"The preſent Worth ier Pond, cad hut. 


T A B L E I. 
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4 ALGEBR A, 


Years. [4 per C. 44 per C. 5 ner C. | 
26 [.3606892/.318402;|.2812407|. 
2 | 27 -34681661. 3046914]. 2678483 
2 2 TTC 97e 550936. 
29 J. 32065 14]. 2790150 2429463). 
30 3 2670000. 2313775]. 
| 31 |-2964603)-2555024|2203595| 
32 |-2850579]-2444999]-2098662 
| 33 -274094 24233971 24-19987621 
34 2635521 2238959. 1903548. 
35 2534155½21425 441812903. 
36 2436687. 2050282. 1726574]. 
37 J. 2342969. 19619921. 1644356. 
38 [|-2252854{.1877504|. 1565054. 
39 . 2166206. 179665 5 1491479. 
40 b ee e e 142045. 
141 0b gd agi Stade 7 700 8 
42 1925749. 1874403. 1288396 0865 274 
43 {-1851682}. 158051227044. 81629 | 
| 4+ | .1180464].-1441728|.1 16861 3].0770091 
45 17119840. 13796440. 1112965. 726501 
FCC heal e Cad 
46 1.1647139]. 320233]. 1059967|.0685378 
47 q-1582826|.1263381[.1009492] 06465 83 
48 . 1521948. 1208977. 0961421 6099844 
49 [-1463411}.11569161[.9915639].0575457] | 
50 eee een, 


445. The 


bY 
E 
*. 
* 
I 


. 


» 
3 n e 2 N wy E 2 


= 
4 * — 
+ FE eee 


- 
_ 
2 Bo ec r pe pgs AT Y 
—— n "wy 3 8 * e 


— _ — tg ee 
. 


a» bs, oor ene 


182 INSTITUTIONS 


406. Theorems be all Dueftions relating to \ Annuities, Sc. 
in Areas calculated at Compound Interes- 


8 2 80 Sone Pound, and its Intereſt for one Y ear, As before. 
U = the firft Year 8 Rent without Intereſt. 15 


Then RU : the Amount of the firſt Year' $ Rent, and its 
Intereſt. 

And hence is fort the following Fagan 4 of 1 
in continued peel e 


1. . . 5. 395 the Years. 
Thus 2 UR UR U UR*+ Un- # Ke. the Amounts. | 


Hence U+UR+UR*+ UR3+UR = A, the Amount of 


any yearly Rent, or Annuity, forborn five Years. 
Now the laſt Term in the above Series is UR*= URt=, © 
Therefore A — UR. = the Sum of all the Antecedents. 
And A- U the Sum of all the Conſequents in the | 

Series. | 


So that it will ba U: RU: A- UR; AU. 2 , 
Therefore AU UU = RUA — UUR*. Divide all by U. 
Then A —U= = RA UR. The General Theorem. 


407. From hence we deduce the 1 particular l Theo- 
rems, vix. 


| Given U. R, t, to find A? 


Theorem 1. * 
R—1 
* A, R, t, to find U? 
. 


Given 


® For in any geometrical Series, it will be as any one Sane 
1s to its Conſequent, ſo is the Sum of all the Antecedents to the Sum 
of all the Conſequents; thus, let the Series be a: 4 :: 2 : 
424: ; an: a, Cc, Then as a:ar: e e ee 

Sc.: ar+ ar +aii arm, &c. for the Product of the two Ex- 
tremes is evidently equal to the Product of the two Means, (138. ) 
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| Given N. to IE ? 


8 A 
U 


Given A, , -to find R? -- 


Theorem IV. o R — Rt-= 2 12 U. 


Theorem III. = Re. 


QUESTION i 


408. If 30l. yearly Rent be forborn, or a nine Years, 
what will it amount to at the Rate of 61. Per Cent. &c, Com- 
pound-] ntereſt ? ? 


9 


Here is given K =0 * find A, per Theorem L 
106 | | 
In the Guſt Place, let R = 5 1250 = , o25 305 
Be involved to the gth 5 0 viz. Rt) — 


| That will be „ 2 1, 689451 = = 0,227745 : 
Multiply by - „„ 30 1477121 


| The product s ũ - N = , 
From that ſubtract - - U = 30 . 8 
The Remainder is the Dividend = 20, 68353 = URf — U. 
Divide therefore - URt —U = 20,68353 = 1,315626 
5 By * - ' R—1=- . 0,06 = 8,778151 


'The Outed „ 4 = 1. 344.7267 = = 2,537475 
That is the Amount = 3440. 14s. Gd. the Anſwer. 
QuEsTION II. 


409. What PER 31. 10s. per Cont. Competent 


will raiſe a — — of 564 55. being ferborn 8 8 Years ? 


| = 34425 
Here is given * = 1,035 (To find U, MF Theorem II. 
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Take the Amount A = 344,25 
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15 Multiply the Amount 5 A2S 344,25 _ 2,536874 


By the Rate J R = 1,035 = , 14940 
From that Product 1 55 RA = 356, 29875 = = — B14 


Subtract the Amount = A = 244,25: 


The Remainder is RA A2 12,0487 5, the Dividend. 


Then involve EO R = 1,035 = 0,014940 
To the 8th Power, vez. Rt 8 . 8 


That Power will be - R= = 1, 316803 = 0,1 19520 


The ſame leſs Unity is Rt — 1 = o, 316803, the Diviſor. 


: "Therefore divide - RA—A= 12,04875 = = 1,080908 


BD --- - Rt—1= 0,316803 = = 9,500785 


The Quotient is 5 OS, = 38,0297 = 1,580123 


The Annuity therefore which was ſought, is found to be 
aBp297h = = 380. os. 7d. per Ann. Anſwer. 


QuesT1on III. 


410. In what Time will 381. 0s.. 74. raiſe a Stock of 3441. 
5s. at 3l. 10s. per Cent. per Ann. CI? 


| | U = 38,0297 
Here is given} = 24438 5 find 2, per Theorem II. 
= CR = 1,035 | 
Firſt multiply the Amount = 144,25 = 2.536874 


By the given Rate — 3 == = 194355 O0I4940 


To that Product . RA = 356,20875 = 2551814 


Add the Annuity - U 38,0297 


From the Sum - R A+U = 394, 32845 


Remainder i 
. Dividend 2. RAT U- A= 50, 7845 = 1, 699651 


Which divide b - - U = 38, 0297 = 1, 580123 
The Quotient will be - Re = 1, 316803 = , 119528 


Then 


— —_— — 1 —— 4 
— — — 1 — ee > 
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Then divide 1,316803 continually by the 145 1,035 until 


nothing remains, and the Number of thoſe Diviſions will be 8 
= #t = Time required. - 

But much better by the N ts in Table II. where under 

the given Rate 1,035, you will find the Number 1, 316809, 

againſt which, by the Side, is eight Years, the Time OA 


(396, 3975 398.) 


Quzsrion Iv. 


411. At what Rate per Cent. Compound- Intereſt, will 3ol. 
yearly Rent, being forborn, or unpaid, nine Years, amount to 


3444. 145. 644. 


U=20 . 
Here s = = Fant find R, per Theor. IV. 
$ = 9 5 

| | Firſt divide the Amount A 34497267 = = 2537475 

By the Annuity = „ Cm = 1,477121 
JJ I ET 

The Quotient is - = F = 1724909 = 1000354 
A | 

R is TO " 8 — e = 2,497933 
Which divide b - - U= 30 = 1,47712L 

The Quotient is ON av _ = 10,49014 = = 1,020812 


| Now Re = Ro. Therefore the Theorem affords this wy 
tion, viz. 11,4909 R — R = 10, 49014. e 


This being a very high Equation, requires ho Aſfiſtance os 
Algebra, to be found farther on; but as this Value of R may 
be nearly determined by the Tables, with the utmoſt Eaſe, I 

ſhall next proceed to ſhew | 


Bb2. _ The 


Tn 


—— uh. 
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The Confiruttion of TABLE IV. 


412. The Conſtruction of Table IV. is from Theorem I. 
IFF 
eee = A. Now 


— 1 


of Annuities, &c. in Arrears, VIZ. 


as it is U = = x. E 1, o5, as before, then the Theorem | 


vill tebroughtto — = A, the Amount of II. | Annuity 


5 
for the Number of 3 deſigned by t. That is, from (Rt) 
the Numbers in the ſecond Table, ſubtract Unity, or 1. The 
Remainder, divided by 505 (orR— 1) gives the Numbers in 
the fourth Table. 1 


ETD 5 ty 2,05 3 5 4 
232 BE Os NS 
2 8 8 Jp157025 33,1525 C8 83 %, 
E 57 S# 521550025 2 [4310125\ 28 /4 8 
88 8 > 27628156“ 8 5525031 / << (5 
And thus you proceed for any other Rate of Intereſt. 


413. The Uſe of this Table take | in the following In- 


ances. 

Againſt 9 Yeats, and under x 5 Tay yOu | 55 
nd the Number — > 115491 3162 

Which multiply by the Annuity Ry J 


The Product is the preſent Worth — L. 344, 7394860 
Which is nearly the ſame as per Theorem I, (408.) 


414. Again; in the Equation 11,4909 R — RS = 10, 49014, 
(41 1.) it will be eaſy to ſee, that R muſt be ſuch a Rate in 
Table II. againſt 9 Years, that the Number anſwering to 
it, added to 10, 49014, muſt be but little leſs than 11,4909; 
decauſe 11,4909 R = Oey + Re: : If we but lightly 
examine 


they are too ſmall; if we take that under 6 per Cent. viz. R 
— 1, 689479, and add to it 10, 49014, the Sum is 12, 17962, 
and 11,4909 X 1,06 = 12, 1803, Cc. nearly the ſame; and 


therefore ſhews the Has: allowed was 6 ny Cent. as re- 


quired. 
This Inſtance is 3 to ſhew the extreme Uſe of Ta- 


bles, not only to thoſe who do not underſtand Algebra, but 
even to thoſe who do. 


@ N 5 «A 
EAT __ 


Ge j 
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examine the Numbers under 4, 42, and 5 per Cent. we find 


186 


415. The Amount of one Pound pr Ann. or Annuity, 
for Years, at the Rates of 2, 
8. and 6, er Cent. per Annum. 


+. TARLE Iv. 
Of Courouxp INTEREST, 


INSTITUTIONS 


4, 3s 37, 45 4:3 


—— 


| 


— 


2 1 per Cent. 


1.0000000 
| 2.0250000 
3.0756230| 
41525156 
5˙2 563285 


6.3877367 
7+5474302] 
8.7361159 


99545188 
11. 20338 18 


12.48 34663 
13.795530 
115.1404418 
16.5 1895 28 
197.9319267 
19.3 802248 
20. 8647304 
22. 3863487 
23. 946009 
25.5446576 
27.1832740 
28.8628559 


30-5844273 


32-3490379 


| Years. | 2 per Cent. 
I 1.00000C0 
2 | 2.0200000 
3 {| 3.06040cc 
4 j 4-1216080 
5 | $.2040402 
6 | 6.3081210| 
7 | 74342934 
8 | 8.5829691 
9 | 9.7546284| 
10 lid. 9497210 
11 121687158 
12 [13.4120897 
13 [14.0803315 
14 115.9739381 
15 17.2934769 
16 18.639285 3 
17 120.0120719 
18 211.4123124 
19 22. 84055 86 
20 24.297398 
21 125.7833172 
22 27. 2989835 
23 128.8440632 
24 30. 4218625 
| 25 132.0302997 
I "ES | 


34-1577039 


3 per Cent. 
I .COOOOOO 
2. 0300000 
3.0909000 
4.18360270 
5-3091 358] 


e 
7. 6624622 
8. 8923360 
10.1591061 
11.4038793 


2. 8077957 
14. 1920290 
15.6177904 
17.0803242 
23929139 
20. 1568813 
217615877 
234144354 
25.168684 


26.8703745 


28.676485 7 
30. 5 367803 
32.45 28837 
34.426470 


364592643 


1 — 
8 


1 — 


14 per Cent. 


I .0000000 
2.0350000 
3-1062250 
4-2149429 
5.3624659 
6.5501522 
7-7794975 
9.05 16866 
10.3684958 
[1.7313931 
13.149919 
14.601966 
16. 1130303 
17.6769864 
19. 2956809 


20.97 10297 
22. 7050158 
24. 4996913 
26. 35718051 
28. 2796818 


30. 2694 
32.3 289022 
344004137 
36.6665 282 


38.949856 


WO WEI 


— 


TABLE 


" f.ALOGEBRA: . 
TABLE. 


The Amount of one Pound, Annuity, Compound- 
i Intereſt. | 


Years. 4 per . | 4 & per 3 5 per C. 1 6 per "vg 


1.0000000| 1.000000c] 1.0000000| 1.000000 e 
| 2.0400000| 2.045000c| 2.0500000| 2.060co000 | 
3-1216000| 3. 1370250 3.1525000| 3.1836000 
| 4 2464640 4.2781911] 4.3101250| 4.3746016 
5.4163226| 5-4707097] 5.52563 120 5. 6370930 


— — —AeT:t:— — — mea - 


6.632975 5 6.71689 176.8019128] 6.9753187 | 
7. 8982945 8.01915 18 8. 1420084 8. 3938378 
921422630 9.38001 36 9.549 1089 9.897468 1 
10.5 82795 3010. 802 11421 1. 0265643114913 1624 
12.006107 1012.288209 412.5778925 1 3. 1807958 
11 3.48635 14013. 8411788014.206787 114.9716435 
12 15.025 805 515. 464031801 5. 917126516. 8699420 
13 [16.6268377|17.15991 33]17-7129829118.8821 385 | 
14 |18.2919112[18.9321094[19.5986320[21,0150667 | 
15 [20.0235876120.7840543]21-5785636[23.2759707| 
16 [21.8245311122-7143367123-6574918[25.6725289 
17 [|23.6975124|24.7417069[25.8403604[28.2128806 
18 [25.6454129126.8550837[28.1323847130-9056534 | 
19 [27.6712294[29.0635625130.539c039133-7599925 | 
20 |29.7780786131.3714228133.0059541130.7855920] 


hea fone ma 


6 


— 1 — — — . ——.——ů—vx́. —- 


21 [31.9692017[33.7831368]35-7192518139.9927275 | 
22 [34-2479698130.3033779]38. 5052144143-3922911] 
23 36.6178886038.93 70299041. 430475 146.995 8285 
24 39.082604 104 1.689 1963 044.50 1998950. 8155782 

141.6459083 44.565 2101147. 7270988054. 8645 128 | 8 


1 1 * 2 8 


0 
, 1 


TABLE 


— — 


—— Soo HH —— U — — ———ů —ͤ—h FR 
a - _ #7 - + * — — o . 
o * — A — s « - 
> b u "A 8 3 
— — — 1—— 2 
S on Tondo Bo ee od WIR. es <4. I 
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INSTITUTIONS 


TABLE Iv. 


Intereft 


33.670905 
35.3443238 
37.05 12103 
38.7922345 


— 


758.2372384 
50. 4019832 


2 per C. | 2 2 


36.011708 
37.91 20007 


39.859800 
41.856295 8 


40. 568079243. 9027032 


42. 3794408046. 0202707 
44. 227029648. 1502775 
46111870250. 3540345 
48.03 380165 2.6128653 


49. 9944770[54-9282074 


— —U—U— 


51.9943672[57.3014126 
54. 9342545 5$9-7339479] 66. 
4551149396 


62.2272966 


64.782979 
67. 4025535 


61.6100 228 

64. 2 

205 59407 
511 


9.502 


ee 


70.0876 174 
72. 8398078 
8075. 6608030 
78.552323 
81.5161312 


74.330864 


76.81 7175887 


25 3535193 
817.9405697 


845794015 


84.540344 
6678853 
90.8595 824 
94. 1310729 


97.4843488 


112.7968673 


| ; per C. 


38.5 530422 
40.796335 
42.93 5 
45.218850 
475754157 


50.0026782 
52.502758; 
55-0778413 
57-7391765 
60.4620818 


63.2759443 
1742226 
69. 1594493 
72.2342327 
754012597 


31 ber C. 


— — 
1 


41.31310171 


43.759060 
46. 2906273 
48.907993 
151.6226773 


54.429479 


573345925 


60. 3412101 
653.4731524 
66.6740 127 


70.0076032 
73-4578093 
77-0288947 
80. 7249060 
84.5 502778 


78.663 2975 
82.231964 
85.4838923 
89.0484191 
92.7198614 


88.5095 375 
92. 6073713 


96.8486293 5 


101.2383313 
105.7816729 


96. 50141 72 
100. 3965009 
104.4083960 
108.5406479 


110.4840318 
115.3849720 
120.3882560 
125.6018480 


130.9979100 


N Amount of one Pound, Annui 05 Compound- 


< 
— _—_—__ — 


— — 


N * 


e OS 
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Bhs A B L E IV. 

7 be. Amount ** one Pound, Annuity 28 

| — ; 

| Years. 4 fer C. 4E per C. 5 per C. | 6 per C. | 
26 | 44-3117446] 47-5706446| 51. 1134538 59.1563827 | 

27 | 47-0842144| 50.7113236| 546691265] 63.7057657 

28 | 49.9675830| 53.9933332] 58.4025828]| 68.5281116 

29 | 52.9662863 57.4230332j 0232271191 73.0397983 

| 39 |. 56.0349377] 61.0070698 66.4388475 79.0581862 
| 3: | 59-3283352| 64-7523878] 70.7607899] 84.8016774 | 

32 |, 62.701468-| 68.6662452| 75.2988294| 90.8897780 

#7 '66. 2005 27% 72-7562203] 80.c637708] 97. 3431647 
34 | 69.8579c45 77-0322565} 85.0609594|[124-1837546]. 

35 | 73-6522248] 81.4966 180 90.32-30731! 11.4347799 

36 77.5983 138 86.163965 80 95.836322) 119.1208667 

37 | $1.7022464] 91.0413443ʃ101.62813880127. 2681187 

38 | 85.9703362! 96. 1382048107. 7095 45 8135. 9042058 

39 90. 409149701. 4044240140950 23 145.0584581 

40 e 197.0303231 20.799774 154. 789985 | 

41 | 99.8265363|112.8466876[127.2397829 165. e 

42 104.8195978]118.9247885]135-2317511[175.9405446 

43 110. 01238 1725. 2764040142 9933386]187.5c75772 

44 115.4128169 131.9138422 015 1. 143005 6199.75803 19 

45 121.0293920 "I 849905 1 139.7001559 212.7435138 
46 126.8705677 165 i 168.6851637 226. 5081246 : 
47 [132.9453904[153.6726331|178-1194218|241.0986121] 

48 [139.2632060|i61.5879016|188,0253929]256.5645 288 

49 [145.8337342]i69.8593572 „ 9584006 

50 | 12 1 78. 50 302820209. 3479957290. 3359046 
No. 25. Ge: 416. The- 
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416. Theorems reſolving all Queſtions relating to the uber 


Wirth of Annuities, . Penſions, or Leaſes, _ continue 8 Time, 


or in Reverſion after a given Time. 
The Buſineſs will be to get a Thee which may contain 


P, the preſent Wirth; for this Purpoſe, we muſt have Recourſe 


to thoſe Theorems which give the Value of A, the Amount, 
as 84. in Simple Intergſti. Now, in Article 389, we had 


PN = A; and in Article 407, we had x = > A; 


' thejefore by equating theſe two Theorems, we get this gene- 


ral Theorem, — 1 N | | 


417. W whence we derive the ee particular The- 
orems. 3 Fn | 
Given U, R, ., . P? 
1 5 9 5 * | 
3 | Theorem. r 
: e | GirenP, 1 2 to U : 2 3 
| Theorem nn ES N17 IT =VU. . 


| Giren b, R, P, to find 8? 


Given U, P, t, to find R 4 


Tee WF = = 5 Rt + Rt 1 


Es- 


- 


By Rt, there will remain 125 12 
5 
U 
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2 E 8 10 N Ex Ty 
418. What i is ot yearly Rent, worth | in Pe Money, for 
its Continuance 7 Years, OY. 61. ber Cent. Compound In- 


; tereſt, to the Purchaſer ? 


| 40 = = 30 5 | 5 
Here gin R = . find P, ber e 
| 6 
Firſt, involve „ „ „ 1,06 =.0,025305 
To the 7th Power, (viz. R. — „%%% Ol 
That will be „5000 = 1, 50061 = 0, 177135 
Then divide „ NY * a 1.477121 


—— — 


19,9520 = —— 152005860 


1 


Then from the Annuity | 4 


| Subtrat e iet 
Remains the Dividend 1 — = = 10,048 _ 1,002079 . 


by the R l | 
| e K. — hs We 85 3 0,06= 8778157 | 


— — 


The Quotient is the preſent Worth—P= $69, 47 16: =2,22 3028 


The preſent Worth, in e OO is 90 + 98. 54. the 
Anſwer. 


419. Suppoſe this were an Annuity in Reverſion, or not to 
be entered on till after ſeven Years are paſt, and thence to con- 
tinue ſeven Years; and you would know the preſent Worth; 
find by the ſecond Theorem of Compound Intereſt (392. ) what 


ready Money will amount to 167, gs. 5d. in ſeven Years, at 
the ſame Rate of Intereſt; and that will be its preſent Worth ; 


and ſo for any other = ONE! in Reverſion. 


ge 1 : | The : 


U 
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— * 


. 


The Conſtru#tion of TABLE V. 
420. i; is but too caſy to be obſerved, 1 very difficult the | 


| Solution of theſe very uſeful Queſtions mult be in this common 
Way of Computation, and therefore we ſhall next ſhew, how 


a fifth Table may be conſtructed to WR this A 128 
is n from the ora n (416.) 


Whence we have P 


U= 11 and R = , or.) But e make the Numbers 


O, 


of Table IV. (4r2.) .and Rt gives the Numbers of Table II. 


(396.) therefore the Numbers of Table V. ariſe from thoſe of 
Table IV. divided by the Numbers in Table II. as in the fol- | 
_— Examples at the Rate of 1505 * Cent. 


Table V. 


Table II. Table IV. 


1,05) 1,00000 (= , 95238, Cc. for the iſt Year, 
| 1,1025) 2,05000 (= 1,85941, Cc. for the 2d Year. 
1, 157625) 3, 15250 (= 2,2324, c. for the 3d Year. 
1521550625) 4, 310125 (= 3,54595, Sc. for the 4th Year, 
1,2762817 55) 5,525631 (= 4432947, Sc. for the e e Sc. 


And thus for any- other Rate of Intereſt. 


The 


o a * 1 8 £ 
? - [0 
" (4 F - . "ſl 8 4 N ant 1 4 7 8 1 . : 
L + * . % * > - * 99 * 1 ** N * 
; F : * * 7 : /4# 4. ) 1 5 2 7 
4 * 5 — * 0 + 3 J 


The T4 of Tits V. 


421. What is the preſent Worth of 30l. per aun, to con- 
tinue ſeven Years, at 61. per Cent.? 


In the Table a aloft Years and 6 Cent, 3 
nie te apt 7 Fen 0nd e ee 
Which multiply by the A "TER [5 7 94 0 we 


Thu the preſent Wortn .. _ = 167,471445 
Or 1670. gs.” 54. as before. (418. ) | 
This « one Example is ſufficient to thew the To of this Ta- 


ble i in any other Caſe. 


T-Ac BL E. Wc 
.. of Comrauny Inrzzzs. 


INS TITUTIONS 


422. The preſent Worth of 11. per Ann. or . 
- far Years, at the Rates of 2, 23, 3, 355 4. 42, 
5. e per Cent. per Annum. 


i. 
190 
1 _ — nSo——s — 
Years. f 2 por Cent. I 
2 | | 0.93039221; 


1.941560g 
2.8838833 
3-58077287 
17134595 

5.60 14309 
6.471991 
73254814 
8. 1622367 
8.982585 


1 W 


— — 


9.786848 
10.575341 2 
11.34 3 
12. 106248 
1 2.8492035, 


' 
res ca eng 


13.577709 
142918719 
14. 992031301 
155.6784620. 
16.35 143330 


1 — 0 
= lots 1 =_ 
l — 
- = : | : — a Og = _ 
— — —— — 1 _ . 8 . H K | 
{a w.at5 L. — —— - 2 < as * CY —_ fn — — 2 5 1 N * 7 1 . 1 1 8 — 
> 8 +. r y - o — 2 — — I : = N l 9 n y = 
— r e eee — : = N | : — > Be _— : 2 re 5 8 3 
— — — = 1 hs. 2 N 2 — — ri boy: So wb MISC — 2 Ws, — Soo 3s — "WD . — 5 2 - n = 0 wb a Woes 4 COST IH 
— 3 - = IT RE ER ere EO — 8 & 4 — "7 AEST" — $- "I | 2 4 l 8 3 F 
GD ALA 47 e - a . hare... os. 5 ME 7 „ 
v 3 : = — n ; — er ES : 4 I - 5 ' MS Ec A is -> wot — — * 
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bf * y 7 * — wx — — may we 1 —— _ — wo — — - * - = l = — = 
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\ * - - en. © 1 — 8 —— — — — — —— — — — 1 — 
— WAG 2 — — — * — ou 6 = _ — 4 — B — —— — = 
. yo PI PIR, nance — — 88 — — — K — 2 - — A * — — — — — hd 
: ———— — — — — edt Wii _ Sa | 
— 8 1 — [3 3 q — —— — 7 707 2 2. — 1 — 
— . ä wall 2 a 8 — — . eee 
a "SAS — — — 
owt he * 


——ůů—̃ 


! 
1 
! 
[ 
1 


17.01 12092 
17.65 80482 
18.292204 
118.9139256 
19.523455 


Ng Tn — 


N 
Wn 


- — — —— = con . pe 
— 2 * as REES - — — 
1 * — 1 2 1 — 
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14. 0840435 
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14.8460 192 
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15.3831821 
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15.5 890282 
15.650026 
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423. By Theorem I. 7 ) a _ uſeful Queſtion i is re- 


ſolved, Dix. 


QUESTION U. 


What Annuity, to continue ſeven Vears, may be purchaſed 
for 1 201. 5s. at 6 per Cent. Compound Intereſt. | 


— 


Here is given R = — 1,06 J find U, the Annuity. 

5 t=7 8 | 
Involve the Rate - R= == 1,06 = 0,025305 
To the Index of its Power (viz. = 5 1 — 7 


The Power of R will be R7 = Ge = „77135 | 
W 5 by w- pony P = 120,25 = 2,080084 


The Product is PRs = nauer = 2,257219 
Multiply that by the Rate * * 105 9,5305 : 


Thit Product "JED Re 5c R = x91, Gar 26 = 2,282524 
From which ſubtract - PR: = 180, 8087 
There remains the Divider - ene P Re x R 
2 PR.. | 2885 | 


Divide therefore P Rt x R- PR 10, 84852 = = 3 
By the Power of R leſs 1 R — 1 = , 50361 = 9,7021 13 


The Quotient is the Annuity U= 21,54057 = 1,333256 8 
The Annuity ſought therefore INS. = 21. 
105. 9:4. 5 | 


424. But we ſhall next ſee, with how much greater Eaſe 
theſe Queſtions are ſolved by a proper 3 ; the Conſtruction 
of which is as follows. | 


Es —U; conſequently 22 5 


The Conſtruction of TABLE VL 


This Table is made from . II. (407.) by putting 
P — 1/. which then is reduced to this F orm, R Rt — Rt — 
UR - U; whence eh + Cent,) it will be ,05 Rt =U. 


= Vn the Annuity * 


But this being juſt the Reverſe of 2 which make the 


»05 II 
Numbers of Table V. it is plain, theſe two Theorems, which 
conſtitute the Numbers of Too V. and VI. multiplied toge- 


ther can make but 5 that 3 


425. Rene then, if the Numbers of Table V. bs made 
Dwiſors, and Unity, or 1, the conſtant Dividend, the Quoti- 
ents ſhall be the Numbers which conſtitute the 6th Table, at 

5 per Cent. and tet, the fame * for —*＋ other Rate of 
Tha a L 


Eramples at 5 per Cent. 
DD G . OL ie tte 6 40 | 4 TY 1 
888 9523809 — SIN 1,087: SS E1IN< 
ZOE J 5859 (88 3 Y,5378049( 22 ( 
25 22, 7232480 SED 5, 4,3637734 85 39 f 
= 53 % 84595650 8 0278747 828 0403 
£> & (32947 H S r 22779169 EF C5 


426. The Uſe of the Table in . the above Queſtion, 


is ſhewn in three Lines only. 


The tabular Number for the Time and Rate i 5 70 35 
Which multiplied by.the propoſed Sum FFV 


| Gies the Aang to be purchaſed, viz. = . 21, 54098 
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Of Comround InTEeREsT. 


427. The Annuity which one Pound will purohaſe 
for any Number of Years, at the Rates of 2, 24, 
3 3, 45 4, 55 and 6, Per Cent. Per Annum. 


TABLE VI 


— 


| Years. 2 ger C. 
| ————_—_—_— 
1 1 [1.0200000 
| 2. 4 +5 230095} 
3 | 3497547 
14 12626238 
5 2121584 
6 1785258 
1 7 1545 120 
8 1365098 
9 1225154 
10 1113255 
11 | .1021779 
12 | -0945590| 
13 0881183 
| | 
I4 .082E£020 
is 0778255 
16 ogg 
517 699698 
18 0667021 
19 0637818 
20 0611567 
21 10587847 
| 22 | .0566314 
23 | .0546681 
24 0528511 
25 5122044 


24 per C. 


1.250900 
5188272 
„e137 
2658 179 


2152469 


1815499 
1574954 
1394674 


1254569 
1142588 


105 1060 
0974871 


0910483 
0855 365 
807665 


07659 
0729278 
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0667606 


0641471 
0617873 


0596466 
0576964 
05 59128 


3 Pe C. 


1.300000 
5226108 
3535304 


2690271 


2183546 


«1845975 
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1424564 
1284339 
1172305 
.1080775 
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-0796109] 
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0603 139 
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3x per C. 


1. oʒ oo 
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1635445 
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3569342 
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111092 
5868 
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091570 
0868251 


0826848 
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729403 


.0703610 


,0680366 
.0559321 
.06401 88 
0622728 
0606740 
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TABLE 


ef ALGEBRA. 


; The a all Bone Pound will purchaſe Compound 


 ELBLE VL 


Intereſt. 


Years. |4 per Cent. Aa perCent.|5 per = per Cent. 
1 ]1.0400600[1.0450000 1.050000g{ 1.0600000| 
2 | -5301961] .5339976| -5378049] 5454369 
3 | -3603485] .3637734| 3672086. 3741098 
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5 | -2246271] .2277916| 23097480 2373964 
6 1907619 .1938784| .1970157] .2033626] 
Bs 26860 -1097015| -1728198] <1791350 
708 1485279 15 16097 1547218 1610359 
9 13449300 1375745 1406901 . 1470222 
10 1232909 . 12637880 . 1295046. 1358680 
— "* | | — 
1 1141490] . 1172482. 1203890 1267929 
12 | .lobg522j . 1096662 1128254] 1192770 
13 1001437 1032754 10645580 1129601 
14 09466900 . 0978203 . 1010240 . 1275849 
25 Ne cn 931138 963423. 1029628 
1 . —— — — — 
16 858200 0890154 . 0922699. 09895 21 
17 0821985 0854176. 0386991 . 0954448 
18 089933 0822369. 085 5462 . 0923565 
; 19 0761386 0788765 457480 o8g6209 
20 . 0735818] . 07687610 . 802426 87184 
21 [0712801 . 0746006 . 779961 e 
22 06919880 0725457 759705 0830456 
23 .0673091| .0706825| . 7413680 0812785 
| 24 0655868. 0689870 . 0724709 . 79579 
25 0640121 be ts «07095451 c0782267] 
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T be Annuty which one Pound will purchaſe ohen, 


TABLE VI. 


Intereft.. 


. 
. 


INSTITUTIONS 


Years 


| 2 per Cent. l 24 


— - 1 


0.0482931 


140409909 


0.0457784 
0.0440499 


o. 435964 
0.0426106 


19.0416865 
- 40.0408 1 87 


0.0400022 


9.0385068 
0.0378206 


10.0371711 


40365558 


120359719 


0.0354173 


. [00348899 


9.343879 


9.03345 34 


10. 0330179 
o. 03 260180. 0360060 


. 03 2204000. 0356235 
o. 03 1803 200. 03525 81 


0.0496992 


0.0392 329, 


o. o3 39096 
0.0368268 


0.05 27088 
9. 0513769 
o. 500879 
0.488913 


o. agus 


©£.04607390 
0.0457083 


0.04485 94 


0.0440068 | 


0.0432056 


0.0417409 
o. 41070. 
o. 0404362 
o. 0398362 


5392679 


o. 0387288 
o. 03 82169 


0.377304 
0.0372075 


0.0364067 


per Cent. 


o. 04245 1000 


3 per Cent. 


o. 0559383 
o. 05 45642 
9.0532932 
9.05 21147 


0.05 10193 


o. 499989 


o. 4904660. 


2Q.0481561 
0.047322< 
0.0465393 


0.045 8038 
0.0451116 
2.0444593 
9.043 8439 


o. 0432624 


0.427124 
0. 0421917 
o. 04 16981 
o. 0412299 
o. 0407852 


o. 040362 5 
0.399605 


o. 039577800 
©. 0392131 


0.0388655 


0.0543713 


Br AR 


mae} wage þ. - 
o. 0578524 
0.0566027 
0:05 54454 


0.0533724 
05244151 
o. 0515724 

9.507597 
o. 499984 
0.049284 2| 
0.0486133| 
0.0479821| 
0.047 878 
o. — 


re 
o. 045 7983 
[0-245 3254 
. 0448777 
l, 


0.04405 A 


o. 04 26337 
Bo | 


0.04 36692 
433065 
5.429617 


8 


* 


TABLE VI 


AL E BRA. eg 


De Annuity which one Pound will pur chaſe Compound 


Intereſt. N 
1 4 per C.] 4 Eper C5 per C. | 6 per C. 
26 5.062567 0.06602 14[9.069564.3 0.076904.4 
27 ſo. 612385 [0.0647 195 fo. 06 829 190.0756972 
28 [0.06001 30ſo. 0635 2080. 067 1225 0.745926 
29 |o.05 $8799 ee Sate 50.073 5796 
o 10.05783011|0.0 15 o. 06 505 140.072 
3 hs 3 = 3 5 94 $4 4 9 
31 jo. og 85 540. 604435 o. 064 132 100.0717522 
32 o. 05 594860. 05956320. 003 2804 fo. o/ 10023 
33 Jo. o5 5 1034 5.0587445[9.062490cf0.0702729f 
| 34 005431 89]057981 0.0617554[0.0695984 
35 {0.0535773[0-0572705 0.06107 170. 0689739 
FF 
| 37 po. o5 223965. 05 598400. 5983980. 00785244 
38 o. o5 163 190. 05 540 170. 05928420. 0673581 
39 ſo. op 10608 o. og 48557. 05 87646 o. 06689381 
40 fj0.050523510.0543431 0.5 82782 0.0664915 
| 41 0.0500174 o. 5386160. 057822300 05605 89 
432 ęo.o495402O. o 340870. 05 739470. 0656834 
43 040 899 o. o5 298240. 56993300. 0653331 
| | 44 [0.0486643[0.0525807[0.0566163]0.0050061 
| 45 $-048202510.052202c — 0.06470054. 
46 [0.0478821]0.0;518447]0.955928210.0044149 
47 [0.047521910.0515073 o. og 561 420.064 1477 
48 ſo.o47 1 Soo. og 118860. 05 53 1840. 0638977 
49 ſo.o46857 10.050887 200.05 50397 0,0636036) 
1 [0.0465502 | 0.0506021 | 5.054776710.0634443 
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428. By Theorem III. (417.) you find the Time for which 
a propoſed Annuity may be purchaſed, for a given Sum, at a 
given Rate of Intereſt, as in the following Examples. | 


QUESTION m. 


For what Time will 1671. gs. 5d. purchaſe an Annuity of 
_ gol. per Ann. at 6 4 Cent. Compound Intereſt ? | 


ED = 55 n 
Here is sg = . fro find 4 per Theor. III. 
| 1,006 5 | 
To the preſent Worth - P 167,4716 
Add the Annuity - = U=30 JG roy 
The Sum is 0 U ee 
Then multiply the preſent Worth P ="167,4716 = 21223928 | 
By OO ĩͤ v R= 1,06 = 0,025 305 


The Product is P R = 177,5199 = 2,249233 
Which ſubtract from Sum of P + U= 3 


The N is P + U—PR = 1999517, the Diviſor. 


Then divide the he Annuity „!( heYunr. 
By the Diviſor -. 17 Do U—PR= 19,9577 = = 1,299986 | 
The Quotient iss Re 1,5036 = 0, 177135 


Then in Table II. mb 6 ber Cent. you find the Number 
1, 5036303, againſt winens in the — is LE ears, the An- 


ſwer. 


QUESTION IV. 


429. Suppoſe I purchaſe an Annuity of 211. 10s. 9d. to 
continue 7 Years, for 120/. 5s. ready Money; at what Rate 
per Cent. * Intereſt, was the Purchaſe made 1 


CP = 120,25 | 
Here is vt, Fr, ehe find R, per Theor. IV. 


2 7 
Firſt, 


Fit, Aide the Annuity - U N == 1,333256 
By the preſent Worth = = 120,25 = 2,080084. 
"The Ouotient is | 1. 8 
e Quotient is En * = &,r7g15 = = 96253172 


Then multiply it into the given Power of the Rate, to which 
add the Power, .&c. as per Theorem; and you have this Equa- 


tion, Viz, 0,17915 R7 + R —R* = 0,17915; or 1,17915 
R — R* = 0,17915; whence R will be found (by Table II.) 
after, the ſame Manner as in (414- ) to be ans or that the Rate 


is 35 Cent. 


F 

THEOREMS reſolvi ng all Queſtions relating to the pur- 

_ chafing of Freehold, or Real TE at Com- 
pound -ntereſt. 


430. T® 8 a F W Eſtate is evidently nothing 

more than to find the preſent Worth of an Annuity, 
to continue for ever; and conſequently the Theor. (416. ) PR 
UN 
= * 
the Index ( ! infinite (as in this Caſe the Time really is ;) for 
then (ſince a finite Quantity, U, ſubtracted from an infinite 
one, makes no Alteration) we have | 


— 


UR. 
PR= ES) - 


| That is, p R—P=VU, That 


Ad 2th = P, Theorem II, 


1 | 
iz And 


3 or, FRP P * UR. 
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And ** =R, Theorem I. 


8 6 theſe Fheorems, the * uſeful Queſtions are 
folved. | 


QUESTION I 


4 31. Suppoſe aFreehold Eftate of 2 gl. per 7 Bigg were to be 
fold, what is the Worth, allowing 5/. 10s. per Gene, &c. Com- 


pound- Intereſt to the * 


kiere i is given 3-4 R = 185 vas. 5 Yo finl'Þ; aw 23 + 


Divide the annual lo: — Us 25 = 1, 397040 
By the Rate leſs Unity - * 1 = 0,055 = 3, 740362 


The Quotient is the Worth . P— = 4545 = 2,657578 
The Value of that Eſtate therefore is 454. x05, 1024. Q F. I, 


QUESTION IL. 


432. Suppoſe a Perſon would lay out 1 135. 3 on a 
Freehold Eſtate, and ſo as to be allowed 6). per Cent. for his 
Money, — what muſt be the annual Nat of 
uch an r 
5 Here i 18 given * PE 5 4 To find U, PAT. Theorem I. 

Multiply the preſent Worth - P 416,6 = 2,619789 
By the Rate - R= non = ©0,025305 


The Product 18 Ps - P R = e 2,045094 
From which ſubtraQ the Worth P = 418, 6 N 


—— 


There remains the annual Rent. * | 
The Anſwer. Jv = 250 Per Ann. 


3 . 


of ALGEBRA. ' on 


QUESTION m. 


433. has one give 4161. 138. 4d. for a Freehold Efate 5 
of 25l. per Ann. what Rate per Cent. . has 
the Purchaſer for his Money? 5 8 


Hereis en 2 * 3 To find R, per Theor, III. 


To the preſent za i „ P = 416,6 
Add the annual Rent += U:zz 25,0 


} 


Divide their Sum = P + U = wo 441,9 = * 3560 80g . 
By the preſent Worth = = 418,6 = = 2,01978g - 


. — — 


The Quotient is the Rate ſought R'= 1,06 o, 25 305 


Then fay, As 11. ., 06“. :: 10ol. : 61. per Cent. the Anſwer. 


VE That nothing may be wanting to facilitate the Com- 
purations of Simple and Compound-Intereſt, I ſhall here ſub- 

join two Tables, to expreſs the Time in Parts of a Year, with- 

out any Trouble. One of which will ſhew the Number of 


Days from the Beginning of the Year to any Day of a Month 


propoſed; and the other will ſhew what Decimal Part of a Year - 


they make. The firſt here follows, with its Uſe. 


LY 


135. A Taps 
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435. TABLE of Davs for any given Time 55 
„ | than a Year. 9 0 


* 


iv 


> 
i 


I 3200 9101210152182 2130244 274,305 335 
2 214[24512751396[336 
3134102] 9301230154184 2151246 27613071337 
4135103] 94]124[155[185|216|247{2771308[338 
e 
7 


* 


3664 972515618617 480 2780309339 

3710 | 96112611571 187]218[249127913101340} 
97[127]158j188[219]250}2801311;341] 

67] 981128[159]189|220|25112811312[342 


On + wv - 


\O cow 


99]129]160|190|221]252[2821313[343 
[1091130]161[191]222[2531283[3141[3441 
1011131 9 192]223]254[28413151345 
; 1031193]224[255|2851316[346 
13113144[7211031133/164[194|225|256!128613171347 

| 195/226 2571287 3181348 
190[227]258[288]319[349 
75 | 1361167[197[228]259]289[3201350 
$17 : 76[:07[137]168|198[229]260[290}321145 1 


* 4 


149]}771108]138]169[199]230[261]2911322j352 
19] 19]50]78]109]139]170[200[231][262|2g2ſ8231353 
2002005 1179[110]140]171]201[232[263[2931324j354]| 
52080 111014172 2020233 2642943250355 
4220220538111 214201732030 234/265 29503260356 
12323/5482 113 01437404235 2662963270357 
24124[5 515311 141144|175[205[236[267[297|328[358 
25[25|56184[115]145|176|206|237}268]298[329[359 
28 5785/1 1606146(1 77207/238269 2993 30[3 60 
178 208/z 3902700300033 10361 
28028059087 118148 1792092407 1030103320362 
290290 8801191491800 210024102720302 033310363 
zol zo 891200151810 110242 2733030334364 
[31131] ga) igri] [212/243] [304! 1365 


— — 


Th 


7 AL G E ne 211 


The UsE of the TABLE. 


436. Firſt; To know the Number of Days from the —__ 


ning of the Year, to any given Day of any Month. 


This is obtained by InſpeRtion only; thus from January the 
iſt, to September the 7th, is 250 Days; to November the 27th 
are 331, Ce. | 


"Seventh To Bi what is. the Number of Days from any | 


given Day of any Month, to the End of the Year. 


Suppoſe September 75 then from - — 366 
Subtract the Number n to September 7 250 


RR — 


There remains the Number of Days ſought, viz. 11 15 Tow 


Thirdly, To find the Number of Days between the given Day 
of any one Month, and any given Day of any other 8 
in the ſame Vear. 


5 For Inſtance, To know how many Days there are between 
f _— the 17th and October 23. 


Thus, from the Number Se to Oele. 23 296 
Subtract that anſwering to April I 7. "ih - „„ 


— 


The Remainder is the Number of Days ſought. . 189 ; 


Fourthly, To find the Number of Days from any given be 
of any Month in one Year, to any given Day of any Month 
in the next Year. 


How many Days is it from September the 7th in one Year, | 


to April the 19th in the next? 
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| From the "WET the whole Year 8 36 5 
Subtract the Number to — VV 


Remains the Number to the End of the Year 115 
To which Ser e — 109 


— — 


The dum is the Number of n required. „ 


And thus is the Number of Days readily 3 for any In- 
terval of Time given, in the ſame V ear compleatly; or which 
is Part of one, or Part of another Year. 


437- Having then the Number of Days, it is cafy to find 


what Decimal Part of the Year they make, in the following 


Table; and having found that, you have the Symbols, T, r, 
in the foregoing Theorems, repreſenting any Part of a Year. 


= * 75 TOY "= = ed. — + * — SN <a "ok 2s 


1 I | 10 Days Me ade? 30 Days | 40 Days | 50 Days: 60 Days 70 Days 80 Days go Days 
of | .027397 [:054795 | .082192 . 109589 .136986 | .164384 | . 191781 | 219178 | ,246575]0 fo 
| 1.002740 | ,030137 | 057534 | .084932 | .112329 | .139726.;| .167123 | .194521 | .221918 | .249315 4 
2 | .005479 . 032877050274 | 08 7671. 115068. 142466 197260 . 224658 [. 252055 | 2 
3008219. 035616 063014. 090411. 117808. 145205 172603 2 | -227397 | 2547953 
4.010959 | .038356 hace 093151 ee 1147945175342. 202740230137 25753444 
3 e is "WET .... oo WE =o. 338 . 
51.013699 | .041096 068493 .095890 | en 178082 205479 | .232877 | .260274 | 5 | 
'6 | .016438 | .043836 . 071233. 098630 180822. 208219 4-+2g561b | .263014 | © 
7 | -019178 |-.046575 | .673973 | 101370 f. 128767 135164 183562 . 210959 2383562687537 
8.021918 4.049315 076712 104110 .131507 . 158904186301 | .213699 1.241096 2684938 
9 | .024658 . 52055079452. 106849 134247 161644 e. +7 216438 J. 243830 27323319 
A Months. Deeim Months. Decim. Months. | Decim. Months. | Decim- | _ 100 27 3003 | 
Ts : 11083333 WEEE Fa | 10] .833333] 200 | .547945| | 
. "2" pang. 65416667] . 8 | .666 1411910657 1306 - 21918 | — 
1 Y I 6. 5 . | 12] 1. | 2 365 2þ | | 
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INSTITUTIONS 


= De Uſe of the foregoing Table. | 
439- The decimal Part of a Year for 3 under 10, is 


2 contained in the firſt Column; 3 thus, for ſeven Days it is 


0.019178. 
For any Number of Days from 10 to 100, look for the ” 
even Tens on the Top, and the Units on the Side of the 'Ta- 


ble; and where they meet in the Table is the Number expreſ- 


ſing the decimal Part of the Year; thus the Decimal of 47 
Days is found under 40 on the Top and againſt ſeven on the 
Side, to be 0.128767. The Decimal of 73 Days is 0.2. 


In the lower Part of the Table are the Decimals of a Year 


for Months; and 100, 200 or 300 Days. So that for three 
Calendar Months and 27 Days, the Decimal of a Year is 
0, 25 + 0.073973 . 323973. Or for 275 Days, it is 


0.547945 ＋ 0. 205470 = 0-7503424- 
440. As it is impoſſible to avoid the Uſe of Decimals in 


Money as well as in Time, in the Computations of Intereſt, 


as appears in all the preceeding Caſes and Examples; there- 
fore it is expedient to ſubjoin the following Table of the 
dicimal Parts of a Pound Sterling, anſwering to any Number 


of Shillings, Pence, and Fathings, propoſed. 


Thus, ſuppoſe it is required to expreſs 571. 175. 94.2 in 
Decimals. You take from the Table the correſponding Deci- 


mals for the r Parts, and then add them * as 


below. 


The musgnul P Part & 


SY 17 3. is O. 85 
* 1 9d. 1 0. 40625 


The Sum in Decimals 37. 890625 


441. "reg by the . Table any given decimal Sum may 
be reſolved into the common 1 of Money ; as the Sum 
67,1 * 


The 


of ALGEBR A: 2125 


Tbe integral Part is 1 
| From the Decimal o, 185418 
| Take the next leſs for 3s. = 0,15 


3 The Remainder anſwers to 82 = 0,035416 
Therefore the Sum C. 67,185416 = 671. 35. 8 d. 2. 


. 4 Tabl of the ani Pare of « Poon String. 


| ADecizar TABLE + | -- 
Money; one Pound the Integer. | 
S. Decimali. N P. 7. | Decimals. || P. 9. Decimals. 
1 
. . „ = 
| 11,05 Il © £],o005208 |] 6,0|,025 | 
I 0010419] 6 , 
1 31,15 ] o 2. oo 6 2, 270083 
ial „ „003125 [ © 4,0281257 
{| SjÞ25 I 1,0, 70,201 9% 
16.3 fl 31,0052 || 7 20302083 
| 7135 1 2 505 || 7 25031254 
| 8]:4 x 41900729 3.5260 
| 91:45 25,0%, 0833 [80033333 
110,5 2 2[,009375 þ 8 4034375 
111,55 | 2 4.010419 || 8 4,035415 
112,6 2 450114583 8 4,0304583 
113 565 35050125 95050375 
1147 3 2750135418] 9 4/⸗0385418 
115 JE | 3 £|014587 || 9 2,0 39583 
16,8 |} 3 3|,015625 || 9 4040025 
117,85 4,0, org666 10, o, 41866 
118, 4 „017708310 4, 42708f 
119,9 [4 2•01875 [10 4,4375 
e 44019291810 4,0447016 
I 5,0, 2083 ||11,0|,045833 | 
I 5 xi,021875 [11 4j,046875 
5 x|-022916 ff 2[,047918 
| 5 4,0230583 11 4,0489583 
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443. * Example i in Simple OP Compound 1 will 
make the whole Matter eaſy and conſpicuous. 


1 


j 


EXAMPLE J. 


What will 651. amount to, being lent 3 March the 7th, 
to November the 3d, at 5. per Cent. 25 3 Simple-In- 
tereſt ? 

" F rom March the -th 1 to Nevember the 3d are 241 Days, by 
(435); thoſe make 8 Months, 2 Weeks, and three Days, = 
©,660273 Decimals of 22 *. (438. ) Then by Theorem J. 


(270) 


Multiply the Time 8 - F 3 
By the Ratio of the Rate 2 © © des 


| And that Product t « TR=0,03301365 
Multiply by the Principal = - is P E. 65 


The Product. is — I 2,14888725 
To which add the Pancip =. ,- © = bs » 


The Sum is che Amount ſought - = = 67,1458]. 2 


EXAMPLE I. 


What is the Amount thereof at Compound-Intereſt, the 
Rate and Time being the ſame? 


The Logarithm of the Rate * R= 1,05 = , 211893 
Multiply by the Time — 1 55 | 6603 


The Product is the Logar. of Rt Re £297 £2 030739912 
To which add the Log. of the Prin: F=63%3 n297 33 


The Sum is the IA amn A = 67,1281 6904 | 


| And thus the Theorems ſerve to anſwer Queſtions, when the 
Time is only Part of a e as well as when . Years. 


444. I ſhall now add a few Queſtions of a 4 Na- 
ture, and which frequently happen, in ordert to ſhew the more 


QUES. 


fan e Uſe of the Tables. 


+ * * Y 7 4 1 * * * : * +4 A N — —— * 4 
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QUESTION I. 


Suppoſe I have 79ol. to be paid me within ſeven Years, in 
this Manner; at the End of the firſt Year gol. of two Years 
100). of four Years 200l. and of ſeven Years 4001. Query, 
hat the prefent Worth of thoſe ſeveral Payments is in 1 | 
Money, allowing 4 per Cent. Compound Intereſt? 


In Table III. the preſent Worth of 1. at +: per 
Tent. due at the End of one n is . 4 0.956978 
Which multiply by che Principal = f 


The Product is the preſent Worth of _ = 86 Rag | 


Thus the preſent Worth of 100l. due at W a 
End of two Years, is found - = = G1 37299 


Also, of 200l. at the End of four Years . = 167.7 1226 
And of 4oo!. at the End of ſeven Years = 1293-93140 


— — po 


Ts Sum of all theſe is = = © 0 J. 639. 341052 
Which anſwers the Gedi, viz. 6 394. Gs 934 


QUESTION. IU. 


445. A owes to B 4551. to be paid in 14 | Your, viz. at 
the End of every two Years 65 J. But he would agree to pay 
him in ſeven Years, by equal Payments each Year; which B 

agrees to, and at the Rate of 6 per Cent, Compound N 

Query, what the annual Payment muſt be? 5 


1. Find the preſent Worth (by Table IL ) of the 3 | 
ments which were at firſt to be made, as per Queſt. I 
| which you will find to be 2937. 55s. 2d. 
2. Then find (by Table VI.) what Annuity, to continue 
| ſeven Years at the given Rate, 2937. 55s. 2 d. will pur- 
_ chaſe ; which you will find to be 524. 10s. Bd. and is 
the Anſwer to the Queſtion. | 


QUESTION IL 


446. 4 has a Term of ſeven Years in an Eſtate of 35 l. 
per Annum. B has a Term of 14 Years in the ſame Eſtate in 
Reverſo after the ſeven Years; and C has a farther Term of 
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20 Years in Reverſion after the 21 Years, Query the preſent 


Values of the * Terps, at the Rate of Sper Cent. per An- 


num? 


By Table V. the proſen 7 Yale of 3s J. ae, may be 
J. 5 4. 4. 

found, for 41 Years, to be — | bog 6 oz 
for 21 Years, to be — — — 448 14 92 


for 7 Vears, to be 8 
Which ſubtraẽt from each other, and it will appear, „ 
Cant 


That the proſe Value of 4's Ten! is 202 10 52 
| E of B's Term 246 4 4 
of C's Term x yo © ES 


— TR... ts, 4 


Foe theſe Value anſwer the I : L. "= 6 of 


„ ——— 


QUESTION IV. 


447. Which is moſt adyantagious a Term of 15 Vears in an 
Eftate of 100 J. per Ann. or the Reverſion of ſuch an Eſtate for 
ever after the Expiration of the ſaid 15 Years; computing at 


: we — of * Gent: py Ann. nnn oY 


An Eſtate of 1000. a Ann. in F ee Simple, at 0 
5 per Cent. is worth = 198. 
In Table V. the preſent Value of the fame Eftate 2 
* the me Rate, for 15 Years, * 5 1037, 9658 5 


The Difference i is 962,034 
Now this Diſeeunce. Pa the Value of the Reverſion, it 


appears that the firſt Term of 15 Years is better than the Re- 


verſion for ever afterwards by 75,9316l. = 2 18 5. 74d. 
Anſwer. 
ev E 9 T I 0 N v. 


448. A Perſon having 12 Vears to come in a Leaſe of an Eſtate 
of 6ol. per Ann. for 40 Years, would know what preſent Mo- 


_ ney he muſt pay in order to renew or complete the Leaſe, by 


adding 
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| addin g 28 Years thereto, n at 6, per Cent. bs 
Ihtereſt ? | 


| By Table V. the preſent Value of 11. per a 

at 6 per Cent. for 40 Years, is 8 
By the ſame Table the Value of Il. per Ann, at) 

at Rate, for 12 Years to come, 1s. . 13310 


15.046297 


The Difference is 6. 662 53 
Which multiplied ” 1 70 


The Product is the Anſwer, viz. 309. 747 180 | 
In Money, 399/. 14. 114. 5 


QUESTION VL 


440. A. gives 1550 J. for an Annuity of 100 l. per Aunum for 
50 Years. B. puts 15 50l. out at Intereſt. It is required to 
| know which will amount to the greateſt Sum at the End of 
the 50 Years, at the Rate of 6/. per Cent. &c. Compound 
Intereſt? | | 


By Table Iv. the Amount of oo L An-) £ | 
nuity, in 50 Years at 6 per Cent. may bef 29033,59046 
found to be l 

By Table II. it may be found, that the A- Towne © 
mount: of I — for that Time and Rate at will 28551,23885 


ads... 1 


Hence A's PIE is more than B's 1 5501. by 482,35161 
at the End of 50 Years. The preſent Value of which Diffe- 


rence is found, by Table III. to be 267. 35 814. and ſo _— 
was A's Caſe better than B's. 


QUESTION vn. 


2 450. What Annuity, to continue 14 Years, may be pur- 1 
chaſed with 1000 J. due at the End of five Years; the TI 
to Commence — at 5. per Cent. 4 


By 


Fears, at the 


, -_ 


20 IN 874 TUT I 0 3 


By Table III. the preſent Worth of 10001. __ 78 3.526 2 ü 


due five Years hence at 5 per Cent. may be found 
By Table VI. it may be found, that the An- 


nuity which 7 7 will purchaſe for = 7941518 
ate of 5 per Cent. is —— _ 


© Money, 794 35. ot a. per Annum, the Anſwer. . 


— *DUESTION VII. 


492. For a Leaſe of certain Profits for ſeven Years, A, 


makes two Offers, either to pay 150 J. as a Fine, and 300 J. 
per Annum; or 17001. Fine, without any Rent. B, bids 6501. 


Zine, and 200 J. per Annum. And C, offers 2001. Fine, and 


405 J. per Annum.' Query which is the beft Offer, and what 


the Difference, N at 547 7 Cent, * mo oor al In- 


at's þ 4 
8 


= 1. By, Table Tt. the 1 wy 1 be in ren. . 
Vears, at 5 per Cent. may be found to be ©. W's 20059 


By Table IV. the Amount of 300 J. 11 5 | 4 Lakes M | 


in ſeven Years at the given Rate "wy be found 


* 


* a 7 . = 
* 


| Yah would be 


18 


w— 


- _ 
„ 


i. By Table I. che Amount of 1700l. 5 inde 


Years. (A's ſecond As), at the mg 28 is 8. 2399602 


found to be „„ 


— 


* 


3+. By Table U. the Amount of 6 227 in ſeven 
. Years, at the given Rate, will be found to be I g146618g 


By Table IV. the Amount of 2001. per Ann. 222 1628 as - 


1 Years, at that Rate, will be found t to be : . 


1 * 1 


Thereſore B's Offer wil, in 7 Years, eue to 2 e | # 


| 4. By Table II. the Amount of 2000. is rn 1 4212. 
| 3 


- Years, at the given Rate, will be found to be 


By Table IV. the Amount of 405“. per Ann. for 
the pon Time and Rate, will be found to bes 329755 _ 


80 that C's 3 in 7 Years, will amount to be 
* | 


Therefore 4' 8 Offer at the End of Linn 24 5 35668 4 


B's Offer 
C's Offer 
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The e therefore of the ſaid Offers, at the End of 


the ſaid Term, being thus known, the preſent Worth of the 


ſeveral Amounts, may be found by T III. which are as 
follow. : | 


. 


| The preſen Worth of A's firſt Offer will be 1885 18 3 


A's ſecond Offer 1700 00 0 


1807 5 6 
2543 98 


Therefore the e preſent Worth of what C. offers is more than 


A's firſt Offer, by 
Ass ſecond Offer, by 843 9 8 


| B's Offer, by 
| Which fully anſwers the Queſtion. 


„ 
657 11 5 


730 4 2 


N. B. This Queſtion might be more readily anſwered * 
finding the preſent Worths of the ſeveral offered Annuities (as 


per Table V.) and adding to them the ſeveral Fines, as the 
Reader may try at his Leiſure. 


QUESTION M. 


452. What Annuity i is ſufficient to pay off a Debt of 50 


Millions in 3o Years, at 4/. per Cent. Compound Intereſt ? 


In Table IV. againſt 30 Years, under 4 per C. is o, o57 8301 
Which multiply by the Debt 


The Product is the Annuity N vi. 


Per Annum. 


- 50000000 


ts 


2891505 | 


$o that ſuppoſing the National Debt to be 50 Millions and 
the Intereſt paid to be two Millions per Ann. or Al. pes Cent. 
then will a Sinking Fund of 891 5050. per Ann. clear the whole 


Debt in-30 Years. 


1 


N. B. By this Example appears the re of continuing . 


the tabular ee to ſo rn Places of Denn 


G 


QUES.- 


ww 
} 
{ 


13 n F 


— 2 r —_—_ n 
5 .. nu a . 


2 INSTITUT TONS 


| = Q ESTI 0 N N. 

45 3. Suppoſe one F arthing had been lent at Canola I 
tereſt at 5 per Cent, in the firſt Year of the Chriſtian Era, or 
Birth of Chriſt, and ſo continued to the Year 17503 Query, 
the Amount thereof ? | 


N. B. Having faid enough about the Uſe of the Tables, [ 
here intend only to give the Reader a Hint of the ſurpriſing 
Nature of 1 in geometrical Proportion. (See Theor. 


= * 390.) 
? . : 
9 SEN the Logarithm of the Rato "10s 3 0,021 8 
Multiplied 15 the Time 8 55% wm 950 
— ↄ 88 5 3750872) 50 


To which add the Logarithm of one Far- 


thing, or the ,0010416 Part of a Pound 8 = 5,0177288 


SES. ** 358 oy — 


1 


The Sum is the Log. of the Amount ſought = 340990031 
Now the Index of this Logarithm being 34, ſhews the Num- 
ber of Figures, of which the Amount of one F arthing i in the 


given Time doth conſiſt, to be 35, of which let it be ſufficient 
to expreſs the five firſt in Figures; the reſt in Fn, 5 then 


Will the ſaid Amount be 


12.561000000000000000000000000000000 


Now the Value of a ſolid Body, perfectly foherical, whoſe 
Diameter is 8000 Engliſh Miles, (which is ſomewhat bigger 
than the Diameter of the Globe of our Earth.) I ſay fuch a 
ſolid Body of fine Gold would be in Value about 


238660000000&000000000000000/. 


Now if from each of theſe great Numbers be cut off 23 | 
Cyphers, the remaining Figures will be 125610000000 in the 
Amount of the Farthing; and 23860 in the Value of the 
Globe of Gold. But 23866) 1256 10000000 (i +a 
nearly. 


Hence 


/ i I. ENED 


ſe 


EI 
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Hence it appears, that one ſingle Farthing put out to Uſe. 
in the Manner aforeſaid, would amount to more in Value than 


five Millions and two hundred and ſixty thouſand Globes of 


fine ſolid Gold, each bigger than the Globe of the Earth! A 
ſtrange and ſurpriſing, but no leſs certain Truth! And this 
immenſe Amount would be gon} increaſed by mig ay 
Rate of Intereſt. 


454. As it may be ſome . to the 1 to know 


ee theſe wonderful Queſtions firſt came in Uſe, and on what 
Occaſion, I ſhall conclude this Subject with an Account there- 


of from the learned Dr. Wallis, and in his own Words, which 
he ſubjoins to his Solution of the Queſtion of buying a Horſe by 


giving a Farthing fer the firfl Nail, and — the Sum for every 
Nail in his Four Shoes. His Words are: 


«. The firſt Occaſion of which Queſtion, I believe to be what 


5 J have cited, Cap. 13. of my Opus Arithmeticum, from Alſephad 


(an Arabic Writer) in his Commentaries upon Tograius's Verſes : 


| Namely, That one Seſſa, an Indian, having firſt found out the 
Game at Cheſſe, and ſhewed it to his Prince Shebram : The 


King, who was highly pleaſed with it, bid him aſk what he 
would for the Reward of his Invention ; whereupon he aſked, 


that for the firſt little Square of the Cheſſe- board, he might 


have one Grain of Wheat given him; for the ſecond, two; and 
ſo on doubling continually, according to the Number of Squares 


in the Cheſſe-board, which was 64. And when the King, 


who intended to give a very noble Reward, was much diſpleaſed, 
that he had aſked ſo trifling a one; Sęſ declared, that he would 
be contented with this ſmall one. So the Reward he had fixed 


upon, was ordered to be given him: But the King was quickly 


aſtoniſhed, when he found that this would. riſe to fo vaſt a Quan- 
tity, that the whole Earth itſelf could not furniſh out ſo much 


Wheat. But how great the Number of theſe Grains is, may 


be found by doubling one continually 63 Times, fo that we 


may get the Number that comes in the laſt Place; and then 
one Time more yet to have the Sum of all. For the Double 


of the laſt Term (leſs by one) is the Sum of all. Now this 


will be more expeditiouſly done by Logarithms, and accurate- 
ly W too for this Purpoſe. For the Log, of 2 (which is 


i 98 G g 2 | 0. 3010300] : 


i 
i io 
— 8 
17 


3 . — 4 
—.— — TERA 
pa, ol agen ory pace al 
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o. 3010300) multiplied by 64, is 19. 2659200; the abſolute Number 


agreeing tothis, will be greater than 18446. 00000-00000.00000 


and leſs than 18447.00000.00000.00000,” 

Then by allowing 7680 Wheat Corns to a Statute Pint, and 
Wheat at 4 s. per Buſhel, the Reader may find, at his Leiſure, 
to what an immenſe Sum the Value of the above- mentioned 


Grains will ariſe. 


„ P. Xxt- 
The V. aluation of Annuities upon Lives. 


455. A 8 this is a a very neceſſary Subject, we oh not to 
paſs over it in this Place; and tho' it has been 


handled by learned Pens, yet, as ſome have given Rules and 
Solutions to Queſtions and Caſes of this Sort, without. any 
Theory or Demonſtration at all; and others have given The- 
orems too tedious and perplexed ; we ſhall here endeavour to 


ſteer a Courſe between both; and propoſe ſome of the moſt uſe- 
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ful Caſes, with as plain a Rationale thereof as we can. . 
456. And it is firſt to be obſerved, that before the Value of 
any Annuity on a Life of any propoſed Age can be at all aſ- 
certained, it will be previouſly neceſſary to conſider, how we 
are to eſtimate the Probability of the Continuance of a Life 
for any given Time; and it is evident this can be done no 
other Way but from Qbſervations made from the Bills of Mor- 
tality, for a Series of Years together, and ſuch as are proper 
to the Country where thoſe Computations are to be made. 
For the Bulls of Mortality at Breflaw will by no Means ſuit 


the Meridian of Londen; and therefore we ſhall firſt exhibit a 


Table of the Number of Perſons who have died in every 
Year from 1728 to 1747 incluſive, or 20 Years, as taken from 
the yearly Bills of Mortality of this Metropolis, for the Ages 
5 mentioned at the Top of the e reſpective Colums. 


EE e 
457. The Bills of Mortality alſo mention the Number of 
Perſons born in each Year; and from a Mean of the Whole, 


for 1000 Perſons born, there die the Numbers mentioned in 


the firſt Table at the Bottom, for the ſeveral Intervals of Age, as 
there ſpecified ; where *tis obſervable, that the leaſt Number 
die (viz 31 in 1000) between 10 and 20; and the greateſt 
Number (viz. 96 in 1000) between 40 and 50 Years of Age. 


| Hs From the fir Table the Second is conſtructed, where 
the Numbers of the ſeveral Intervals of Age are diſtributed 
into Numbers proper to the Years of thoſe Intervals ; for In- 
ſtance, between 10 and 20 Years there die 31 Perſons; but 
theſe in the following Table are divided and allotted to each 


fingle Year as follows; 4, 4, 3, 2, 2, 2, 2, , % 6 he- 


Sum of which makes 31. From hence the Probability of 
Living any propoſed Number of Years, at any Stage of Life, 
may be 0p ps deduced, as we ſhall ſhew. 


459. TABLE 
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. 
4551 Account of the Number of Perſons that 
 Taenty Years, taken from the Yearly Bills of 


4 


— 


bak [ 
12 Years 
ſof Age. 


9 
| 


Oo. 
; & 


se 
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— 


Wear. 


1730 
7731 
3 1782 


1741 


| 26 Part for 
the mean 


| 1000 in 
the ſame 
{Proportion 


1728 
1729] 


1733 
1734 
1735 
1730 
1737 


1738 


1739 
1740 


1743 
1744 
1745 


174% 
1747 


Totale of ; 
ſeach Age. 


| 


9851 
10735 


10368 
9907 


9502 


117380 


10752 


9672 
10580 


1038 


10560 


1092 
932 
716 
957 


1228 


3 
993 
1008 
784 
844 


1235 


1072 


1035 
947 
6790 


672 
1089 


905 


| have died at the ſooeral Ages un 


Mortality of the City of London. 
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dermentioned, for 


2123 
2338 


1713 
1839 
1741 
2196 
1668 


1684 
21210 


2270 
2106 
2039 
2585 
2851 
2333 
2004 
1637 
1741 
2243 
2079 


— 


— v— 


41311 
. 2066 


4 


7 


1382]. 1064 
1699 1444 
51199 
32486 22611 


804 


mo 
26761] 


29722 


25202 
23358 
29233 
26062 


23538 
27581 


27823 
25825 


25432 


308111 
32169 


274830 
252001 


20606 


21296 


28157 


4 
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TABLE II. 


460. Exhibiting the Probabilities of Life, from the 


Bills of LW of the On is London. 50 
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Bills of A according to Mr. SIMPSON. 
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n ns * VV 

* F % 
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I 7 \ of Ne. of | Ne. of 
| age Perſons. | Age. Perſons, Age. Perſons. 888 | Perſons. 
born | 1280 20 | 462 5 40 294 60 | 130 

— 410 —7 | —10 33 
I 870 2 Wi 456 | 4 284 G1 123 
5 | —170 | _ 2 6 | . 
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be 3s 133 to 133 + 321, or as 244. (by 463.) 
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462. I have thought it proper to give both theſe Tables of 


the Probabilities of Life, but in the future Computations ſhall 


confine myſelf to that of Mr. Simpſon, becauſe his Tables of 
Annuities on Lives, will beſt ſuit my Purpoſe ; but before any 


Thing on this Subject can be well underſtood, we muſt - on 
the following lemmatical Propoſitions. 


463. The Probability F the happening of any Event is in Pro- 
portion to the Chances which that Event bas to happen to the 
Number of all the Chances which it has both to happen and to fail. 
Thus ſuppoſe one Die was to be caſt, there is but one Chance 
that any one Number of Spots on it ſhall come up; and it is 
evident there are five Chances for it to fail, therefore the Pro- 


bability that any particular Number ſhall come up, will be as 


1 to 1 + 5, that is, as 1 to 6; and may be thus expreſſed, 5. 
Thus if the Oahedron, or Body of eight Sides, had the eight 


Digits on them reſpectively, then the Probability of any one 
| mag up on a Caſt, would be as +. 


464. Therefore; if the Die and Oahedron were both caſt 
up together, the Probability that any two Numbers you ſhal! 
name, come up together, will be as 3 X 5, or g. Again, 


if a Dodecahedron, or Body of 12 Sides, were added to the two 


former, with the proper Numbers on it; and all three were 


thrown together, the Probability that any three Numbers ſpe- 


cified, come up together, will be, as 3 X 4 X Yz, Or 37; and 

ſo of any other Number. | 
465. Hence, if a Sum of Money was to by expected on the 

coming up of any Number on the Die, 'tis plain the Value of 


| ſuch an Expectation would be but a 33 Part of that Sum; or if 
the receiving a Sum depends on the happening of any two Num- 


bers on the Die and Odtabedron together, the Value of the Ex- 

. would be but , Part of that Sum. I; 
* 466. If, in the ſecond of the foregoing Tables, we find at he 

Age of 25 Years there are 444 People living out of 1000, and 


againſt the Age of 60, there are but 133, it appears that in 


that Interval there have died 311: So that the Number of 
Chances which a Perſon of 25 Years of Age has to live to 60, 
will be as 133, and the Chances he has to fail will be as 311; 
therefore his Probability of living to the Age of 60 Years will 


467. Let 
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| 467: Let a = Number of Chances any Event has to happen, 
and b = the Number of all the Chances there are for it to 


| happen and fail; and put p = to the Probability of it hap- 
pening ; then by what we have premiſed, we have this Theo- 


rem, 9 = 1 5 therefore p 5 =4a=aX1; whence we have 


” : b: a; and then png :p::b—a: a (as will appear 
by multiplying Extremes and Means.) In the above Example, 


a=133, 6b = 444» and p== = 043: The Chance'there- 


face a Perſon of 25 has to live to 60 is as 0,3 to I, and not. 28 
0, 4276 to 1, as ſome have aſſerted. 

468. If any Sum 8 be expected on the happening of. any 
Event, the Value V of that Expectation will be in Proportion 
to the Sum depending, and the Probability of the _ $ hap- 


pening, that is, V will be as þ S; therefore V: þ 8: 73 and 


ſo we have þ V = = 48; and V: S:: 4: 3. 

469. Suppoſe a Perſon A was to receive 100 J. upon this 
Condition, that another, B, of 20 Years Age, ſhould live one 
Year; Query the Value of A's Expectation? In Table III. 


(for we ſhall uſe Mr. Simpſon's Numbers for the future) againſt 


the Age of 20 and 21, the Numbers are 462, and 455; whence 
a:b::455: 462. Now the preſent Value S of 100/. due at 
the End of one Year, allowing (ſuppoſe) 41. _ Cent. is 96,1 51. 


(See Table III. p. 179. ) ee V = wy = — I ne 


=" 94; 71. the truc Value required. 
470. In like Manner the Probability a Perſon of 20 | Yau of 
Age has of living 2 Years is $45; and the preſent Worth of 
100 J. due at the End of 2 Years (at 4 per Cent.) is 92,45 ; 
therefore 222 X 92,45 = 8, 65 J. the Value of A's Expecta- 
tion to receive 100 J. at the End of the 22d Year of B's Li fe. 
And thus you proceed for all the other Years of his Life to the 
Extremity of Age; and the Sum of all theſe being found, and 
added together, will amount to 1480 J. very nearly. But if 
Table II. of Mr. Stonehouſe be uſed, then the Value of an An- 
nuity for ſuch a Life will amount to 148 5 l, 


Ns 471. Since 
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5 FP 

471. Since R = = P (402.) and putting : = 1, 2, 3, 4, 5, 

Sc. and A = 11. *tis plain the Sum of the Values of 11. for 

the 4 iy tt of a 1 80 s Life will be expreſſed by this 
1 


Series = N + 67 N + K + = = - „Oc. were there no Contin- 


gency in © Caſe. . as we muſt allow for that; let Q be 


the Number in the Table, correſponding to the given Age of B, 


and Q. Q. Sc. be thoſe anſwering to the next ſucceeding 


LO - ig: win 
Age ey then v we ſhall have * " OR? 1 . 


e or * "x4 &, . &c. equal to the Value of an 


Annuity of 1 1, on the Life of B. 
472. When the Value (V) of any one Life is computed or 
given, the Value (v) of the next younger Life will be eaſily 


deduced from thence; for let 7 be the Number in the Table 


found againſt the next 2 83 65 Age; then (by 471.) for the | 


1 Reaſon ad Y = es * X = 2 Q RD ec. will - 


— CY ' .* 3 5 f — 8 
R 7 | N 1 R 7 |  —R q | R 


| 6. tis plain, * multiphing the former 3 by Q, 


wa the latter by Ry, we get QV = 4 . + 2 „Se. 


and NE = Q + * + * Sc. Therefore vRg —Q 


= v and ſo AV + Q=vR 75 nts — 


; * — 4 — 71 
= E FIRE CS 


473. This laſt Theorem is . expreſſed in Words; To the 
Value of the grep Life (V) * one Year's ns and mul- 
tiply 
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cry that Sum * + 1) by + 10 (which is the 4 Thing as te 


diſcount it for one Vear, ) and that Product again multiply by 
the Probability of a Life of Nineteen continuing one Year (viz, 


5); ; this laſt Product will be the Value (V) of an Annuity up- 


4 this Liſe. For Example, The Life of 20 being 1480 J. this 
encreaſed by one Year's Purchaſe is 1580] which diſcounted 
at 4 per Cent. is 1519.2; this multiplied by the Probability of a 
Life of Nineteen, viz. 4$z gives 1499,8, or 1500/. for the 
required Value of ſuch a Life. | 
474. If the Annuity was but 17. inſtead of 1007. the Value 

of ſuch an Annuity on a Life of 20, would have been 14,8 /. 
and for a Life of 19, it would be 15 J. and in ſuch a Manner 
are the Numbers in the following Table IV. computed, which 
ſhews the Value of an Annuity on any ſingle Life from ſix Years 
of Age to 75 Cs. to Mr. Simpſan,) at the Rate of 3, 4, 

5, per Cent. 

N. B. Compound Intereſt is always allowed in theſe Caſes. 
And the Value of an Annuity on any Life, is called fuch a 
Number of Years Purchaſe, as it is the preſent Value of the An- 
nuity to continue for ſo many Years certain. Thus the preſent 
Value of an Annuity of 1001. per Annum on a Life of 20 Years 
of Age, diſcounting 4 per Cent. is equal to 14,8 > X 100 = 

1480 /. as . Calculation (470.) : 


TABLE 
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TABLE II. 
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e 2 2 2 <LI 
Saab BE. [Ew li}. | Biw Þ 
ws bh at * ba 0 = RJ — * ? * ah Y Ih 2 7 2 
Sg [7077/5 f d 
Ss s 8. 8/88. 
614. 116.2 18.831014 12.914.850 8.4 g9.1[10.1 
7114.2 16.3018.9 3211. 3012.7 14.657 8.2} 8.9 9.9] 
ol 814.316.419. 3311. 12.614.458] 8.1] 8.7; 9.6 
I 9114-3j16-4[19.01;34[11.0|12.4{14.2{[59} 8.0 8.6 9.4 
10 14.316.419. o 35 10.9 12.314.160 7.9 8.4 9.2 
1114.3 16. 419.0 36010. 812. 113.90 1 7.7] 8.208. 
1214.2 16.3 18.9 37/10. 611.913.702 7.6} 8.1] 8 
13014. 116.2 18.738010. 511.8 13.5 03] 7.4 7.9 8. 
14014. 016.0018. 5% 39 010.411.613.364 7. . 
1513.91 5. 8018.304010. 3011.5 13.2 65 „ 8 
1613.7 15.618. 104 110.211.413. 0% 6 5.9] 7.3] 7.8 
173.515,47. 94210. 111.2 12.8 [5% 6.7 7-1] 7.0 
1813.45. 217.6043 10.0011. 112.668 6.6| 6.9] 7.44 
1913.2 15.017.444 9 911.012.569 6.4 6.7] 7.1] 
20013. 0014.8 17. 245 9.810.812.3070 6. 20 6.5 6.9 
2112.9 14.7 17.0046 9.7 10.712.171 6.0 0.37 0.7 
2212.7 14. 5 16.8 [47 9.5[10.5|11.9 [72] 5.8] 6.1] 6.5 
2312.6 14.3 16.548 9.410.411.8073 5.6] 5.9] 6.2 
2412.4 14. 116. 3049 9.3010. 2 11.6074] 5.4] 5-6| 5.9 
2512.3 14.016. 10500 9.210. 111.445] 5.2] 5.4] 5-6 
2612. 1 13.815.951] 9.0] 9.91 1.2 
2712.0 13.6% 5.652] 8.9] 9.8 11. 
2811.8 13.415.453] 9.8] 9. 6010.7 
2911.7 13.215.254 8.6] 9.410. 5 
3017 1.6 13.115. 00055] 8.5] 9.3j10.3 


476. We 


476. We might now proceed to compute the Value of An- 


nuities on two, three, or more joint Lives, or on the longeſt Liver 


of them, on the ſame Principles as before; but we ſha! deſiſt 


for the preſent, from any further e eee of this Kind, | 


for two Reaſons ; firſt, becauſe of the great Difficulty and In- 
tricacy of them ; and, ſecond, becauſe they are not ſo neceſ- 
ſary, or. ſo often in Uſe as Annuities on a ſingle Life. And to 
ſay, what I think is Truth, the whole Affair of buying and ſell. 
ing Annuities on ſeveral Lives, ſeems to be a So:t of gaming, at 
leaſt a Matter of great Uncertainty after all; for general Rules 
deduced from the beſt Bills of Mortality that could be had, muſt 
be very fallacious, and ſhort of aſcertaining the preſent real Va- 
lue of an Annuity on any particular Life or Lives, and can be 


looked upon only as affording Mediums and Approximations 


| thereto. As we have ſhewn the general Nature of this Calculus, 
and given the moſt uſeful Part, we ſhall next proceed to 
what remains of the Algebraic Inſlitutions, = 


CHAP. XXII 
Of the Nature, Geneſis, To Roots of Cubic Equati ons, 
and thoſe of higher Dimenſic Fons. 


477. S we have been ſufficiently prolix on the Nature and 


Geneſis of Quadratic Equations (in Chap, XIV.) the 


leſs will be neceſſary to be ſaid here in regard to Cubic Ones, and 
thoſe of higher Powers. For the Nature and Rationale of all 
depend on that of the component, or generating Roots. Thus, 
ſuppoſe the Value of the unknown Quantity x in any Equation 
were to be expreſſed by a, b, c, d, &c. that is, let x = a, x 


=b, x = c, x = d, &c. then will x—a =0, x Se, 


„* o, X — 4 = 0, &c. be the ſimple radical Equations, 


of which thoſe of higher Orders are compoſed ; and as the Pro- 


duct of any two of theſe gives a Duadratic Equation, or one of 


two Dimenſions ; ſo the Product of any three of them as x — 4 


XX XX = 6, will give a Cubic Equation or one of 


three 


FALOGREBRA.: as 


35 nan At: ͤꝗ dt 
ot 8 rr 


— 


En 
— 


— — rr 
— i —— 


- —_— — : ey . ESE 
Ip, TR 2 3 1 
. 22 —— 2 , - — 
c . _ 
1 8 1 ———— —— 4 — . 
4 Y 1 
. "LDF nt - 


I : 
— — 


— 


n 


rs " 
e 
Fo ae” 
— 
<< I x — 
2 4 — . Fe 
— oi _— 


_ 7 * 
e 
r Le 3 * "Ra — = 
_ * 
9 — 
- =7 — 


uy - _— 
— 2 — = 
— es... — — * 2 FB 


— 
— — 


236 INSTITUTIONS 

three Dimenſions. And the Product of four of them will con- 
ſtitute a Biquadratic Equation or one of four Dimenſions; and fo 
on. Therefore, in general, the highe/? Dimenſion of the unknown 
Quantity x is equal to the Number of /i meple Equations that are mul- 


tiplied together to produce it. 
478. When any Equation equivalent to this Biquadratic 


| xX—aXx—bX x—c * — =0 is propoſed to be re- 
ſolved, the whole Difficulty conſiſts in finding the ſimple Equa- 


tions K — 4 =0, x—b=0, x—c= o, * — 4 = 0, by 
whoſe Multiplication it is produced; for each of theſe ſimple 
Equations gives one of the Values of x, and one Solution of the 
propoſed Equation. For, if any of the Values of x deduced 


from thoſe ſimple Equations be ſubſtituted in the propoſed Equa- 


tion, in place of x, then all the Terms of that Equation will va- 
niſh, and the whole be found equal to OR | Becauſe when 
it is ſuppoſed that x = a, or * b, or æ — c, or æ =, then 


the Product x — 4 * = does vaniſh, 


becauſe one of the Factors is equal to nothing. There are there- 


fore four Suppoſitions that give x—aXx—bXx—cXx—@d 


= © according to the propoſed Equation ; that is, there are four 
Roots of the propoſed Equation. And after the ſame Manner 
any other Equation admits of as many Solutions as there are ſim- 
ple Equations multiplied by one another that produce it, or as 


many as there are Units in the higheſt Dimenſion of the un- 


known Quantity in the propoſed Equation. 


479- But as there are no other Quantities whatſoever beſides - 


theſe four (a, b, a, b, c, d,) that ſubſtituted in the Product x — 4 x —8 


Xx—bXx—c * Xx - d, in the Place of of x, v will make the 
Product vaniſh ; therefore, the Equation NK dx | 


x—c<X d = 0, cannot poſlibly have more than theſe four 
Roots, and cannot admit of more Solutions than four. If you 
ſubſtitute in that Product a Quantity neither equal to a, nor 


5, nor c, nor d, which ſuppoſe e, then ſince neither, e —a, 
e—b,e—c,nore —dis equal to nothing; their Producte — a 


X e—bXe—cX e— cannot be equal to nothing, but 
muſt be ſome real Product: And therefore, there is no Sup- 
poſition 


— 
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poſition beſide one of the foreſaid Four, that gives a juſt Va- 
lue of x according to the propoſed Equation. So that it can 
have no more than theſe four Roots. And after the ſame Man- 
ner it appears, that no Equation can have more Roots than it con- 
tains Dimenſions of the unknown Quantity. 


480. To make all this ftill plainer by an Example, in Nam 


bers ; ſuppoſe the Equation to be reſolved to be x+ — 10x? + 
35 * — 50 + 24 = o, and that you diſc diſcover that this Equa- 


tion is the is the ſame with the Product of x —1 X x— 2 X x— 3 5 


X x — 4, then you certainly infer that the four Values of x 
are I, 2, 3, 4; ſeeing any of theſe Numbers, placed for x, 


makes that Product, and conſequently K — 10 & + 35 x* — 
50 x + 24, equal to nothing, according to the propoſed Equa- 


tion. And it is certain that there can be no other Values of * 
beſides theſe four: Since, when you ſubſtitute any other Num- 
ber for x in thoſe Factors x— 1, x — 2, x — 3, x — 4, none 


of the Factors vaniſh, and therefore their Product cannot be 


equal to nothing, according to the Equation. | 

481. The Number of Terms is always greater than the bighef Di- 
menſion of the unknown Quantity by Unit. And when any Term 
is wanting, an Afieriſt is marked in its Place. The Signs and 
Coefficients of Equations will be underſtood by conſidering the fol- 
lowing Table, where the ſimple Equations x — a, x —b, &c, 
are multiplied by one another, and produce, ſucceſſively, the 
higher os 
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x—@ = 0 

Xa—b=0 | 

=" . ? = o,; Sabai 

XX — oO | 

=x* —@ + ab) Hos . 
| 8871778 Xx— abc So, a Cubic. 


— 5 
— + te 
NES. 
5 . + 6 abc 
| \ +ac| —abd © 44 0 * 
7 ad\ , ,—acd( Biguadratic. 
—4 3 + be en oi 
+ bd 
+ cd 
ZVV oo oe os nts 
—x — 2 + ab" —abc\ 3 2 + abcd — ; 
| n—_ + ach] 224634 1 + abcef * 
— > X x* + ad abe Ja ba- | | 
„ +ael — 444 IT acde -2 
— 4 + bc} —adel + bede# & 
Ki + bd{ XX mace Gece ay 
+be „ woDprgy 11 
+ cd 3 5 '© 
+ ce — de | 
+ de). : ene. V e 


E 


482. From the Infſpeftior of theſe Equations it is nie: that 
the Coefficients of the firſt Term is Unit, 

| The Coefficient of the ſecond Term is the Sum of all the Roots 
(a, b, c, d, e, having their Signs changed. 


The Coefficient of the third Term is the Sum of all the Pre- 
duct, that can be made by multiplying any two of the Roots (a, Þ, e, 


d, e,) by one another. 
' The Coefficictit of the fourth Term i is the Sum of all the Pro- 
 dudts that can be made by multiplying into one another any three of the 


Roots, with their Signs changed. And after the . Manner all 


the other Coefficients are formed. 

The laſt Term is always the Produ of all < Roots ch their 
Signs changed, multi * by « one another. | 
483. Altho' 


1 F 2 


483, Altho in the Table ſuch ſimple Equations only are 


multiplied by one another as have poſitive Roots, it is eaſy to 
ſee, that the Coefficients will be formed according to the ſame | 


Rule when any of the ſimple Equations have negative Roots,” 


And, in general, if x —px* + qa —r = © "repreſent any 


Cubic Equation, then ſhall p be the Sum of the Roots; q the 
Sum of the Products made by multiplying any two of them 


r the Product of all the three: And, if —p, + 4, —r, +5 


et, + «, &c. be the Coefficients of the 2d, 3d, 4th, 5th, 
th, 7th, c. Terms of any Equation, then ſhall p. be the 
Sum of all the Roots, q the Sum of the Products of any two, 
7 the Sum of the Products of any Three, 5s the Sum of the Pro- 
ducts of any Four, f the Sum of the Products of any Fi we, 1 


the Sum of the Products of any Six, &c. 
484. When therefore any Equation is propoſed to be relolvelt; 


it is eaſy to find the Sum of the Roots, (for it is equal to the Co- 
efficient of the ſecond Term having its Sign changed :) or, to find 
the Sum of the Products that can be made by multiplying any de- 
terminate Number of them. 


485. But it is alſo eaſy © to find the Sum of the Squares, or 


of any Powers, of the Roots.“ 


The Sum of the Squares is always p* — 2 9. For calling | 


the Sum of the Squares B, ſince the Sum of the Roots is p; 
and © the Square of the Sum of any Quantities is always equal 


to the Sum of their Squares added to double the Products that 
can be made by multiplying any two of them,” therefore, 


p B + 2%, and conſequently, B=p* 29. For Ex- 
ample, £-+.4. +0. =* +87 + < „ 3ͥͤͥĩ 4p; 
That is p* 29. Anda ++ +c + 4 =a* þ bY þ 
11 Xabbach+ad+bri+ bd + cd, that is again 
p* = B+ 24, or B =p*— 29. And ſo for any other Num- 
ber of Quantities. In general therefore, „ the Sum of the 


Squares of the Roots may always be found by ſubtracting 2 


from p* ;” the Quantities p and ? being always known, ſince 
they are the Coefficients in the propoſed Equation. 

486. The Sum of the Cubes of the Roots of any Equa- 
tion .is equal to an or to Bp—pg + 3r. 
For B- Xx p gives always the Exceſs of the Sum of the 


Cubes of any Quantities above the triple Sum of the Products 
"1-2 | chat 
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that can be made by multiplying any three of them. - Thus 


a? + e —ab—ac—bexa+b+c (=B—=7 x. 


5 ?) =4a3 +33 + *—Zabe. Therefore, if the Sum of the 
Cubes is called C, then wr = 7xp=C—-3r, and C 


= Byp—qp + 37 = me" —29) =f* — 39 
+37 


After the ſame Manner, if D be the ns of the 4th Powers 
of the Roots, you will find that D =þC—qB + pr —4s5, 
and if E be the Sum of the 5th Powers, then ſhall E p D—q 
C+rB—ps+5t. And after the ſame Manner the Sum of 


any powers of the Roots may be found; the Progreſſion of 
theſe Expreſſions of the Sum of the Poweis being obvious. 


487. As for the Signs of the Terms of the Equation 
produced, it appears from Inſpection that the Signs of all 


the Terms in any Equation- in the Table are alternately + 
and —: Theſe Equations are generated by multiplying con- 
tinually & - , * — b, X c, * — d, &c. by one another, 


The firſt Term is always ſome Pure Power of x, and is poſi- 


tive; the ſecond is a Power of x multiplied by the Quan- 
tities — a, — 6, c, &c, And ſince theſe are all negative, that 
Term muſt therefore be negative. The third Term has the Pro- 
ducts of any two of theſe Quantities ( a, — b, — c, &c.) for 
its Coefficient ; which Products are all poſitive, becauſe — x — 
gives +. For the like Reaſon, the next Coefficient, conſiſting 
of all the ProduQs made by multiplying any three of theſe Quan- 


tities, muſt be negative: And the next poſitive. So that the Co- 


efficients in this Caſe, will be poſitive and negative by Turns. But 


« in this Caſe, the Roots are all poſitive” ſince x = a, x = 8, 
* h * d, x e, &c. are the aſſumed ſimple Equations. 


It is plain then, that, rohen all the Roots are om the Signs 
- gre alternately + and — 


488. k But if the Ro are all negative, then x 7 a x3 * 77 1 


* * z + cXx + x + 4, &c. = © will expreſs the Equation to be 


produced; all whoſe Terms will plainly be poſitive; ſo that 
&« when all the Roots of an Equation are negative, it is plain there 


will be no changes in the Signs of the Terms of that Equation. 5 


489. In general, “ there are as many poſitive Roots in any 
Equation as chere are Changes in the Signs of the Terms from 


+to 
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| ++ to —, or from — to + ; and the remaining Roots are 


negative,” The Rule is general, if the OT Roots be 
allowed to be either poſitive or negative. _ 

490. In Quadratic Equations, the two Rwots are either boch 
Naive, as in this 


58 * —ax+ab= 
wm 4 


where there are two Changes of the gin: . 07 are both | 


e as in this 
(*+8a Xx x+4b =) x* +a 
+: ＋ =) + b . ee 


whore 9 is not any Change of the Signs. 'Or there is one 
_ poſitive and one negative, as in | 


5 (x—a * Pr) =) 9 ALT =0 
where there is neceſſarily one Change of the Signs ; becauſe the 


firſt Term is poſitive, and the laſt negative, and there can be 
but one Change whether the 2d Term be + or —. 


Therefore the Rule given (Inſt. 489.) extends to all Quadratic 


Equations. 
491. In Cubic Equations, the Roots may be, 


19. All poſitive as in this, x — 4 * x — b * * =0, 


in which the Signs are alternately 4- and —, as appears from ; 


the Table; and there are three Changes of the Signs. 


2%. The Roots s may be all negative as in the Equation 


x +a N PD Pe o, where there can be no Change 


of the Signs. Or, 
3.f There may be two poſitive Roots and one negative, a8 


in the Equation x — a X x—bX * c So; which gives 


1 


. 
= Here 


$3 —@ ＋ 425 8 | - 
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| Here there muſt be two Changes of the Signs, becauſe if à + 
b is greater than c, the ſecond Term muſt be negative, its Co- 


efficient being — a —b + 6. 
And if @ + bis leſs than c, then the third Term muſt; be ne- 


gative, its Coefficient + ab —ac— bc (ab - CN a + 4 + b)* 


being in that Caſe negative. And there cannot polibly be three 
Changes of the Signs, the firſt and laſt Terms having the ſame 
Sign. 


492. 4*. There may be one . Root and two negative, - 


as in the Equation x + aXx+6b - = o, which gives 


x3 ay + ab 
+ 56 abr —abe = 0 
— cy) —bc 


Where there muſt be always one Change of the Signs, fince the 


firſt Term is poſitive and the laſt negative. And, there can be 


but one Change of the Signs, ſince if the ſecond Term is 
negative, or @ + 6 leſs than c, the third muſt be negative 
alſo, ſo that there will be but one Change of the Signs. Or, 
if the ſecond Term is affirmative, whatever the third Term is, 
there will be but one Change of the Signs. It appears therefore, 


in general, that in Cubic Equations, there are as many affirma- 
tive Roots as there are Changes of the SR of the Terms of the 


Equation. | 
The ſame Way of Kenforing may be 3 to Equations 


of higher Dimenſions, and the Rule veljvereds in Inſt. 489. ex- 


tended to all Kinds of Equations. 
493. There are ſeveral Conſectaries of what has been alrea- 


dy demonſtrated, that are of Uſe in diſcovering the Roots of 
Equations. But before we proceed to that, it will be conve- 


nient to explain ſome Transformations of Equations, by which 
they may often be rendered more ras, and the Os 
of their Roots more eaſy. | 


CHAP. 


V Becauſe the Rectangle a * ù is leſs than the Sai aP b x a+6, 
and therefore much _ thaw a 12 2 TIB xc. 
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Of the 7. ransformation of Equati ons; and extermi- 


nating their intermediate Terms. 
494. * now proceed to explain the Transformations of 


Equations that are moſt uſeful: And firſt, The Af. 


firmative Roots of an Equation are changed i into negative Roots of the 
ſame Value, and the negative Roots into affirmative, by only changing 


the Signs of the Terms alternately, beginmng with the Second, Th 7 


the Roots of the Equation K“ — x3 — 19x* + 49 x — 30 = 


o are + 1, +2, +3, — 5; whereas the Roots of the ſame 


Equation having only the Signs of the ſecond and fourth Terms 
changed, Ut. x* + * — 19 * —49 uY — - S oO are — , 
— 2, — 3, + bY 

To underſtand the Reaſon of this Rule, WM us ai an Equa- 
tion, as x — 4 * - e N K d& A e, S. 20 
whoſe Roots are + a, + b, + c, + 4, + e, &c. and an- 


other having its Roots of the ſame Value, but affe affected with 


contrary Signs, asx+aXxx+b XX TN UN TAL Te, 
&c. O. It is plain, that the Terms taken alternately, be- 


ginning from the firſt,* are the ſame in both Equations, and have 
the ſame Sign, © being Products of an even Number of the 


Roots; the Product of any two Roots having the ſame Sign as 


their Product when both their Signs are NT as + aX—_ 


 b=—aX +6. | 
hut the ſecond Nenn and all taken ENG from them, 


becauſe their Coefficients involve always the Products of an 
odd Number of the Roots, will have contrary Signs in the two 


Equations. For Example, the Product of four viz. ad, 


having the ſame Sign in both, and one Equation in the fifth 


Term having abcd Xx e, and the other abcd X - e, it 
follows, that their Product a bede muſt have contrary Signs in 
the two Equations: Theſe two Equations therefore that have 
the ſame Roots, but with contrary Signs, have nothing different 
but the Signs of the alternate Terms, beginning with the ſe- 
| cond. From which it follows, that if any Equation 1 is given 


* See the Table! in Pars 238. 
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and you change the Signs of the alternate Terms, beginning 


with the ſecond, the new Equation will have Roots of the ſame 


Value, but with contrary Signs.” | 
495. It is often very uſeful “ 70 transform an "Einar into 


another that ſhall have its Roots  groater or leſs than the Roots of 
the propoſed Equation by ſome given Difference.” 


Let the Equation propoſed be the Cubic x3 — P ＋ qz— 
y=0. And let it be required to transform it into another Equa- 
tion whoſe Roots ſhall be leſe than the Roots of this Equation 
by ſome given Difference (e), that is, ſuppoſe y = x— e, and 
conſequently x = y + 2; then inſtead of x and its Powers, 


| ſubſtitute y + e and its Powers, and * will ariſe us new 


| Equation | 


Oy +3) +3et +e? 


„ ,,, 


3 Chir 


— 7 


whoſe Roots are leſs than the Roots of the preceding Equa- 


tion by the Difference (e). 

If it had been required to findan ; RD whoſe Roots ſhould 
be greater than thoſe of the propoſed Equation by the Quan- 
tity (e), then we muſt have ſuppoſed y = x + e, and conſe- 
quently x = y — &, and then the other Equation would have 
had this Form 


(5) y* __— IT . 
e Oh. 
| 1 | 


. 


If the propoſed Equation be in this Form & + px#* + 9x 


+7 =o, then by ſuppoſing x + e=y there will ariſe an E- 
quation agreeing in all Reſpects with the Equation (4), but 
\ that the ſecond and fourth Terms will have contrary Signs. 
And by ſuppoſing x — ej, there will ariſe an Equation 


agreeing with (B) in all Reſpects, but that the ſecond and 
fourth Terms will have contrary Signs to what they have 
in (B). 

The firſt of theſe ee, gives this Equation, : 


2 


1 
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(0) = gef? + 32 — &q 
. 
a 7 3 


The e ſecond Suppoſition gives the Equation, | 
OLE + ICE EL 
9252 IP R 
r +: 8 
ob 


406 The grſt Uſe of this 8 of Equations is to 
ſhew how the ſecond (or other intermediate) Term may be taken away 
out of an Equation. 

It is plain that in the Equation ( A) whoſe ſecond Term i is 
Je — NM, if you ſuppoſe e = 7 p, and conſequently Jo 
p = ©, then the ſecond T'erm will ht" | | 

In the Equation (C) whoſe ſecond Term is — 3e rr Pp X 7 f 
ſuppoſing e = p, the ſecond Term alſo vaniſnes. „ 

Now the Equation (A) was deduced from x* — b * ＋ 
Ero, by ſuppoſing y= x -e. And the Equation (C) 
was deduced from æ&* + px* + qx+r7 = 0; by ſuppoſing 
y=x+e; From which this Rule may eaſily be deduced for 
exterminating the ſecond Term out of any Cubic Equation. 


1 Al el | F281 
407. 2 to the unknown Quantity of the given Equation the 
third Part of the Coefficient of the ſecond Term with its proper Sign, 
viz 4p, and ſuppoſe this Aggregate equal to a new unknown 
Quantity (y). From this Value of y find a Value of X by Tranſpo- | 
ſition, and ſub/iitute this Value of x and its Powers in the given 
Equation, and there will ari fe a new E . that * want Pw 
ſecond Toes. 5 | 


EXAMPLE. 


Ji it be required to exterminate the ſecond Term out of 
this Equation, x? — 9 x* + 26 x — 34 = 0, ſuppoſe x — 3 
= 1, ory +3 ==; and ſubſtituting according” to the Rule, 
you will find | | 
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| as + 99+ 277 +27 = 
— 957 — 54 = 81 
* FR 780 


„ — 7 * 10 = 0. 


In which there is no Term where is of two > Dinas, od 
an Aſteriſk is placed in the room of the ſecond Term, to ſhew 
it is wanting. 

498. Let the Equation propoſed. be. of any Number of Di- 
menfions repreſented by (u); and let the Coefficient of the 


ſecond Term with its Sign prefixed be — p, then ſuppoſing * — 
| 4 = 5, and conſequently s=y + 2, and &ubdirutiing: this Va- 


Tax for-x in the given Eguaiigh,? its will ariſe a new Equation, 
that mall want the ſecond Term. 


It is plain from what was demonſtrated in Chip. 2. that * 
Sum of the Roots of the propoſed Equation i is + Ps and ſince 


8 ſuppoſe * & — „ I follows, that, in the new eee 


each Value of 7. will be lets than the refpeAive Value of x by 


* a? 4 
1 * 5 25 Cat; '# 100 F : "7 - Y — X 


and, ſince. che Number of, the Rats. is 2, it follows that 


25 the Sum of the Values of y will be leſs than + P, the Sum of 
the Values of x, by n * 4 . wat „ "by 1 75 Therefore th 
5 0 of the Values .of x will be. + N nn _— | 


1 


- But the Coefficient of the ſecond Ten of the Equation of 
N is the Sum of the Values of 3, VIZ. + þ — p- and therefore 
that Coefficient is equal to nothing; and conſequently, in the 


Equation of y, the ſecond Term vaniſhes. It follows then, 


that the ſecond Term may be r out of mw given 


RULE. eee 
| Divide the Coefficient of the ſecond Term of the 8 2 guat ion 


In the Number of Dimenſions of the Equation z and aſſuming 4 new 


unknown Quantity y, add to it the Quotient havi 2 its Sign changed. 
Then 


M2: i 1 , "ye 
* 4 , 1 
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Then FROY this Aggregate equal to x the unknown 3 in the 
propoſed Equation ; and for x and its Powers, ſubſtitute the degre- 
gate and its Powers, fo that the new E Nati that ariſes want its 
ſecond Term. | 


499. If the propoſed Fallon is 2 Ns ON en as & a 7 » $i 
= o, then, according to the Rule, ſuppoſe 7 ＋ 2 5 = 5 


on ores, this Value for x, you will find, 


* * #5 + 7 7. {= 
— 2 
+ 7 


8 


e On FO 


[i 


And from this Example the Uſe of exterminating the 2d Term 


appears: For commonly the Solution of the Equation that wants 
the 2d Term is more caly, And, if you can find the Value of 
y from this new Equation; it is eaſy to find the Value of æ& by 
Means of the Equation „r=n. For an i 


Since y* +5 2 o, it follows that 
7 9g, andy = + Tp -, ſo 
e e e — 


* 


which agrees with what we demonſtrated ( Inſt. 339: \) 
If the propoſed Equation i is a Biquadratic, as x* — þ x® + 
5 —rx ＋ = O, then by fuppoling æ — g = y or x 
+ 2 p, an Equation ſhall ariſe having no ſecond Perm. And if 
19s propoſed is of five Dimenſions, chen you mult ſuppoſe x = y 
Ip. And ſo on, 
500. When the ſecond Term i in any Equation i is wanting, it 
follows, that & the Equation has both affirmative-and negative 
Roots,” and that the Sum of the affirmative Roots is equal to the 


| Sun of the negative Roots.” By which Meahs the Coefficient 


of the ſecond T erm, which is the Sum of all the Roots of both 

Sorts, vaniſhes, and makes the ſecand Term vaniſh. | 
In general, & the Coefficient of the ſecond Term is the Dit 

ference between the Sum of the Affirmative Roots and the Sum 


of the negative Roots: 8 And the Operations we have given 


ſerve only to Ann all the Roots when the Sum of the Af- _ 
K 3. 7 firmative | 
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firmative is greateſt, or increaſe. the Roots when the Sum of 
the Negative is greateſt, To as to ma them, and reduce them 
to an Equality. 

It is obvious, that in a x Quadrati ic Equation that wants the 
ſecond Term, there muſt be one Root affirn, ative and one nega- 
tive; and theſe muſt be equal to one another, „ 

In a Cubic Equation that wants the ſ-cond Term, there muſt 
be either two affirmative Roots equal, taken together, to a third 
| Root that muſt be negative; or two negative 5 85 to a third 
that muſt be poſitive. 

501. Let an Equation x? . * ＋ g r o be propoſed, 
and let ir be now requi ed to exterminate the third Term. 

By ſuppoſing y = x — e, the Coefficient of the thud Term 
in the Equation of y is found (ſee Equation 4). to be 3“ — 
2p e +94. Suppoſe that Coefficient equal to nothing, and by 
_ reſolving the Quadratic Equatian 3e“ —2pe + q = o, yuu 

will find the Value of e, which fubſt.tuted for it in the Fquation 
„-e, will ſhew how to transform the propoicd Equa— 
tion into one that ſhall want the third Term, 


The Quadratic 30 e ee V ; —2 


80 chat the propoſed Cubic will be transformed i into an E quation F 


wanting the third Term by ſuppoſing y= = x — —— vr 8 —39 f 


2+ F309. 


or y 


3 ; 
| 502. If the propoſed Equation is of n Dimenfions the v alue of 
by which the third | erm may be taken away, is had by re- 


8 
nn — 1 

o, ſuppoſing — p and + 7 to be the Cees of the ſecond 

and third Terms of the propoſed Equation. 

The 4th Term of any Equation may be taken away bv ſolv- 
ing a Cubic Equation, which is the Coefficient of the 4th Term 
in the Equation when transformed, as in the ſecond Article of 
' this Chapter. The 5th Term may be taken away by ſolving a 
Biquadratie; and aſter the ſame Manner the other Terms can 


be exterminated if there are any. 


folving | the Quagratic Equatian e + 


$03. Thers 
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of Foz. There a e other T panſngrtations: of lasen, that on 

m ſome Occaſians are uſeiul. | 

| An Equation as gf —pe* 4 gx —7 = 0, may be 2 

he formed into another that ſha have its Roots equal to the Roots of 

= this Equatien muitiplied by a giuen Quantity, as f, by ſuppoſing 7 

0 = fn 4 and en, * 2 . and ſubſtituting, this Value 

rd KAUR oc 

i for x in the propoſed Equation, there will ariſe 5; — — 77 + 

d, ä 7 — — r= 0, and multiplying all by f*, we have 5 — fp * + f* 

| gy —f*r So, where the Cocflicient of the ſecond Term of 

m the propoſed Equation multiplied into F makes the Coefficient 

of the ſecond Teim of the transformed Equation ; and the fol- 

7 lowing Coe fficients are produced: by the following Coefficients 

u of the propoſed Fquation (as 9, 7 de.) . into the 

n Powers of f, (as 7, /, &e.) 

- PPberefore to tran-form any Equation into another whoſe 
Roots ſhall be equal to the Roots of the propofed Equation 

79 multiphed by a given Quantity” (f), vou necd only multiply 

” | the Terms ot the propoſed Fquaiion, beginning at the ſecond 

an * Term, by f, 7*, f*, fe, &e. and putting) inſtead of x; there 


- will ariſe an Equation having its Roots equal to the Roots of 
AN | the propoſed Equation, multiplied by (/ as required. | 
504. The T'rans/ormation mentioned in the laſt Article is 
of Uſe when the higheſt Term of the Equation has a Coeffi- 
cient different from Unity; for by jt, the Equation may be 
transformed into one that ſhall have the Coefficient of the * 
| eſt Term Unit, 
Ik the Equation e is 4 * — 4 7* r o, 
then transform the Equation into one whoſe Roots are equal 
to the Roots of the propoſed TP” multiplied by (a). That 


is, owns ax or * 2 and there will ariſe 


#7? pL 
| _ ——=3 fo that 
TO REA + gay—ra = 0% | 
1 | e F. rom which we may draw this” 


£50. INSTETUTIONS. 


1 


Change ibe un tnotun Qlaanrity x into other Yo prefix no Coeffi- | 
gent ta the bighe ef Term, paſs the ſecond, muitiplying the following 
Terms, beginning with the third, by a, as, as, a*, 6c. the Pow- 
err of the Coefficient of the High Term N. the h E quation, re. 

| * 
Thus the eden 3 — 135 + 147 + 19" = _ Iv i 


16X9=0, or y* —13f +42 x + 44 =: : 

Then finding the Roots of this Equation it will eaſily 6 
diſcovered what are the Roots of the propoſed Equation: Since 
| 3x =), orx = {4 yy. And therefore ſinee one of the Values | 
of is — 2, it follows that one of the Values of x is — 3 


505. By the laſt Rule an e rs eaſily cleared of Fratlions. 


| AS I; 5 
aan the Equation. propoſed is x? — fs * + tg 


- Multiplying ll the Ferms by the Produdt of the De- 
| nominations you find | 


17 


ne-. e A o. 


Then, (by laſt Art.) transforming the Taps into one that 
ſhall have Unit for 1 eee of the n Ten, you 


find : 7 e +06 | ' es 
1 i 2 nee we r=o, 1 


115 75 74 


| 05 negleRing the Denomination of the laſt Term 5 „Jou 
need on, b 10 the 8 <a m hee which will N give 05 


en 7 
| = mnn _ 
mn. 8 8 


a —— wp * * es 3 


9 K 
14 ks 


Now after the Values of FS are found,” it t will be 40 to wiſ- 
cover 


; * "# N 
* JI 
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. 
wm 


F 105 3 5 


Te the Values of, x; nec, in the firſt Caſe, x = e ia 


* 
6 th th q 
3 * —— —' . — — 


WI; For ExaneLE, , £4 
The Equation x7 * —4 x — , o, is firſt ukabs 


to this Form 3æ& * —4x — 3 => % and then transform- | 
ed inte 93 2 125— 146 {IT 9 Mn 2 


3 ** 


506. Sometimes; by theſe — Buri v are e talen 


ny, As for Example, 
The Equation 45 — "= Va Xx 2 2 {5 = 4 V So 


| putting y = — * X 45 01 X56 — Gap 5: is. wansformed, inte this 


„ n Webel oth bas 4 nan 
Equation 2 3 . * 4 7 * . e . 


"Which by multiplying all the Terms by\ay/a, becomes * — 

pay ＋ gay—ra* 2 o, an Equation free of Sufds. 'B it | 

in order to make this ſucceed, the Surd WY. muſt enter "the al | 
; 440d (1 

ternate Terms beginning, with the ſecond. | 

Fo. An Equation, as & — pa +9 xr = = 0, may be ; 

transformed i into one Ln 4 Roots ls be the TED Feu of 


x ; by ſuppoſing y = =, -, and ow > or, (by one Suppoſition) 


1 9 28. 1 8207 a 447 15 oi 14 4 * aul V et * 
. Yr 
X= =» eee berg o. 
* 


ban 


+ * 

In the Equation of y, it is manifeſt” that the Order of the 
Coefficients is inverted ; ſo that ifithe” ſecond Term had been 
wanting in the propoſed Equation, the laſt but one ſhould have 
been wanting in the Equations of y and æ. If. th third had 

been wanting in the Equation propoſed, the laſt - te had 
_ wanting in the Equations of y and cc. 

508. Another Uſe of, this Transformation is, that the en. of 

, in thy one is. n into the leaſt Root in the other. Fox fince 


a 7 2 „and 3 7 LY 1 is plain that when the Value of x is 
1 „ 1 2 


greateſt the Value of y is leaſt, * eme. jd. gu + 
How 


ol 
* — 


. ͤ K — py 
— 
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Hou an n Equa · ion is transformed ſo as to have all its Roots 
affirraative, ſhall am in the . Chapter. 


0 HAP. XXIV. 


* 
* n 8 
# - 


Of finding the Roots of Equations when two or 


more of the Roots are equal to each other. 


599. fr ORE we — to explain how to n Equa- 

tions of all Sorts, we ſhall firſt demonſtrate how 
an Equation that has to or more Roots equal, is depreſſed to a' lower 

_  Dimenſ#n; and its Reſolution made, conſequently, more eaſy, 
And ſhalt endeavour to explain the Grounds of this and many 


other Rules we ſhall give in the remaining Part of this Trea- 


tiſe,"in a more ſimple and conciſe Manner than has hitherto 
1 been done. 


In order to this, "we muſt look back to (Inst. 495. ) where 


ve find that if any Equation, as xt —p x „ 
18 propoſed, and you are to transform it into another that ſhall 


have its Roots lefs than the Values of ; x by any given Diffe- 
rence, as 7, you are to aſſume y = x = e, and ſubſtituting: for 
x its Value z+ 6 you find the transformed 3 


7 13 ＋ 347 1 os 
| Pies with — 22 . = o. 
| "Sa 79 +9e 


. 


. | | BAY © 


50 Here we are to > Wires; | | 
15. That the laſt Term (es —p et - PR is the veiy 


. . Equation that was propoſed, having e in the Place of as! 126 


2®. The Coefficient of the laſt Term but one is 35 —2 pe 


+ g, which is the Quantity that ariſes by multiplying every 


Term of the laſt Co-efficient e - p“ + ge — r by the In- 


dex of e in each Term, and dividing the Product 3 7 — 2 pe 


+ a that is common to all the Terms. 
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3˙ The Coefficient of the laſt Term but two is 3 — p, 
which is the Quantity that ariſes by multiplying every Term of 


the Coefficient laſt found (3 * — 2 pe + g) by the Index, of 
e in each Term, and dividing the whole by 2e. 


511. Theſe ſame Obſervations extend to Equations of all | 


Dimenſions. If it is the Biquadratic * — px3 + g - 


+ 5=0 that is propoſed, then by uppolingy y=x—e, it will | 


be transformed into this other, 
e +48 + | 
_—— — 3x; e 4 
| „ Fg ee | 


Where again it is obvious, that the laſt Term is the Equation 


that was propoſed, having e in the Place of x. That the laſt 


Term but one has for its Coefficierit the Quantity that ariſes by 


multiplying the Terms of the laſt Quantity by the Indices of 


in each Term, and dividing the Product by e. That the Co- 


efficient of the laſt Term but two, (viz. 6 e* — 3 pe +9) is 


deducet in the ſame Manner from the Term immediately follow- 
ing, that is, by multiplying every Term of '4 83 — 3pe* + 


2 ge—r by the Index of e in that Term, and dividing the whole 
by e multiplied into the Index of y in the Term ſought, that is, 


| bye & - FP And thenext Termis 4e—p= Oe homer | wit 


7 
The Demonſtration of this may eaſily be made g by the 
Theorem for finding the Powers of a Binomial, ſince the tranſ- 
formed Equation conſiſts of the Powers of the Binomial y + e 
| that are marked by the Indices of e in the laſt Term, multiplied 
each by their Coefficients I, — p, +4, — r, +5, Sc. re- 
ſpectivelv. 
5 12. From the laſt two Arceles we can ok ly find the Terms 
of the transformed Equation without any Involution. The laſt 
Term is had by ſubſtituting e inſtead of x in the propoſed Equa- 
tion; the next Term, by multiplying every Part of that laſt 
Tom by the Index of e in each Part, and dividing the whole by 
e; and the following Terms in the Manner deſcribed in the 
foregoing Article ;* the reſpective Diviſors being the Quantity £ 
multiplied by the Index of y in each Term. Þ 
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513. The Demonſtration for finding when two or more Roots 
are equal, will be eaſy, if we add to this, that when the unknown 


Quantity enters all the Termsof any Equation, then one of its Values 
is equal to nothing. As in the Equation #3 —px* + gx = o, 
where x — © = © being one of the ſimple Equations that pro- 
; duce x3 — p + 9q x S o, it follows that one of the Values 
of is o. In like Manner two of the Values of x are equal to 
nothing in this Equation «K* — px* = 0; and three of them 
vaniſh in the Equation x —px3 = 0. 

It is alſo obvious (converſeh) that if, x does not enter all 
the Terms of the Equation, i. e. if the laſt Term be not want- 
Ing, then none of the Values of x can be equal to nothing,” 
for if every Term be not multiplied by x, then x o cannot 


be a Diviſor of the whole Equatien, and conſequently o cannot 


be one of the Values of x. If x* does not enter into all the 


Terms of the Equation, then two of the Values of x cannot 
be equal to nothing. If x3 does not enter into all the Terms 


of the Equation, then three of the V alues of x cannot be ona! 


to nothing, Sec. | | 
514. Suppoſe now that two Values of x are Vert to one 


another, and to e; then it is plain that two Values of y in the 


transformed Equation will be equal to nothing: Since y = x — 


e. And conſequently, by the laſt Article, the two laſt Terms ” 


of the transformed Equation muſt vaniſh. | 

* Suppoſe it is the Cubic Equation of Inſt. 509. that is propoſ- 
ed, Viz. «„ — px? + qx—r = 0; and becauſe we ſuppoſe 
x = e, therefore the laſt Term of the transformed Equation, 
Viz. e — ben + ge—r will vaniſh.* And ſince two Values 
of y vaniſh, the laſt Term but one, viz. 3 y —2pey + gy 


will vaniſh at the ſame Time. So that 3e* —2pe+q=0. 


But, by Suppolition, e = x; therefore, when two Values of x, 


in the Equation & —p #* + gx—7 =0, are equal, it fol- 


lows, that 3à* — 2px + q = ©. And thus © the propoſed 


Cubic is depreſſed to a Quadratic that has one of its Roots equal 


to one of the Roots of that Cubic.“ 43 7 ard 
| I 


gecauſe fines * . therefore J=x—e=0o, and conſequently 
all the 'Terms in which y is found will vaniſh ; and they are all but 


the laſt, therefore the laſt Term e — pe ＋7.—7 will be leſt 


7 equal to nothing, ſince the whole Equation Was ſo at firſt, 


I 


> = 
RY _— 7 Oi. e 0 
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If it is the Biquadratic that is propoſed, viz. x+ — 2 x3 + 
* —rx*+5 = o, and two of its Roots be equal; then ſup- 
poſing e = x, two of the Values of y muſt vaniſh, and the 
| Equation of Inſt. 511. will be reduced to this Forms 


„. + 4h. + 6.5 pj 
— = 385? hon =o. fakes 
427” . 
4 32 +29e—r=0; or becauſe æ = 6, 
4 — 37 + 29x o. | . 


515. In general, when two Values of æ are equal to each other, 
and to e, the two laſt Terms of the transformed Equation va- 
niſh: And conſequently, “if you multiply the Terms of the 
_ propoſed Equation by the Indices of x in each Term, the Quan- 

tity that will ariſe will be = o, and will give an Equation of a 
lower Dimenſion than the propoſed, that ſhall have one of its 
Roots equal to one of the Roots of the propoſed Equation.” 

That the two laſt Terms of the Equation vaniſh when the Va- 
lues of x are ſuppoſed equal to each other, and to e, will alſo 
appear by conſidering, that ſince two Values of y then become 
equal to nothing, the Product of the Values of y muſt vaniſh, 
which is equal to the laſt Term of the Equation ; and becauſe 
two of the four Values of y are equal to nothing, it follows alſo, 
that one of any three that can be taken out of theſe four muſt 
be = o; and therefore, the Products made by multiplying any 
three muſt vaniſh ; and conſequently the Coefficient of the laſt 
Term but one, which is equal to the Sum of theſe Products, 
muſt vaniſh. 

516. After the ſame 3 if there are 5 505 equal Roots 
in the Biquadratic x* —px? + eK —rx +5 = o, and if 
e be equal to one of them; three Values of ) (= x —e) will 
vaniſh, and conſequently * will enter all the Terms of the 
transformed Equation ; which will have this Form, 

e bs * * o. So that here 
6e — 3p 2 +4 = 0g or, ſince e x, therefore, | 

5 — 3þx +q = o: And one of the Roots of this Qua- 
dratic will be equal to one of the Roots of the propoſed Biqua- 
eratic. — TT In 
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In this Caſe, two of the Roots of the Cubic Equation 4 x3 — 
3þx* +2qx —r= © are Roots of the propoſed Biquadra- 
tic, becauſe the Quantity 6x*— 3px + q is deduced from 
4* —3px* +2qz—7, by multiplying the Terms by the 


Indexes of x in each Term. 


In general, „“ whatever is the Number of coil wen in the 
Propoſed Equation, they will all remain but one in the Equa- 
tion that is deduced from it, by multiplying all the Terms 
by the Indexes of x in them; and they will all remain but 
two in the Equation deduced in the ſame Manner from That ;” 

and ſo of the reſt. 
517. What we obſerved of the Coefficients of een | 


transformed by ſuppoſing y = x — e, leads to this eaſy Demon- 


ſtration of this Rule; and will be applied, in the next Chap- 
ter, to demonſtrate the Rules for — the Limits of 1 - 
tions. | 
It is obvious however, that tho? we 1 Uſe of Equations 
whoſe Signs change alternately, the ſame. Reaſoning extends to 
all other Equations. 

518. It is a Conſequence alſo of what has been demonſtrat- 
ed, that < if two Ropts of any Equation, as, 


x3 —px* + ga—r = ©, are equal, 
then multiplying the Terms by any arithmetical Series, a8, 
* 36, a+ 26, #4; a, the Product will be = 0,” 
For ſince 


ax? . +1 + agz—ar=0; and 
32 > — 29 ＋ 9 K b o, it follows, that 
a4 + 3bx3 — aps — — 2bpx* + agx + 57* —ar = 0. 


Which is the Product that ariſes by multiplying the Terms of 
the propoſed Equation by the Terms of the Series, a + 30, 
2 4 26, 4 1 b, az 5 which may W any ann 
. 


CHAP. 
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of the Limi ts of Equations, 


519. „W. now proceed to ſnew how to diſcover the Limits 

of the Roots of Equations, by which their Solu- 

tion is much facilitated. | 
Let any Equation, as & — þ 1 + 72 —7 =0 be pro- 

poſed; and transform it, as above, into the Equation 


$5.4 3.6 5* + 3 ef y + 03 | 
Ra 2 oe 6 ne ts. 
7” + 72 + 4e | 


Where the Values of y are leſs than the reſpectire Values of # 


by the Difference . If you ſuppoſe e to be taken ſuch as to 
make all the Coefficients, of the Equation of y, poſitive, viz, 
85 —pe* + ge—7r, 3&3 m2 $0 + 4, 3e—þp; then there 
being no Variation of the Signs in the Equation, all the Va- 


lues of y muſt be negative; and conſequently, the Quantity e, 


by which the Values of æ are diminiſhed, muſt be greater than 


the greateſt poſitive Value of x : And conſequently muſt be the 

Limit of the Roots of the Equation x* — px* + qx —-r = O. 
It is ſufficient thereſof®, in order to find the Limit, to en- 

quire what Quantity ſubſtituted for x in each of theſe Expreſſions 


| * — Pp + * 1, 3« — 2p ＋ , 3* — p, will give 


them all poſitive ;” for that Quantity will be the Limit required. 
How theſe Expreſſions are formed from one another, Was ex- 


plained in the Beginning of the laſt Chapter. 


EXAMPLE. 


20. If the Equation x5 — 2 * — 10 K* ＋＋ 30 x? 5 62x. 
+ 120 = © is propoſed ; and it is required to determine the 
Limit that is greater than any of the Roots; you are to enquire 
what integer Number ſubſtituted for x in the propoſed Equation, 
and following Equations deduced from it by Inſt, 512, will 
oo in each, a dens Quantity. 


$ 9s 


* 
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1 5 8 — 3 4 60 4 63 
5 
TF 
6 
The leaſt integer Number which gives each of theſe politive 


is 2; which ha bfore i is the Limit of the Roots of the propoſed . 


Equation j or a Number that exceeds the greateſt poſitive Root. 
521. If the Limit of the negative Roots is required, you 
may (by Inſt. 494.) change the negative into poſitive Roots, 
and then proceed as before to find their Limits. Thus, in the 


Example, you will find that — 3 is the Limit of the negative 


Roots. So that the five Roots of the propoſed Equation are be- 


twixt — 3 and + 2. 
522. Having found the Limit that pete the greateſt aſk 


tive Root, al it m. And if you aſſume y m — x, and for 


x ſubſtitute n -, the Equation that will ariſe will have all its 
Roots poſitive ; becauſe is ſuppoſed to ſurpaſs all the Values 


of x, and conſequently m — x (= y) muſt always be affirma- 


tive. And by this Means, any Eguation may be changed into one 
that ſhall have all its Roots affirmative. 


Or if — u repreſent the Limit of the negative Roots, chew by 
aſſuming y = x + n, the propoſed Equation ſhall be transform 


ed into one that ſhall have all its Roots affirmative; for + n be- 
ing greater than any negative Value of x, it Se that * 
x + n muſt be always poſitive. 

523. The greateſt negative Coefficient of any Equation increaſe ed by 
| Unit, always exceeds the greateſt Root of the Equation. 

To demonſtrate this, let the Cubic x3 — px* — gx —r —0 
be propoſed ; where all the Terms are negative except the firſt. 


Aſſuming y =x —e it will be transformed into the following 


Equation, | 
(4) 5? + get 37 +6 
„FFF 8 EY Y 
* 


— 17 


1“. Let us ſuppoſe that the Coefficients p, 9, r, are equal 
to each other; and if you alſo * e + I, then the laſt 


n becomes 


D 


S mM ,, ry - 


oF ALGEBRA * ugg. 
(B) * 25. e | 
1 * 0. 

Cr : | 4 37 | 
Where all the Terms being poſitive, it follows, that the Values 
of y are all negative, and that conſequently e, or p + 1, is 
greater than the greateſt Value of x in the propoſed Equation. 

29. If ; and r be not = p, but leſs than it, and for e you 
ſtill ſubſtitute P 1 ( ſince the negative Part ( 27 - N 

c — 4 
888 bs the poſitive remaining . >) all the Co- 
efficients of the Equation (A) become poſitive. And the ſame 
is obvious if g and r have poſitive Signs, and not negative Signs, 
as we ſuppoſed. It appears therefore, „that, if, in any Cubic 
Equation, p be the greateſt negative Coefficient, then PI 
muſt ſurpaſs the greateſt Value of x. 

2 By the ſame Reaſoning it appears, that if 4 be the 
greateſt negative Coefficient of the Equation, ande = q + 1, 
then there will be no Variation of the Signs in the Equation of 
3: For it appears from the laſt Article, that if all the three (9, 
q, 7, were equal to one another, and e equal to any one of them 
increaſed by Unit, as to q + 1, then all the Terms of the E- 
quation (A) would be poſitive. Now if e be ſuppoſed ſtill 
equal to gq + 1, and p and r to be leſs than 9, then all theſe 
Terms will be poſitive, the negative Part, which involves p and 
r. bcing diminiſhed, while the politive Part and the eu 
| involving q remain as before. 

4. After the ſame Manner it is demonſtrated that if v is the 
greateſt negative Coefficient in the Equation, and e is ſuppoſed 
Dr, then all the Terms of the Equation (4) of y will 
be paſitive; and ane 7 + 1 will be greater than any 

of the Values of x. 

What we have ſaid of the Cubic e * —px* + gs 
. So, is eaſily applicable te others. | 
25. In general, we conclude, that “ the preateſt negative 

_ Coefficient in any Equation increaſed by Unit, is a a Li- 
mit that exceeds all the Roots of that Equation.” 

But it is to be obſerved at the ſame Time, that the createſt | 
negative Coefficient increaſed by Unit, is very ſeldom the neareſt 

Limit : That is beſt diſcovered by theRule in Inſt. 5 19. 
; 846. As 
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526. As our Plan obliges us to take in every uſeful Part of 
Science, but no more, we ſhall here leave the remaining Part of 
Mr. Maclaurins's Difcourſe on the Limits of Equation, and pro- 
ceed to the ſeveral Methods of ſolving Equations; of theſe we 
ſhall propoſe ſeveral from different Authors, ſome being prefera- 
ble in one Reſpect, and ſome in another, and the Learner will 
be thus enabled to chuſe that which will beſt anſwer his Purpoſe 
in any Caſe propoſed. . | 
527 We ſhall begin again upon this Subject wich Mr. Mac- 
laurin; but becauſe his Method of ſolving Equations requires 
the Learner to have a juſt Idea of Commenſurable Quantities (for 
his Method extends only to ſuch Equations whoſe Roots are 
commenfurable,) therefore we muſt premiſe the AY 882 85 
tion, vz 
528 A Commenſurable Dive are to each other as Nuntber 
to Number, that is, their Proportion may be expreſſed by whole Num- 
bers, or they have one common Number that will meaſure them all. 
Thus for Inſtance, let à and 5 be two Commenſurable Quan- 
tities, then their Proportion, be it what it will, may be expreſſed 
in whole Numbers; for let c be their common Meaſure without 
Remainder, and let it meaſure à juſt three Times, and b four 
kee, then will 3c = a, and 4c=56; therefore 4: 6: * 
::) 3:4 QED. 
| 8 Hence (vice verſa) all Quantities that are to one ano- 
ther as Number to Number, are Commenſurable. Hence alſo 
all whole Numbers are commenſurable, ſince Unity is a common 
Meaſure to them all. | | 


530. Likewiſe all Frafios are commenſurable, as - 5 and< ; for 


b 
if they are reduced to a common Denomination, they will 8 
i ad dei” 
come -— and Ta and - = —, will meaſure them both, 


531. Incommenſurable Quantities are ſuch whoſe Proportion 
cannot be expreſſed in whole Numbers or finite Fractions, or they 
can have no common Meaſure, but their Relation muſt be ex- 
preſſed by a Surd Quantity or infinite Series. Thus the Ratio of 1 to 
V, cannot be expreſſed in Numbers, nor the Diameter (4) to 
the Circumference of a Circle (c) without an infinite Series, as 


wie ſhall . ſee. 
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TY. 


Y, Abe Re 2 of Equations, all wh Roots are BY 


commenſurate. rad 


532.JT was demonſtrated, in Inſt. 482. that the laſt Term of 
A any Equation is the Product of its Roots: From which 
it follows, that the Roots of an Equation, when commenſura- 


ble Quantities, will be found among che Diviſors of the laſt 
Term. And hence we have for the een of e 


this 5: qv 
4 44.34 JE: * 7 1 Wo E. vic 
Bring all the Terms to ont did of the E quation,' find all the Divi- 
 fors of the laſt Term, and ſubſiitute them ſucceſſively for the unknown 


Quantity i in the E quation. © $o ſhall that Diviſor which, ſulſiirated 
in this Manner, * the 5 = ops be the __ * the Propeſed 


Equation. | „ W e 10 705 bak 
2 or Exaniple; ſuppoſe this Equation i is to be tefolved, | 


„** —3ax* +205 — 20 2 o, | the 
| — * + gabs 5 


where the laſt' Tannd is 2.4* b, whoſe ſimple literal Diviſors Are 


4, b, 2 4, 2b, each of which may be taken either poſitively or 
negatively. But as here we find there are Variations of Signs in 
the Equation, we need only take them poſitively. Suppoſe x 
D a the fuſt of the Diviſors, and ane 4 for x, the E- 


quation becomes 

a3 3 + 24% —2 gh * 
—a*b + 3a*b 

So that the whole * it follows that « a is one of the n 

of the Equation. 


533. After the ſame Manner, if you fubCitute b in the 1 
of * the E is, | 


or, oo + 20's — 2a b= 0. 


4 


6 — \ _ K 
2 r * — —— — — — . —— — — 
\ L p : * He : - — x5 2 - _ neren - N S >. im os — = _ — — — — — - 
. r - . . r TIT 2 on 9 n — A 22 LA. - i S- S 2 5 p n = 8 q Fe 4 : 6 Son 
N 2 N 2K 2 4 — — WR — 4 l . — 2 * - ; ——— — — * a = * | . * 
D . . r r wt; AS os 7 er e ee e Ten 8 hae ys" «os — — Sh n — 2 ” - * 
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| 33— 2232 * 1 
EST 12 mo” 2 a "Z=0 


which vaniſhing ſhews 6 to be . 2 of . an 
Again, if you ſubſtitute 2 @ for æ, you will find all the Terme 
deſtroy one another ſs : as to ITO the e = 0. For it will 


then be, 


8 + a? _ 2» I2 a? K 4 a3 Tae 
1 e batb. "oe 

Whence we find, that 2 à is the third- Root of the IR 
Which, after the firſt two (+ a, + b, ) had been found, might 
have been collected from this, that the laſt Term being the 
Product of the three Roots, + a, + h being known, the third 


Term muſt neceſſarily be equal to the laſt Term divided by the 


2 b | 
Product ab, that as = —— AG 


334. Let the Roots of the Cubic Equation | 
| | ot 42 —33x +,99=0 be required, 


And firſt the Diviſors of 9o are found to be 1, 2, 3, 5, 6 6 


9, 10, 15, 18, 30, 45, 90. If you. ſubſtitute 1 for x, ih 
will find x? — 2x* — 33x ＋ 90 = 56; fo that one is not a 
Root of the Equation. If you fubftitute 2 for x, the Reſult 
will be 24 : but, putting x = 33 you have _ 


ai—2x* —33x+99=227—18—994-90=117 —117 =0. 


So that 3 is one of the Roots of the propoſed Equation. The 
other affirmative Root is + 53 and after you find it, as it is 
manifeſt from the Equation, that the other Root is negative, 
you are not to try any more Diviſors taken poſitively, but to 


| ſubſtitute them, negatively taken, for x : And thus you find 


that — 6 is the third Root. For putting x = — 6, you have 


2 3 90 = —216 — 72 + 198 + 90 o. 


This laft Root might have been found by dividing the laſt 
Term 9o, having its Sign changed, by 155 15 Product of the 


| two Roots already found. 


535. When one of the Roots of an "ie Mr is rand, in or- 
der to find the reſt with leſs Trouble, divide the propoſed ©" © 
OY CI _ 


-- 


— 
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tion by the Guple Equation which you are to deduct from the 
| Root already found, and the Quotient ſhall give an Equation of 
2 Degree lower than the propoſed; whole Roots will give the 
nn Roots required. / 


As for Example, the Root + 33 firſt found, gave x = 3, or 
* — 1 = o, whence dividing thus, | 


33) - 38 + 90 (x 80 


- 


= JVC 8 
The Quotient ſhall give a Quadratic Equation x* +'x — 30 
= o, which muſt be the Product of the other two ſimple Equa- 
tions from which the Cubic is generated, and whole Roots 
therefore muſt be two of the Roots of that Cubic. 

Now the Roots of that Quadjatic Equation are an dan 
(by Inſt. 339.) to be +5 and — 6. For, 

| -—w* +. x RI q 

add 4. ao * +x +73 =30+2 8 

* + 1: 2 N CH 

and. * KN ＋ 5 or — 6. 


536. After the ſame Manner, if the Biguadrdtic « 4 — 2 x3 
—25x* + 26x + 120 ois to be reſolved; by ſubſtituting 
the Diviſors of 120 for x, you will find that + 3, one of thoſe 
Diviſors. is one of the Roots; the Subſtitution of 3 for x giving 

81 — 54 — 225 + 78 + 120 = 279 — 279 = 0. And 

therefore dividing the propoſed Equation by = 3. you muſt en- 
quire for the Roots of the Cubic K* + * — 22x —=40'= 0, 
and finding that ＋ 5, one of the Diviſors of 40, is one of the 
Roots, you divide that Cubic by & — 5, and the Quotient gives 
the Quadratic x* + 6 x +8 So, whoſe two Roots are — 2, 
4. Sothat the four Roots of the Biquadtarie's are * 3 + 5, 


—2, — 4. | 
„ 
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15 37. This Rule ſuppoſes that you can find all che Diviſors of 


the laſt Term ; which you may always do thus. 


"i it is a fomple Quantity, divide it by its leaf Divifer that 3 


Dit, and the Quotient again by its leaſt Diviſor, proceeding thus till 


you have a Quotient that is not diviſible by any Number greater than 
Unit. This Quotient, with theſe Diviſors, are the firſt or /imple 


Diviſors of the Quantity. And the Products of the Multiplica- 
tion of any 2; 3; 45 Ie of them at are the ar ny Mg. 


As, to find the Diviſors of 60; firſt I divide by - and the 


Quotient 30 again by 2, then the next Quotient 15 by 3, and 
the Quotient of this Diviſion 5 is not farther diviſible by * In- 
teger above Units; 3 ſo that the ſimple Diviſors are, | 


Z | 27 25 „ 
The Products of two, 4, 6, 10, 15. 
The Products of three, 12, 20, 306 my 
| The Product of all four, „„ e e en 


The Diviſors of 90 are found 2 * g Manners 


Simple Diviſors, 2, 3, . 
; The Products of two, 6, 9, 10, 15. 
The Products of three, 18, 30, 45. 
The Product of all four, nr. 90. 


The Diviſors of 21 abb, | 


The ſimple Diviſors, 3. 7 @, 5, 5. 

The Products of two, 21, 3a, 3b, 7a, 75. hs TY 

The Products of three, 21a, 21%, 3ab, 366, ab, 7 bb, abb. 
Tphe Products of four, 2 14b, 216, 3abb, bb. 
The n of the five, VVV 21 96h, 


- 


538. But as the laſt Term may Ws very many Divides and 


| the Labour may be very great to ſubſtitute them all for the un- 
known Quantity, we ſhall now ſhew how it may be abridged, 
by limiting to a ſmall Number the Diviſors you are to try. And, 


| firſt it is plain, (from Inſt. 523.) that © any Diviſor that ex- 


ceeds the preatoli negative Coefficient by Unity i is to be neglect- 
: ed, 7, 


A ALGEBRA/i 4865 


ed Thus in reſolving the Equation ** —2x3 — 25 * + 
26 * ＋ 120:== 0, as 25 is the greateſt negative Coefficient, we 
conclude that the Diviſors of 120 that ed 26 NP be neg- 
lected. | 

5539. "Die the: Kae may bo fil e ſc we mia Uſe 
of the Rule in Inſt. 519. that is, if we find the Number which 
| ſubſtituted i in theſe following Expreffions, 


* * 2 — 25x* + 26x + 20% 
233 — 3 x* — 25x + 13. 
* „ Ng | 


will give in them all a W Reſult: Fo or that Nombes 0 be 
greater than the greateſt Root, and all the Diviſors of 120 that 
exceed it may be neglected. | 
That this Inveſtigation may be eaſier, we 3 to begin 4. 
ways with that Expreſſion, where the negative Roots ſeem to 
prevail moſt; as here in the Quadratic Expreſſion 6 * — 62 
— 25 ; where finding that 6 ſubſtituted for æ gives that Expreſ- 
ſion poſitive, and gives all the other Expreſſions at the ſame 
Time poſitive, I conclude that 6 is greater than any of the Roots, 
and that all the Diviſors of 120 that exceed 6 may be neglected. 
540. If the Equation x* + ITX + 10x — 72 =0'is 
propoſed, the Rule of Inſt. 523. does not help to abridge the 
Operation; the laſt Term itſelf being the greateſt negative 
Term. But, by Inſt. 519. we enquire what Number ſubſtitur- | 
ed for x will give all theſe Expreſigns poſitive. : 


15 + 11 ** + 10x — 72 
3 * + 22% 7 10 
3 * ＋11 
Where the Labour is very ſhort, lade we need wk attend to 
the firſt Expreſſion; and we ſee immediately that 4 ſubſtituted 
for x gives a poſitive Reſult, whence all the Diviſors of 72 that 
exceed 4 are to be rejected; and thus, by a few Trials, we find 
that + 2 is the poſitive Root of the Equation. Then dividing 
the Equation by x — 2, and reſolving the Quadratic Equation 
that is the Quotient of the Diviſion, ”_u . the other two 


| Roots to be — 9, and — 4. 
| 547. Beſides 
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5341. Beſides the Method already explained, there are others 


by which Limits may be determined, which the Root of an E- 


quation cannot exceed. 
Since the Squares of all real Quantities are 1 it fol- 
lows, that The Sum of the Squares of the Roots of. any Equation 
muſt be greater. than the Square of the greateſt Root. And the Square 
Root of that Sum will therefore be a Limit that muſt exceed the 
eateſt Root of the Equation. 
If the Equation propoſed is x* — 92 5 < 7 * — 
15 4, &c. = o, then the Sum of the Squares of the 
Roots (by Inſt. 485.) will be p* — 2 7. So that Ve —29 _— 2 7 
will exceed the greateſt Root of that Equation. 


Or if you find, (by Inſt. 486.) the Sum of the 4th Powers of 


the Roots of the Equation, and extract the Biquadratic Root 
of that Sum, it will alfo excccd the greateſt e of the Equa- 
tion. 


542. But there is another Method that reduces the Diviſors of 


the laſt Term, that can be uſeful, ſtill to more narrow Limits. 


Suppoſe the Cubic Equation ** —px* ＋ E - o is 
ſed to be reſolved. Transform it to an Equation whoſe 


Roots ſhall be leſs than the Values of x by Unity, aſſuming 


y=x—1x. And the laſt Term of the transformed Equation 


will ber —p+q—7; which is found by ſubſtituting Unit, 
the Difference of + and y, for x, in the propoſed Equation ; as 


will eaſily appear from Inſt. 495. where, when y = e, Aa 
laſt Term * the transformed Equation was #? _ + ge. 


- ws 


„e again the Equation ** —pa*t þgqx—7r= o, 


by allumingy I, into an Equation whoſe Roots ſhall ex- 


ceed the Values of * by Unit, and the laſt Term of the tranſ- 
formed Equation will be —=1 —p — g— 7, the fame that ariſes 
by ſubſtituting — 1, the Difference betwixt x and 75 for x in 
the propoſed Equation. 
Now the Values of x are fome of the Diviſors of r, which 


is the Term left when you ſuppoſe x = o; and the Values of 


the y's are ſome of the Diviſors of + 1 -» ,- x, and of 
— I — 7 7 r, refpeCtively. And theſe Values are in Arith- 
metical Progrefiion inereaſing by the common Difference Unit; 
becauſe * — I, &, x + I, are in that- -Progrefſion. And it is 

5 obvious 


% > 4% ww. . I A” a 1 


* 
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obvious the ſame Reaſoning may be extended to any 1 of 


whatever Degree. So that this gives a general Method for the 
| Reſolution of Equations wee Roots are commenſurable. 


R U L E. 


Subſtitute in Place of the unknown lu fucceſſi veh the Terms £ 
of the Progreſſion 1, o, — 1, &c.' and ' find all the Diviſors of the 
Sums that reſult ; then take. out all the arithmetical Progreſſions you 
can find among theſe Dwviſers, whoſe common Difference is Unit ; and 
the Values of x will be among the Diviſer ariſing from the Sah lirn- 
tions of x = © that belong to theſe Progreſſims. The Values of x 
will be affirmative when the arithmetical Progreſſion increaſes, 
but negative when i it decreaſes. 3 


EXAMPLE. 


3543. Lat] it be required to find one jof the Roots of the Equa- 
tion #3 —x* — 10x + 6,=0. The Operation i is thus; 


| Suppot. . 4 — 2 — Arith, Prog, deer, 


„ pes Soges * . 
x = ode +— 195 +6 I,2,3, 6 3 gives x =— 3 
1z== 1 "IS. TH ah LO : 


& 


Where the 1 of 1 =, #=0, x = —1I give the 
Quantity & — #* — 10x + 6 equal to — 4, 6, 14; among 
' whoſe Diviſors we find only one arithmetical Progreſſion 4, 3. 
2; the Term of which oppoſite to the Suppoſition of x= o, be- 
ing 3, and the Series decreaſing, we try if — 3 ſubſtituted for 
x makes the Equation vaniſh ; which ſucceeding one of its 
Roots muſt be — 3, Then dividing the Equation by: * 5 5 
we find the Roots of the (Quadratic). Cancun LW N 

* 4x +2= O, . 2 Lg 
5.44. If it is required to find the Roots of the Ea 2 
3* — 46x 72 = o, the Operation will be chus 3. 


Suppoſe 


% 


* 


INSTITUTIONS 


1 
* 


* 


. 
_Suppoſ. Reſults 


Dn. 


* ? o 
. * © 
4 2 , a 
Fa. 5 5 FA : 8 4 41 : 
MM : FE iu Th ET 
a LT I . : 
z - 26 * } or * 
"7 # = * 1 | % 
5 2 : | 
| ; 
: | i 
- 5 F 
MY | 
) 
P i 
| 5 
ö f ; ; 
i | » | 
| „ 
b > 4 # 
* 3 $ 1 * * 
i A 7 1 
. 1 : 8 
„ ; 4 : | > 1 
9 Ws 2H 4 $ n 5 i 


152,3,4 5555 T0112, 8.40 87.364658, 120 $8 2-48 


— — 


— —— 
— — — Int ot Oe PO AA ED At. at 


= =—2, = - 3, „ = —4; all which ſucceed except 
So that the three Values of x are + 9, — 2, — 4. 


Of theſe four Arithmetical EZL having their com- 
mon Difference equal to Unit, the firſt gives æ q, the others 


* = 1 —120 

x = 2 — 244 152,3, 420,8, 12, 18, 24, 36,7. 9234 

12 —1.— — 152431510, Da LE A COMEDIES wn Bon + 

: 2 
: 4 'S | 
7 of a [ 80 


— — — — — — — — — e eee 
— , : 


nh i gg, 2 — — 4 
—— — — — — —— 
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| of the Reſolution of Equati ons by Cardan' 5 Rall. : 
and others 4 that Kind. | 


54 5. HE od Term can be taken away out of any Cu- | 
bic Equation, by Inſt. 497 3 ſo that they all may by 
reduced to this F orm, 


wi 141 4 72 


Let us ſuppoſe that x = a + I; and x3 + qx + ”= as 
+3a* b+ 3ab* + 3 +gs +r =? + 3abXa + | + b + 
$8 þga+r = 65 + gabx +bB bogs +r = (Oy ſup» 
poſing 3 46 = —9) = 4 ＋ 5 + r= ©. 


3 
Bars ai bs; and 53 = — 5 


23 


and conſequently, a* 
5 27 4 


LE. 3 
+7 os or, a5. 5 


Suppoſe a3 = &, and you have, 23 * 1 =D which i is a 
Quadratic whoſe Reſolution gives | 


$a 27 
— I 2 — 
"= ===: in which Expreſſions there 
*. i +£ 27 
are only Jews Quantities, 9 
_ | Nn „„ 540% In- 


I Tho! this Method be generally aſcribed to Cie yet K 
| himſelf mentions it as the Invention of 0 one Scipio Ferreus, a noted 
Mathematician before his Time. | | 


a» — _ 


LE YO gt r —— 12—— = 
$ N Lg r 1 5 4 f 
— — u—ę— PPP * 7 ee 
* — - 3 
a * : * 3 
% 0 
* 


—— 


— 9 


K K — 2 2 — — 
7 8 — — — 
— —— ni K?½. are tet om — _— 
—— — 8 - K — 
* 2 | 
* 
% 


: 7 bs 12 > nes woo ee 
- 2 
> 5 
. A Y IA 2 * 
22 n ; * 883 , 


Thus? 3 : 14 


oP 6 _ 25 * — -3 ee aſa 6%. iow meaty 
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546. The Values * * _ be found a * diſrendy, 


23 3 


Sher A # rt Fo i allows 


' 


Mat a +r=+ 14-5 7. + 2, and 


e 


125 9 I on 5 * Fn 


| 67” ol 
7 £7 ee FI £5 e 
1 g, 


which gives but one ko of a x, becauſe when, 'in the Value of 


4 the, Surd ir 1 * 25 1 . it is negative in the va. 


jue of 5, and chere i is only the Difference of this Sen! in their 
Values, So that we may conclude + 4 N 


4 | | on _ 
«=o/ ———t⁴ 47 1 75 5 * i II 124 43 


547. » The Val ues 5 x may be diſcovered without exter- 


| ons the ſecond Term. VV 
e Cubic Equation may | 1 reduced to this For 1578 


; * 35 3 4 — 27 | 1 ; 
I X 37. x — þ? = 
Þ+ 3f9 


whith by fuppoſing 1 222 15 will be Need to 20 . — 3 92 


—27 == 0, in which the ſecond Term is wanting. But by the 


| 


— 8 8 
1 0 — 7 7 q #3 rag r 2 = 


F 


* This Method \ we owe to hs — and very . | 


: lone CoL$0N,. the preſent Lucafian Profeſſor of Mathematics in the 


niverſity of CauBRIDOE, and Succeſſor to 5 Saunderſon. Ser 
N OY ot goon ge 


5 f 
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128 "I — 95 75 ＋ V= — 7 = = (if you 
- ſuppoſe that the Cubic Root of the Binomial r + / - 9? 
is m＋ Vn) = n EV n- 2 mn. A ſince 
x = 2 + p, it follows that x = þ + 2m. - 8 
548. But as the ſquare Root of any Quan is . cc the 
Cube Root is three-fold,” and can be expreſſed three rt 
Ways. wh 
ere che Cube Root of Unit is ati and let 8 
or y — I = o, then ſince Unit itſelf is a Cube Root of 1, ae 
of the Values of y is 1, ſo that the Equation y — 1 = © ſhall 
divide the firſt Equation 2 7 —I=0, and the Quotient y *+y 


8 /=7 


+ 1 = 0, reſolved, gives * ; ſo that the 3 


Expreſſions of VI are I, 8 —, an 
And, in general, the Cube Root of any 1 8 4 + ay be 4, 
or — es x 4, or — 3 . 453 ſo that the 


Clit Rester the Bibcint * Ar —q — ee | 
25 we fuppoſed 9 ET al 3 * m + In, 


= a. — . .X mM + 1. V. And hence we Kao three 4 
has os x, viz. . 
1. X p 2 m, 
5 x=p—m+/— Jn. 
3 x=þ—m—— 3" 
and theſe give the three Roots of the n Cubic Kaisten. 
- PEXMPLE I 


- $49: Let it be required to find the Roots of the Equation 
* — 12K ＋ 41 — 42 = 0. 
= 8 | Bae 


1 Since 4. 43 x 1, 0 x I/i = = 4, 


aw 
10 
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Comparing the Coefficients of this Equation with thoſe of the 


general Equation 


39 * — 37 2 —=2f 77 
| "io 3270. pt = ©, you find, 
e . 


I. 3} = 12, ſo that „„ . 4, 
„ 3 38 830 1 62 


3· 3257 - — 27 (=— 36 — 277 = — 42 . 33 ; 
and conſequently, r* — 9? 9 — 383 = —229, and r+ + 
. Now the Cube Root of this 
Binomial is found to be, — I + 3 (= # Vn. 


Whence | 
I. x=þ+2m= . 
2. n 523 


3. PE- V3 = 5 +2= e 
So that the three Roots of the propoſed . 2, Þ 7. 


Vou may find other two Expreſſions of the Cube Root of 3 


1 LN dee ee viz. 2 - — „ 


3 NR 1 — 25 ; but theſe fubſtituted for m + Vn give 
the . Values for x as are already found. 


E x AMP L E u. | 
550. We genden a? + 15 * + 84 * — roo — 0, you 


find þ=—5, q =—3, 7 =135, and r N —9q* = 135 
+ 18252, whoſe Cube Root is 3 ＋ 12; ſo that x = (p 
+ 2m) =—5 + 6=1. The other two Values of x, viz. 


—84/— 36, —8—/ — 36, are impoſſible. For in 


this Caſe 2 = 12, therefore — 3 = — 36, which makes the 


Quantity E — 37, and of Courſe the two laſt Roots, impoſlible. 
After the ſame Manner you will find that the Roots of the 
| Equation x3 ＋ X — 166K + 660 = Oz are — 9724/5. 
And 


4 We ſhall, hereafter, ſhew, from Mr. De 2 how the Cubic 
Root of an impoſſible Binomial, as a * V— 6, may be extracted 
by the 77; _ dion of an Angle. 


LaS HWPdeaS wa =o ao a 8 2 


And here we are to obſerve, that whenever this irrational Part, 
Ar. — , is impoſſible, that is, as often as 7 is an affirma- 


tive Quantity, and at the ſame Time its Cube is greater than 


7*, the three Roots of the Equation are all poſſible and real; 


but if Vr — 9* be poſſible, that is, if q be negative, or if 


affirmative, its Cube be leſs than r*, the Equation will have 
but one poſſible and real Root, the other two being impoſſible or 
imaginary. This is eaſily deduced from the Structure of the 
Equation, as we have juſt now ſhewn. 


Note, If in this general Theorem we put p = o, the ſecond © 


Term vaniſhes, and the Equation is reduced to Cardan's Forms 


| before ſpecified. 
551. The Roots of Biquadratic Equations may be fund by 


reducing them to Cubes, thus. 
Let the ſecond Term be taken away by the Rule given in Inſt, 


. and let the Equation that reſults be, 
. o. 


And let us ſuppoſe this Biquadratic to be the Product of theſe 
two Quadratic Equations, | 


* +ex+f=0 
K* —_—ex +£g =O 


32 
1 


Where e is the Coefficient of æ in both Equations but effected 
with contrary Signs; becauſe when the ſecond Term is wanting 


in an Equation, the Sum of the affirmative Roots muſt be equal 


to the Sum of the negative. | 
Compare now the propoſed Equation with the above Pro- 


duct, and the reſpective Terms put equal to each other will give 


= 7 5 — 7, eg — of = 75 Je =5s. Whence it follows 
that F +28=q2+ 1 and g — -f= oF and conſequently, 


- (=20) =1+ +5, and. 
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1 
r 


r 5 >, 
eben Oc. = OR and fx (N = 


; the ſame Way, you wil find, » by Sub. 


7 + 2 ge + * — and multiplying by 4e* and; ranking 
the Terms, you have this Equation, 
es + 296% þ 7 —48 * 2 — * * b. 


1 rr 


7* = ©, a Cubic Equation whoſe Roots are to be diſcovered by 
the preceding Articles. Then the Values of y being found, 
* Roots will give e (ſince y=e*;) and having e, 


74 — 


2 


2 


24247 


** Tex +f= o, x* —ex + g = = o, you will find the four 
Roots of the Biquadratic * Fgx* +rxE5=b5 3 | for e either 
— ze 08s * = +4 EVE — 2. | 

552. Or if you want to find the Roots of the — 
without taking away the ſecond Term; 8 


Suppoſe it to be of this Form, 


** —Apx* — 27 Br d. 
445 +499 . 1 
* the Values of x will be 


„ 
e 
where 


mnle=p 1 er 8 + — 
G* is _ to the Root of the Cubic, 


8 =:% anditbicomes 7 = 2755 + 7 — 4: qi 


you will find 7 and gf from the & Equation f= ——— 7 


| 2 4 8 Laſtly extracting the Roots of the Equations 


5s 
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„rtr ; Xt 


+ 5 


The Demonſtration i is deduced from the laſt Article, as that 
of 546 is ow.” the . 5 | 


383 . An ingenious 88 Mr. SAMUEL Col E, 
who teaches a Mathematical School near Horndean in Hamp- 


ſire, has obliged me with the following plain Demonſtration of 


Cardan's Rules, from their firſt > as alſo an Im * 


i Iv 


ment of the ſame, which here follow. 


« — * bare are two F orms of Cubic Equation viz. 


1. *2 +px=tEgq. 


"hs * . 5 N | I 
551. , ASE I. : 
5 Ir 4-px= + 9. Query x? | 
| Suppoſe = — n. . x is here affirmative, 
20 phe Ee 1 + 3un — 3 
2 Xp_ | 2 
5 + px =mM35 — 3m˙¹TZz un- 
34%. Ike Ho darn: - 


E 


Again, Suppoſe | zung. (Op zun o) — | 


Then 6 N <7 7 mmn— 3mnn = = Þm — pn 
7 equated to 0) | | | 


But - 
10 ＋ 3m 5 


1106-3 


95 12 


xX 
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6Ims "Nb 75 7 1 
6 Co. len? — 45 6 To 
* 25. q: | 5 * 7 4 27 + 4 
3 3 3 þ* , qt as 
16 L* 17 3 e 


of, EE | ES rod 3 21 . 122 


* 1 — 9 A 

. 1 „„ Fo” 71] ; 
TS —=a/ < „ 
0:46 WE th int e, 

But (th Step) 20% = n - * 
Subſt. Value off 13 FE Oe 
n; from Step 18. * 77 5 * 

— . 2 or. 
as 1 TY 27 4 Or, (becauſe 0 


21 by Reduction. 22 


SE Th 


22 contracted 


23 lw3 
1.59, 24 
ä 7 — + The Theor. 
| 2 27 4 


555. If the Equation be x3, + px = — 4 find the Root of 
x3 + px = + g, as above, and change i its Sign. os 

556. Cardar's Rule, above given, requires two Extractions 
of the Cube Root, and therefore the followin g Method, which 


requires but one, is much eaſier. 


See the 19th Step above, "ITT Ez Z gh ws] | 


7 4 
And from the 6th Stepi it appears that | & 


Which i is an o ment 


of 2» as and $ firſt Rule. 
557. CASE 


Ys. 


p „E Ed 9 64 BS ˙ Ä . IS 8 
a. LG E BRA. = 
£&A © 4 * . 1 . N 8 
A , B : 277 


1 CASE I Tac 


8 * — Fx: 22 This is demonſtrated in the ſame Manner 


as before, by putting x D in VE u, Oc. Here alſo.» = = * 


5 ; xv 


2 — _ x is found by one ie Extract oy 


Te H A . XVXVIII. 


of the NewTONIAN MzTHop of approximating 
o the Roots of NUMERICAL EQUATIONS. 


—— wr * 


PRES * K 5 
* r err 
. * op "_ Z a 1. 
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558, WIr. any Equation i is propoſed to be reſolved, if the 
Roat lies between two Numbers, that differ from 

one another by Unity, you may conclude that Root is incommen-= 
ſurable, by what has been heretofore taught. The Root, how- 
ever, may be approximated to what Degree of Exactneſs you 9 
pleaſe, by the following Method, firſt propoſed by Sir You — i 
Newton. 1 

559. In the firſt Place you 1 Trial with ſuch Numbers as 
you find (by the foregoing Articles) are near the Value of the 
Root, and you will ſoon get two Numbers, one of which will 
give the Equation a poſi tive, and the other a negative 7 alue, and 
conſequently the true Root, which makes it vanith, or = o, 
will be between theſe Numbers, and when it is incommenſurate 
you may, by eaſy Trials, approach to it as near as can be neceſ- 
ſary by Fractions either vulgar, or decimal. | | 

560. But before we proceed any farther, it may be worth ob- 
ſerving, that any common Number expreſſed by the nine Digits, is 
but a ſimple, quadratic, cubic, &. Equation, whoſe Root is 10 
= x, and therefore not expreſſed, but only the Coefficients of 
each Term, | Thus, ſor ee | 1 


* 


Oo 1 85 | Wl The 


ut 
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96 =9Xx+ 6,4 1 2 Equation. 


1 5 596 = 5 * ＋ 9 ＋ 6 a Duadratic. - 
The Number N — 2 7 x3 + & x* + 9 * + 6, 2 Cubic. | 


17596 = #*+7x* + 5x*+ gx +6, a Biguadratie 


Where, for the Sake of expeditious Operation, we abbreviate 
thoſe Equations into the Expreſſion of their Coefficients only, 
by calling x Ten, x* an Hundred, x* a a Sc. which as 
they conſiſt of Cyphers only, with Unit prefixed, vis. 10, 100, 


' Io00, Oc. can be eaſily underſtood without being expreſſed in 


the common Form of an Equation or Series. But to proceed. 
$61. Let the Equation propoſed be x* — 6x 7 = o, if we 


ſuppoſe x = 2, the Reſult is 4 — 12 + 75 = —1, which be- 


ing negative, and the Suppoſition of x = © giving a politive 
Reſult, it follows that the Root is betwixt o and 2. Next, we 
ſuppoſe x = ; whence, * —6x+7T=I—6+75 
+ 2, which being poſitive, we infer the Root is betwixt 1 and 
2, and conſequently incommenſurable. In order to approxi- 


mate to it, Fe 15, and find x* — bx ＋ 7 24 


—9+7 i; and this Reſult being poſitive, we infer the 
Root muſt be betwixt 2 and 12. And therefore we try 14, and 
find & —b6x + 7 = $2 — * +7 = 35 — 10 +7= 

— , which is negative; ſo that we conclude the Root to be 
betwixt 13 and 12. And therefore we try next 13, which giv- 
ing alſo a negative Reſult, we conclude the Root is betwixt 14 
(or 14) and 13. We try therefore 12, and the Reſult being 
poſitive, we conclude that the * muſt be betwixt 1, and 


142, and therefore is nearly 13 


562. Or you may 5 more eaſily by transforming 
the Equationpropoſed into another whoſe Roots ſhall be equal to 
JO, 100, or 1000 Times the Root of the former (by Inſt. 503.) 
and taking the Limits greater in the ſame Proportion. This 
Transformation i is eaſy; for you are only to multiply the 2d 
Term by 10, 100, or 1000, the third Term by their Squares, 


the 4th by their Cubes, &c. The Equation of the laſt Exam- 
ple is thus transformed into #* — 600x + 170000 = o, whoſe 


| Roots are 100 Times the Roots of the propoſed Equation, and 


„ 


whoſe Limits are 100 and 200. Proceeding as before, we try 
150, and find x* — 600 » + 70000 = 22500 — 90000 + 


72900 = 2500, ſo that 150 is * than the Rogt. You next 
by 


tr 
tt 
Ti 


_ 
be 


tic 
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ef 
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try 175, 1 giving a negative Reſult muſt be greater than 


the Root: and thus proceeding you find the Root to be betwixt 
158 and 159: from which you infer, that the leaſt Root of the 
propoſed Equation x* — 6x + 7 = 0 is betwixt 1.58 and 1. 59, 
being the hundredth Part of the Root of x* — 600 x + 70000 
— O. : 

563. If the Cubic Hain at — 15 ** + 63x — 50 2 


is propoſed to be reſolved, by ſubſtituting o for x the Value of 


* — 15 * ＋ 63x — 50 is negative, and by ſubſtituting 3 for 


x, that Quantity becomes poſitive. x = 1 gives it negative, 
and x =2 gives it poſitive, ſo that the Root is between 1 and 2, 
and therefore incommenſurable. You may proceed as in the 
foregoing Examples to approximate to the Root. But there are 


other Methods by which you may do that more eaſily and rea- 


dily ; ; Which we proceed to explain. 


564. When you have diſcovered the Value of the Rect to leſs 
than an Unit (as in this Example you'know it is a little above 1) 


ſuppoſe the Difference betwixt its real Value and the Number 


that you have found nearly equal to it, to be repreſented by J 


As in this Example. 
Letx=1 +#- Subſtitute this Value 4 x in the Equa- 
tion, * 
14374 7 7 f 
—_ 15x* = — 15 — 30 — 157 
+63x = 63 + 637 
—50 =—50. 


$3. 15 + 63x—50= —1 + 36 f— 12f* + f* = 0. 


Now becauſe fi is ſuppoſed leſs than Unit, its Powers Fu, Fa, 
may be neglected in this Approximation; fo that alluring only 
the two firſt Terms, we have — 1 + 36f = o, orf = F TT 3 

027; ſo that x will be nearly 1.027. | 

565. You may have a nearer Value of x by conſidering, that 

er IO n | 


Gon | f = 


: #4 
— * . 7 . dip 
I's 9 — es, 1 
n s r 8— 


ju Ya 
2 — LY __— 22 
pA * ax" of 4 * N 
ger r IO be OAT LING. "rarer, i 
* N e * 
+ 
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53 75 = (by ſubſtituting 25 for ＋ ) nearly 


12 2 + /* 
== — = 414225 = 02803. 
| N 0 e 2 
566. But the Value of F may be cörtected and Gehen 
more accurately by ſuppoſing g to be the Difference betwixt its 
real Value, and that which we laſt found nearly equal to it. So 
that f = 02803 + g. Then 3 gn, this r for / 
in the Equation | 


f* rants i + 35f— 1 = =. it will and as follows, 


f3 =0.0000220226 + 0. 0023578 +0. 084092? 4er. 
—127 2 — 0942816 —0. ene | 85 
+ 36% = 1.00908 + 36g . 


2323 


© ==0.0003261374+35. 3296378=11.9195g* +g%=0, 
Of which the two fiſt Terms, neglecting the reſt, give 
. 75003261374 
3296 ＋ O. 0003261 and 
„„ 374, * 35.329637 
0.00000923127. So that f = 0.02803923127; ands = 1 
+ f =1.02893923127 3. which is very ncar the true Root of 


the Equation that was propoſed. 

If ſtill a greater Degree of Exactneſs is ec e 1 
equal to the Difference betwixt the true Value of g and that we 

have already found, and proceeding a as Shove you WF, correct 
the Value of g. 

5067. For another Example; let the Eats to be reſolved 

be x — 2x — 5 = 0, and by ſome of the preceding Methods 

you diſcover one of the Roots to be between 2 and 3. There- 

fore you ſuppoſe x = 2 + F and e this Value for i it, 


you find, | 
"43 >: ol | 7 
SYS 


* 


3 TID 
—5=—5 


from which: we find that 


> I 


V OR.” - OR 


Then 4. —7=0 vil gie. ein Nr 
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1 ** or f= 0.1. Then to correct this Value, 
we my 0.1 +8 at . 


0.001 + 0.03g+0.3 32! + 23 2 
o. 06 + 1.2 g+©6 


5 775 
1. + 10. 4 


107 


(| _ I 


Ill 1 1 
[ur 
S. 


Wow 


Il 


-0.061 + 11:23g + 6.38* , 
—0.061 


= fo that =] — 5 =,— 0.0054. 


" When Fin ſuppoſing 22 — one © b, you may 8 = | 
Value, and you will find that the Root. e is nearly 155 


„ 


2.094 55147 „ b | PLapur pig | Fee op 41 2 
568. In all theſe 5 you will pre ſooner 


to the Value af the Root, if you take the three laſt Terms of the 


Equation, and extract the Root of the 3 Equation con- 


Kline. of theſe three Terms.” 


Then, in Inſt. 504. inflead. of t hs two laſt Toa * che 
Eanaiicn /* — 12f* + 36 — 1 Se, if you take the three 


laſt and extract the Root of the Quadratic 12f* — 36f + 10, 
you will find F = .028031, which is much nearer the true Va- 


lue than what you diſcover by ſuppoſing 36 - 1 2 
It is obvious, that this Method extends to all Equations. 
569. “ By aſſuming Equations affected with general Coeffi- 


cients, you may, by this Method, deduce e Rules or 


T heorems ſor approximating to the Roots of N e 


| of whatever Degree.” 
Let F —pf* +gf—r=0 DW 2 Equatitnt by: di 


the Fraction F is to be determined, which is to be added to the 
Limit, or ſubtracted from it, in _—P to have the near Valueof * 


by ſubſtituting 7 for , we have this Theorem for fndin; F 


| nearly, vx. 
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570. After the ſame Manner, if it is a Biquadratic, by which 
F'is to be determined, as F'*. 22 TA * —rf +s=0, 


then 7 being very little, we ſhall have f = = which Value is 


egen by conſidering that f= 55 (by 


ſubſtituting = for /) = e, ee 77 whence we have 
E 
dis Theorem for all Biquadratic Equations, 


1 3 an FI a 
en P 7 Tr 


571. Other Theorems may be deduced by aſſuming the hre 


Terms of the Equation, and extrating the Root of the Qua- 
dratic which they form. 
Thus to find the Value of / in che Equation 72 f + of 


ro Where F is ſuppoſed to be very little, we negle& the 


firſt Term a, and extract the _ of the Quadratic þ 8 — 
of +r=0, wy x f+7 = 0; and we find. = 


28 
= 3 © 755 17 27 ne 


But ws Value of F may be corrected by ſuppoſing it equal to 


n, and ſubſtituting m? for f* in the Equation 7 — Pf T 


ro, which will give m —pf* TF - =0, and 


| 1 * —qof + r —m* =0©; the Reſolution of which Quadra- 


. 5 — „„ 5 
Equation gives f= N + — 51 _— , very near 


me true Value of £ 
After the ſame Manner you may find like Theorems for the | 


| Roots of Biquadratic Equations, or of Equations 'of any Di- 
mention whatever, 


572. 10 | 


md cn fy Mo ' told land ff Fi 
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572. In general, let * Pn + g= rA , 
tf, + A So repreſent an Equation * any Dimenſions x, 
where A is ſuppoſed to repreſent the abſolute known Term of the 
Equation, Let & repreſent the Limit next leſs than any of the 
Roots, and ſuppoſing x = # + f, ſubſtitute the Powers of #+f _ 
inſtead of the Powers of x, and there will ariſe, E + f + f"+pxX | 
%% ũ RESTO TOE 44 
= o, or by Involution, diſpoſing the Terms according to the 1 
Dimenſions WS 1 


o 
: 
. 
2 
I 
* 
: 
z 
di 
? 


oF 4 
a? 


— 


IX A- N + 4 
IXI -A XA TL 


- x 1 /X 4 + 


E 
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— 
— AEINIOY 
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where negleAing a all the Powers of F after the firſt two Toms 


in 
; Are Gs | 


— 


— 


3 | 755 211 1 e eee ex 350. 9, Nc. | 


Then * a Fo x, the Root, which by this Series may be had to 
any required Exactneſs in any Equation of the Power n. 
573. By this Method you may diſcover Theorems for ap- 
proximating to the Roots of pure Powers ;” as to find the » Root 
of any Number 4; ſuppoſe + to be the neareſt leſs Root in In- 
tegers, * 4. k + f is the true Root, then ſhall #= + n K 


f+ n X = _ EF" Sc. = = Ay and aſſuming only the 


3 $# act 

two firſt Terms, 1 = = Fr; or, more nah, taking the 
three firſt Terms, | 
by A—p 1 
f=— , and (taking -. =f) 
| ee ax —b—f wy. ET. 
7 gy * Roa 1 7 5 71— 3 5 

nk H= = --h X K- 
. = ————; which is 2 


rational Theorem for approximatin g to f 


574. You may find an irrational Theorem for it by 3 
ing the three wp 8 of the Power of 4 + Ho 4 VIZ. A* ET 


n=" f + 1X - f A. 


For, 1 r * 
* this Quadratic Equation you find 


Jn free and | 
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575. In the Application of theſe Thearems, when a near 
Value of F is obtained, then adding it to & ſubſtitute the Aggre- 
gate in Place of 4 in the Formula, and you will, by a new Ope- 
ration, obtain a more correct Value of the Root required; and, 
by thus proceeding, you may arrive at any * of E 
neſs. | N 


Thus, to PER the Cube Root of 2, ſuppoſe #= 1, and 

„„ 
5 (= ow — 5 = xz = aa In the ſecond Place, 
n# + 2 


ſuppoſe # = 1. . 55 and if will be found © a new Odin 


equal to 0.009921, and conſequently, 2 = 1.2 59921 near- 
ly. By the irrational * the ſame FANG is diſcovered _ 


for 1 8 


CHAP. XXIX. 


| Of the Method of Series by which you may approxi mate 
to the Roots of Literal Equations. 5 


ns FF there be only two Lets, x and @, in the propoſed 
Equation, ſuppoſe @ equal to Unit, and find the Root 

of the numeral Equation that ariſes from the Subſtitution, by 
the Rules of the laſt Chapter. Multiply theſe. Roots by a, 
and the Products will give the Roots of the propoſed Equation. 
Thus the Roots of the Equation x* — 16x +55 = © 
are found to be 5 and 11. And therefore the Roots of the 
Equation x — 16ax + 55 4˙ = ©, will be 5 4 and 1194. 
The Roots of the Equation x* + a* x — 24* = are found 
| =: > by 
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of the fuſt, ſince ::: 4. And after the fame Manner” — 


by enquiring what are the Roots of the numeral Equation & 
+x— 2 = ©, and ſince one of theſe is 1, it follows, that one 


of the Roots of the propoſed 1 is a; the other two are 


imaginary. 

577. If the Equation to be reſolved involves more than two 
Letters, as x* + a*x — 24 + ayx —y* = o, then the 
Value of x may be exhibited in a Series having its Terms com- 
poſed of the Powers of a and y with their reſpective Coefficients; 


which will converge the ſooner the Leſs y is in reſpect of a, if the 
Terms are continually multiplied by the Powers of y, and divided by 


thoſe of a. Or, wil! converge the ſooner the greater y is in reſpec? of 
a, if the Terms be continually multiplied by the Powers of a, and di- 


vided by thoſe of + Since when y is very little in reſpect of a, 


8 3 


the Terms, FP — > &c. decreaſe very quickly. If 
y vanifh in cefpett a ay the ſecond Term will vaniſh in reſpect 


— 


vaniſhes i in wee of the Term immediately preceding i it. 
578. But when y is qi 55 in reſpect of a, than @ is vaſt- 


| 1 great in reſpect of - 5 and — — in reſpect of - — ſo that the 


| 4 a 2 45 3 
Terms 2, —3 — Sc. in this Caſe decreaſe very 
J 


* y27 5 


ſwiftly. Tn either Caſe, the Series converge ſwiftly that conſiſt 
of ſuch Terms; and a few of the firſt Terms will give a near 
Value of the Root required. 55 | 


8 e 


EXAMPLE f Gif 1. 


579. If a Series for x is required from the propoſed Equation. 
that ſhall converge the ſooner the leſs y is in reſpe& of a; to 
find the firſt Term of this Series, we ſhall 2 y to vaniſh ; 


and extracting the Root of the Equation * + a*x—243 = 0, 
conſiſting of the remaining Parts of the Equation that do not va- 


niſh with y, we find, (by Inſt. 576.) thst x = a; which is the 


true Value of x when y vaniſhes, but is only near its Value when 


y does not vaniſh, but only is very little. To get a Value ſtill 
* the true Value of x, oppoſe the Difference of -@ from 


the 


\ 
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the true Value to be ps or that x=a A p. And edge 
a ＋ p in the * Equation for , you will find, 


x* = 4" + 30*p + 30p" 7 
T 4 + 4 p 
22 —_= — 243 NS deo; or 
+eyx=a*y ap J* | 
—y OF 


6 


* T - 24 + ay x—j* 445 7 3ap* — 7 1 


855 , 
But ſince, by Suppoſition, y and p are very little in reſpet e. of 


4, it follows that the Terms 4 p, 2* y, where y and p are 


ſeparately of the leg Dimenſions, are vaſtly great in reſpect of 


the reſt ; ſo that, in determining a near Value of p, the reſt 


may be neglected: And from 4a*p +a*y o, we find N 
—xJ)- So that æ g= 4, nearly. 
Then to find a nearer Value of p, and conſequently of x x; 


ſuppoſe p = — 4 + 4, and ſubſtituting this Value for it in 


the laſt Equation, you will find, 


* 
- 


p* == 2 +123 7 — 457 + 75 
3ap* = 16 475 —Zayq + 34% MP 


ayp=—209* TEXE 5 
a" = Mp 0 
—y oy. 

* es, + 5775 725 +4 q 

* x3 nd Palo {=o 
OH ae 3 
And ſince, by the Suppolition, gis very little in reſpect of p, which 
is nearly = 49, therefore 9 will be very little in reſpect of y; 
and conſequently all the Terms of the laſt N will be very 
little in reſpect of theſe two, viz. — 1g, + 449, where 
y and ꝙ are of leaſt Dimenſions ſeparately : Particularly the 


Term — 2 45 % is little in reſpect of 4a* 9, becaufe y is * 


little in reſpect of a; and it is little in reſpect of — 8 ay? 195 935 


cauſe 9 is little in reſpect of y. 


N eglect 2 the other Terms, and ſuppoſing — 26 4 72 | 
NN p - Ss 44 
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+ 4% So, you will have g = de * 3 ſo thatx=a— | 


2 ar . And by proceeding in the ſame Manner you : | 


re. 5972. 
will 1 T 642 


512 * 16394 _ * 
EXAMPLE of Caſe II. 
580. When it is required to find a Series for x that ſhall con- 
verge ſooner, the greater y is in reſpect of any Quantity a, you 
need only ſuppoſe à to be very little in reſpect of y, and proceed "4 
by the ſame Reaſoning as in the laſt Example on the Suppoſition | | 
of y being very little, I 
Thus, to find a Value for æ in the Equation ** —a* x + 


ayx—y3 = © that ſhall converge the ſooner the greater y is in 
reſpect of a. Suppoſe a to vaniſh, and the remaining Terms | 


will give x* — 75 = 0, orx=y. bot EY vaſtly 7 
great, it appears that x = y nearly. 

But to have the Valueof x more my = x = * + ?> | 
* 


x3 = +3703 300 +87 
ax = ay al = OO ns 
+ ayx = ay* Trp * 
rn e ee 
= 1＋13˙˙ + 350 +27 — Yor a" 7 | 
n | 


Where the Terms 35 þ + ay* become vaſtly greater than the 
reſt, y being vaſtly greater than aor p; and conſequently þ = 
— 44 nearly. 
Again, by ſuppoſing p= nth a + 7 you will transform the 
laſt Equation into 


— 257 475 
— 34 9 | 
Where the two Terms 3 TH — 42 y muſt be _ greater than 


ET yy of the reſt, being vaſtly leſs than 0 and q valtly leſs than 
| & 


— 44 + 399+ 3,9? 8 
. = 0%" 


mw ww a 1 


: a, . ſo that 3 27 — 4j = o, and y = __ 


of AL GEBRA 289 


35 


nearly. By proceeding in this e, you may correct he 
Value of y and find that 


2 * Te a3 N 8 a* 
3; „ 2635" 
Which Series converges the ſooner the greater y is ſuppoſed to 


C. 


145 


be taken in reſpect of a. 


581. In the Solution of the firſt Example thoſe Terms were 


always compared in order to determine p, 9, 7, &c. in which y 
and thoſe Quantities p, 9, r, &c. were ſeparately of feweſt Di- 
menſions. But in the ſecond Example, thoſe Terms were com- 


pared in which à and the Quantities p, 9, 7, &c. were of leaſt 
Dimenſions ſeparately. And theſe always are the proper Terms 
to be compared together, becauſe they become vaſtly greater 


than the reſt, in the reſpective Hypotheſes. 


582. In general; to determine the firſt, or any, Term in the 
Series, ſuch Terms of the Equation are to be aſſumed together only, as 


will be found to become vaſtly greater than the other Terms; that is, 


which give a Value of x which ſubſtituted for it in all the Terms 


of the Equation ſhall raiſe the Dimenſions of the other Terms 


all above, or all below, the Dimenſions of the aſſumed Terms, 


according as is ſuppoſed to be vaſtly little, or vaſtly great in 


reſpect of a. 


Thus to determine the belt Tow of 2 converging Series ex- 
preſſing the Value of & in the laſt nn x3 — 4 Ä a 


A =0, the Terms ay x and N are not to be compared 


together, for they would ous #= - which ſubſtituted for * 


the Equation becomes, 
2 3 | 
Nog we. ty* + 1 —p = o, where the firſt Term is of more 


Dimenſions than the aſſumed Terms ayx, — 5: and the 2d 


of fewer; ſo that the two firſt Terms cannot be neglected in 
reſpe& of the two laſt, neither when y is very great nor very 


little, compared with a. Nor are the Terms &, ay x, fit to 


be compared together in order to obtain the firſt Term of a Series 
for x, for the like Reaſon, 


- But 


- 
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But x3 may be compared with — a* , as alſo — a? x with 
—y, for that End. Theſe two give the firſt Terms of a Se- 


ries that converges the ſooner the leſs vis; as x? = y* gives the 


firſt Term of a Series that converges the ſooner the greater y is. 


The laſt Series was given in the preceding Article, The com- 


paring x7 with — 4 x gives theſe two cations 


en. 
. 2 J © i6a* 125 5 . 


ä oo FE on, wv 
. * Fx 29 FT 8a T 16a: ＋ 128 a3? Af 


The comparing — 2* x with — 5 gives, 


3 5 
- AA c. 


And theſe Series give three Values of x when y is very little; 


te laſt of which is itſelf alſo very little in that Caſe, as it ap · 
pears indeed from the Equation, that when y vaniſhes, the 
three Values of x become ＋ , — 2, and o, becauſe when 
7 vaniſhes, the Equation becomes X3 — a* x — ©, whoſe 
Roots are, a, — a, o. | 

583. It appears ſufficiently from what we fave faid, that 
when an Equation is propoſed involving x and y, and the Value 
of x is required in a converging Series, the Difficulty of finding 
the firſt Term of the Series is ered to this; to find what Terms 
aſſumed i in order to determine a Value of x expreſſed in ome Dimenſi ons 


y and a will give ſuch a Value of it as ſubſtituted { for it in the other 
erms will make them all of more Dimenſions of Ps or all of 2 — 3 


| menſions of y, than thoſe aſſumed Terms. 
To determine this, draw BA and AC at righe a to each 
other, compleat the Parallelogram AB CD and divide it into 
equal Squares, as in the Figure. In theſe Squares place the 
Powers of x from A towards C, and the Powers of y from 
A towards B, and in any other Square place that Power of 
x that 1s directly below it in the Line AC, and that Power of 
y that is in a Parallel with it in the Line AB; ſo that the Index 
of x in any _—_— e expreſs its Diſtance Wen the Line A B, 
* PB: | and 


x 


A. þOoout #b@@ 


95 N A L. G E B R A3 291 


and the Index of y in any Square may expreſs its Diſtance from 
the Line A C. Of this Square we are to obſerve, 


25 ly I 242 25 y ANTE 
: — | c : 5 a | 
IE 1% SAS? yy Gf 7 „ 


2 


3 5 
x4 Ic 


584. 1. That the Terms are not only in Geometrical Progreſ- 
ſion in the Vertical Column AB, or the Horizontal A C, and their 
Parallels; but alſo in the Terms taken in any oblique ſtrait Line 


whatever; for in any ſuch Terms it is manifeſt that the Indices 


of y and x will be in arithmetical Progreſſion. The Indices of 
„ becauſe thoſe Terms will remove equally from the Line A C, 
or approach equally to it, and the Indices of y in any ſuch Terms 
are as their Diſtances from that Line AC. The Indices of x 
will alſo be in arithmetical Progreſſion, becauſe theſe Terms 
equally remove from, or approach to the Line AB. Thus for 
Example, in the Terms y?, ys x, y* X, y, the Indices of y 
decreaſing by the common Difference 2, while the Indices of * 
inereaſe in the Progreſſion of the natural Numbers, the common 


Ratio of the Terms is - It follows, 


. 585. 2. From | 
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585. 2. From the laſt Obſervation, that if any two Terms be ſup-- 


poſed equal, then all the Terms in the ſame flrait Line with = 
Terms will be equal: becauſe by ſuppoſing theſe two Terms equal, 


the common Ratio is ſuppoſed to be a Ratio of Equality; and 


from this it follows, that if you ſub/titute every where for x the 
Value that ariſes for it by ſuppoſing any two Terms equal, expreſſed in 
the Powers of y, the Dimenſions of y in all the Terms that are Found 
in the ſame ſtrait Line will be equal; but the Dimenſions of y in the 
Terms above that Line will be greater than in thoſe in that Line; 


and the Dimenſions of y in the Terms below the ſaid Line will be leſs 
than its Dimenſions in that Line. Thus, by ſuppoſing y? = y x3, 


we find x3 = , or x= y*; and ſubſtituting this Value for x 


in all the Squares, the Dimenſions of y in the Terms, y?, y* x, 


33 K*, yx3, which are all found in the ſame ſtrait Line, will be 


E 7, but the Dimenſions in all the Terms above that Line will be 
more than 7, and in all the Terms below that Line will be leſs 


than 7. 


586. From theſe two Obſervations we may eaſily find a Me- 
thod for diſcovering what Terms ought to be aſſumed from an 


Equation in order to give a Value for x which ſhall make the 
other Terms all of higher, or all of lower Dimenſions of y than 
the aſſumed Terms: viz. © after all the Terms of the Equa- 
tion are ranged in their proper Squares (by the laſt Article) ſuch 
Terms are to be aſſumed as lie in a ſtrait Line, ſo that the other 


Terms either lie all above the ſtrait. Line, or fall all below it.” 


For Example, ſuppoſe the Equation propoſed is 57 — 495 x 
T x? + a* y#* —ax* = o, then marking with an Aſte- 
riſk the Squares in the laſt Article which contain the ſame Di- 
menſions of x and y as the Terms in the Equation, imagine a 
Ruler ZE to revolve about the firſt Square at Z marked at 57, 


and as it moves from A towards C, it will firſt meet the Term 


ay* x, and while the Ruler joins theſe two Terms, all the other 


Terms lie above it: from which you infer that by ſuppoſing © 
| theſe Terms equal, (viz. yr = ay” x) you ſhall obtain a Value 


of x, which ſubſtituted for it, will give all the other Terms of higher 
Dimenſions of y, than thoſe Terms: And hence we conclude 


that the Value of x deduced from ſuppoſing theſe Terms equal, 


VIZ, = is the firſt Term of a Series that will converge the. 


ſooner the leſs y is in reſpect of a. | 587, If 
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- oB7. If the Ruler be made to revolve about the ſame Square, 
at Y, the contrary Way from D towards C, it will firſt meet 

the Term , and by ſuppoſing y” + * = o, we find 
= x, which gives the firſt Term of a Series for x, that con- 
verges the ſooner the greater that y is. And this is the cele- - 
brated Rule invented by Sir Jfaac Newton, for. this Purpoſe. 
588. This Rule may be extended to Equations having Terms 
that involve Powers of x and y with Fractional or Surd Indices ; 4 
« by taking Diſtances from A in the Lines AC and AB pro- 

portional to theſe Fraftions and Surds,” and thence determining 
the Situation of the "TRI of the 2 ae in | the Pa- 
_ rallelogram ABCD. . 

S589. It is to be obſerved alſo, that when the Line 3 joining 
any two Terms has all the other Terms on one Side of it, by 
them you may find the firſt Term of a converging Series for x, 
and thus © various ſuch Series can be deduced from the ſame 
Equation.” As, in the laſt Example, the Line a joining y* x 
and y a+ has all- the Terms above it; and therefore ſuppoſing 


—ay x +a 2 yx* o we find * = S. and x = 5 which 
is the firſt Term of another converging Series for x. . Again, 
the ſtrait Line he joining y x* and &“ has all the _— Terms a- 
bove it, and therefore, ſuppoſing a* y x* — ax* = o, we find 
ay = x*, and x = az yz, the firſt Term of another Series for 
475 converging alſo the ſooner the leſs y is. There are two Se- 
ries converging the ſooner the greater y is, to be deduced from 
ſuppoſing y7 = — *, by the Line Vd, or y*x* = ax*, by 
the Line de. And, to find all theſe Series, << deſcribe a Poly- 
gon Zabed, having a Term of the Equation in each of its An- 
gles, and including all the other Terms within it, then a Series 

may be found for x, by ſuppoſing any two Terms equal that are 

placed in any two adjacent Angles of the Polygon.” 

- $90. If the Ruler ZE be made to move parallel to itſelf, all | 
the Terms which it will touch at once will be of the ſame Di- 
menſions of y: for they will bear the ſame Proportion to one 
another as the Terms in the Line ZE themſelves. The Terms 
which the Ruler will touch firſt will have fewer Dimenſions of 
y, than thoſe it touches afterwards in the Progrefs of its Motion, 
if it moyes towards D; but more Dimenſions than they, if it 
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moves towards A. The Terms in the ſtrait Line Z E, ſerve 
to determine the firſt Term of the converging Series required. 

Theſe with the Terms it touches afterwards ſerve to deter- 
mine the ſucceeding Terms of the converging Series; all the 
reſt vaniſhing compared with theſe, when vis very little and tha 
Ruler moves from A towards D, or when j is vallly great and the 
Ruler moves from D towards A. 

591. The ſame Author“ gives another Method for 1 
the firſt Term of a Series that ſhall converge the ſooner the leſs 
„is. Suppoſe the Term where y is ſeparately of feweſt Di- 
menſions to be Dy! yl; compare it ſucceſſively with the other 


Terms, as with E/ , and obſerve where = is found 


| ET” 
greatęſt; and putting 


_ Ay will be the firſt Term of 
A Series that ſhall converge the ſooner the leſs y is: For in that 


Caſe D y and Ey” will be infinitely greater than any other 
Terms of the propoſed Equation. Suppoſe F y ” is PIE other 


. = (=o) 
is greater than = and conſequently, tp by X, you 


Term of the Equation, and, by the Suppoſition, * 


find 14 greater than /—#, and »4 + e greater than I; now 3 
for x you ſubſtitute Ay”, then F ya = FA y»#+*, which 
therefore will vaniſh compared with D y! (fince n + eis greater 
than I) when y is infinitely little. Thus therefore all the Terms 
will vaniſh compared with Dy: and Ex which are ſuppoſed 
equal ; and conſequently they will give the firſt Term of a 1 
that will converge the ſooner the leſs J's OL 


is found Abel all, and 


592. If you obſerve when Ln 


ſuppoſe it equal to n, then will Ay” be the firſt Term of a Series 


that Will converge the ſooner the greater Vis.“ For in that 
Caſe D 1 and Ey” xs will be infinitely greater than Y by xk, be- 


=) being | leſs than =, it follows that n4 is 
leſs Ln 8 and n+ + e leſs than J, and conſequently Fy 


of (= = E K e valtly leſs than D 7 when bi is very * 
593. 


cauſe 


* Sir J. . | 
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593. After the ſame Manner, if you compare any Term 
Dy, where both x y y are found, with all the other Terms, 


and obſerye where - res = "i * 1. the e or wt „ and ſup- 


| a 24 then may 47 be the fiſt Term of a con- 


verging Series. For ſuppoſing that F ye xl is any SAT Term of 
- the Equation, 1 | = (= 1) is greater chan 5 y then ſhall 


nk — nh be W than ! — e, and u 44e greater than 1 nh, 
But n4 + e are the Dimenſions of | y ih Fy. xi when * = Ay", 
and 2+ n h are the Dimenſions of y in Eye. $ therefore Eye x 
is of more Dimenſions of y than EV, and therefore vanifhes 
compared to it A is ſuppoſed N little. In the ſame 


Manner, if; ” is leſs chan 7. 2X then will 2 1 x5 be i in- 


= — 7 5 
finitely BE: than Fy * xt, when yis infinite. 

5094. When the firſt Term (A) of the Series is Sond by 

the preceding Method, then by ſuppoſing ,x = 4% + p, and 

ſubſtituting this Binomial and its Powers for æ and its Powers, 

there will ariſe an Equation for determining p the ſecond Term 


of the Series, This new Equation may be treated in the ſame 7 


Manner as the Equation of x, and by the Rule of Inſt. 585, the 
Terms that are to be compared in order to obtain a near Va- 
lue of p, may be diſcovered ; by Means of, which Terms p may 
be found: Which ſuppoſe equal ta By +”, then by ſuppoſing 
p = By*+r g, the Equation may be transformed into one for 

determining 9 the third Term of the Series, and by proceeding 
- the fame \ Manner you may determine. as many Terms of the 
Series as you pleaſe; finding x = Ay +, BF + Cynar 
+ Dy zr, Cc. where the Dimenſions. of y aſcend or deſcend 
according as r is poſitive or negative; and always ( in Arith- 
metical Progreſſion, that this Value of x being ſubſtituted fox it 

in the propoſed Equation, the Terms involving y and its Powers 
may fall in with one another, ſo that more than one may always 
involve the ſame Dimenſion. of , which may mutually deſtroy 
each other and make the whale Equation n as it ought to 
90.“ ”» ; 
Q 2 . 89 5. It 
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595. It is obvious that as the Dimenſions of y in A + 
B + C + Dy tze, Sc. are in an Arithmetical 
Progreſſion whole Difference is r, the Square, Cube, or any 


Power 5 of 4% + By*+r + Cf + Dyn +37 ＋ Sc. 


will conſiſt of Terms wherein the Dimenſions of y will conſtitute 
an Arithmetical Progreffivn having the fame common Difference 
7 ; for theſe Dimenſions will be a, n + r, an + 27, 51 ＋ 3r, 
Ke. Therefore, if in any Term Ex you ſubſtitute for x the 
Series Ay” + By Nr I Cr + Dyar S. the Terms 
of the Series expreſſing EY" x: will conſiſt of theſe Dimenſions 
of y, Viz. m Tin, m + 5n+r, m + 51 + 2r, m+ 5n + 
37 Cc. and by a like Subſtitution in any other Term as Fy xt, 

the Dimenſions of y will be e nh, enk+r.ec+ nk + 


27, e+ n# 37 &c. The former Series of Indices muſt 


coincide with the latter Series, that the Terms in which they 


are found may be compared together, and be found equal with 


oppoſite Signs ſo as to to gef one _—_ and make the whole 
Be be vaniſh. | 
1/596 The firſt Series 4. of Terms ariſing 55 adding 
fonts Multiple of r to m + 5 n, the latter by adding ſome Mul- 
tiple of 7to e + nk; and that theſt may coincide, fome Mul- 
tiple'of 7 added tom + A muſt be equal to ſome other Multi- 


ple of r added toe as 1 From which it appears, that the 
Difference of tr and &+ I is always a Multiple of ; 


and conſequentiy that is a Diviſor of the Difference of Dimen- 
lions of y in the Terms E * and«Pye 34, fuppoſing x'= A *. 
It follows therefore that r is a common Diviſor of, the Diffe- 


rehees'of the Dimenſions of y in the Terms of the Equation, - 
when you have ſubſtituted #5” for x in all the Terms. And if 


rr be aſſumed equal to the great common Diviſor (excepting 
ſome Caſes after ward to be mentioned) you will have the true 
Form of a Series for x. And now the Dimenſions 57, y" +", 
$7 +2r, n 3 e. being known, there remains only, by Cal- 


; euldition to determine the general Coefficients , B, C, D, &c. 
in order to find the Series AY 7 „ + Cy +27 + 


_—_— „„ 


35097. This leads us to Sir Iſaac Nava; Second nd Method 
of Sefies ; which conſiſts in afluming a Series with undetermin- 


ed Coefficients expreſſing x, as Ay" + By" +1 + Cyr + 


=_ N . 


as „% „ — 1 
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c. Where 4, B, C, &c. are ſuppoſed as yet nk} but 


z.and r are diſcovered by what we have already demonſtrated; 


and ſubſtituting this every where for *, you muſt ſuppoſe, in 


the new Equation that ariſes, the Sum of all the Terms that in- 


volve the ſame Dimenſion of y to vaniſh, by which Means vou 
will obtain particular Equations; the ff of which will give A, 
the ſecond B, the third C, &c. and theſe Values being ſubſti- 
tuted in the aſſumed Series for A, B, C, &c. the Series for x 
will be obtained as far as you pleaſe. 

598. Let us apply, for Example, this Method to the Egua- 
tion (of Inſt. 577.) 3 AK — 245 + aq — y* =(0. Sup- 
poſe it is required to find a Series converging the ſooner the leſs 
5 is: Its firſt Term (by Inſt. 579» or 583) is found to be a, fo 
that » = O. . Subſtitute @ for x in the Equation, and the Terms 

become af + af — 2 45 + a*y— y*, and the Differences of the 
Indices are o, 1, 2, 3; whoſe greateſt common Meaſure is 15 
ſo that 1 = 1. Aſſume therefore x = 4 + By + Cy* + Dp 
&c. and ſubſtitute this Series for x in the Equation. Then - 
„ Al 34* By + 34BY + By K. 
| a + 34* Cf + 34*Dp + &c. 
+ ae, + KW. 
48 = Elh+&By c + © Dy? + &c. 
Wand EA: W Kd +aDy' +. Kc. | 


1s OE Ts = 


: — 2 obj OE — * . 
509. Now ſince * + fx ＋ ar - 24 — 5 2 o, it 
ſollows that the Sum of theſe Series involving y muſt vaniſh. 
But that cannot be if the Coefficient of every particular Term 
does not vaniſh. For every Term where y is infinitely little, is 
infinitely greater than the following Terms, ſo that if every 
Term does not vaniſh of itſelf, the Addition or Subtraction of 
the following Terms which are infinitely leſs than it, or of the 
preceding Terms which are infinitely greater, cannot deſtroy 
itz and therefore the whole cannot vaniſh, It appears therefore 
that I + - 245 = o, is an Equation for min A, 
and gives A = a, 
In order to determine E, you muſt ſuppoſe tl the Sum of the 


Coefficients affecting y to vaniſh, viz. 34 FTI + aA x 
1 o, . 4a² * 1155 ay =0, and B = — f. 
| To 


—__ 


ee — nz : „% 
1 - _ bY —— 
rn — — — — — : · —- 
; 5 2 5 - A - 
5 144 is 2 44 x; 8 
n — 6 A es I — —— — 
2 r; p 


41% 

. 
. 6; th 
F 


; ==; and ince's B + . = 0, it follows . 
| After che ne Manner you will find C = 2 


78 == > + = + &c, 
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To determine C, in the ſame Manner ſuppoſe 3 4 Bi + 2 
4 Of + 4 C + + aBy* = o, or (ubttating for & and B 
a y* 


their Values already found, 2 2 44 c e 


epnſequently C = 54g · And, by 


| Manner, fe u dg + 


r. &c. as we found before in loſt. 579. 


600. By this Method you may transfer Series from one un- 


determined Quantity to another, and obtain Theorems for the. 


Reverfion of Series. 
Suppoſe that x = ay + by* + 4 + * + &c. and i it is 
required to expreſs y by a Series conſifting of the Powers of x, 


t is obvious that when x is very little, y is alſo very little, and 
chat in order to determine the firſt Term NO Series, you need 


ne And therefore y = 7 -3 ſo that » = 1; By 


ſabCiitaring © © foe 55 Gn find the Dimenſions of x in the Terms 


will be 1, 0 3, 4, &c. & thatr = x alſo. You may there- 


fore aſſume y = Ax + BN + Caf + Dat + &c. And * 


the Subſtitution of this Value of y you 1 will find, 


4 4A BN p$aCs + &c, 
by =— IA + 2143 + Kc. 
ej EH A &c. 
bie. | "A _ 8 &c. 47 


| But the Girl Tenn vole already found to be = 2 0 have 4 
b 


7 . & 
2 b* — ac 
mT Whence 


b 2 b* 


4 423 


ding in me fame 


| 601. Suppoſe 


2 


601. 3 again you hows green pode ON + 
&. YT by iy + k &c. to find x in Terms of y. 
ou will eaſily ſee, (by Inſt. 586. ) that the firſt Term of the Se- 


ries for « is , that =, 7 1. Therefore aſſume æ = 


Ay + BY + CP &c. and by ſubſtituting this Value for 
and bringingall the Terms to one Side, you will have 


ax=aAy+aBy + aCy + &c. 


bx* = b A*y* +2bABy + &c. 

x. 6 4 + &. 

&c. &c. ; 
gy ==8 


— hy = | 3 5 —hy 
—iy = 0 » * » 22 — 17 


„„%%/ͤr ͤ oo 8 
From whence we fee, firſt, thataf= g, and 1 = f. 
| 2. That aB+54* —b = 0, and B=;—£: 35. That 


5 2 
20426 AB +cA*—i=0, and therefore C 4 5 


And chus the three firſt Terms of the Series Ay + "_ + cy 5 
&c. are known.“ 


This Method is very general; bue in ſome 1 Caſes a 
Difficulty will ariſe, which Mr. Maclaurin has ſhewn how to 
avoid, to whoſe Treatiſe of Algebra we muſt refer the Reader, 

25 it would be very tedious here to dwell on that Subject, 


see Mr. De Mature in Phil. Tran; 2405 


CHAP: 
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KP: CHAP. XXX. 


My. De "Moivie' s Theorem for rai ang an 2 
Series to any given Power, Alſo. the Evolution 
or Reverfion of Series deduced from thente. 


2. * the Philoſophical Tranſactions, - the late Mr. D: 

Moivre has given us the following excellent Theorem 

for raiſing any Multinomial or infinite Series to any given 
Power, viz. 
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650g. For undetſtanding of which, itis only neceflary to con- 
| fider all the Terms by which the ſame Power of z is multiplied : 
In order to which two things in each of theſe Terms muſt be 
conſidered, 1, The Product of certain Powers of the given 
Quantities of os nas bY: d &c. And, 2%, The Un- 


de or Products of — 33 , Gr. prefited to chews. 


| Now to find all tho produce 8 to the ſame "PEA of 
z. For Example; to find that Product whoſe Index is m + r 
rx being 3 any whole Number) the ſaid Products muſt be diſtin- 
guiſhed into ſeveral_ Claſſes. Thoſe which immediately after 
ſome certain Power of a (by which all theſe Products begin) are 
Products of the firſt Claſs : As * 1 b is a Product of the firſt 
Claſs, becaàuſe h immediately follows a” . Thoſe which im- 
mediately after ſome Power of @ have c, are Products of the ſe- 
cond Claſs. So a t is a Product of the ſecond Clais : 
Thoſe which immediately after {de Power (FRET Ace Pro, 
duẽts of the third Claſs, and lo of the reſt. 
This being underftood, 1, Multiply atttheProdudts belong- 
ng ito} == + (which N precedes 2 +”) by l, 
and divide them all by 42. o, Multiply by r, and divide 
by a, all the Products 8 6 except thoſe of 
the firſt Claſs. 35 Multiply by d, and divide by a all the Pro- 
ducts belonging to 2 ＋ except thoſe of the firſt and ſecond 
Claſs. 4, Multiply by e, and divide by a, all the 'Ferms be- 
longing to 25 , except thoſe of the firſt, ſecond, and third 
Claſs; and ſo on, till you meet twice with the ſame Term. 
Laſtly, add the Product of a"—r into the Letter whoſe Exponent 
is 7 — Ito all theſe Terms. | 
Note, The Exponent of a Letter is the Number expreſſing 
what Place that Letter has in the Alphabet, as is 3 the Exponent 
of the Letter c, being the 3d Letter. | 
By this Rule it is manifeſt that it is eaſy to find all the Pro- 
ducts belonging to the ſeveral Powers of z, if you have but the 
Product belonging to z m, viz. a. 
| 604, Next to find the Duciæ prefixed to every Product, you 
muſt conſider the Sum of the Units contained in the Exponents 
of the Letters that compoſe it (the Index of a excepted) ; then l 


write as, many Terms n Series m X n — I Nn — 2X 
| a m — 3 


of ALGEBRA 303 
n — 3, Ee. as there are Units in the Sum of theſe Indexes; 
this Series is to be the Numerator of a Fraction, whoſe Denomi- 

nator is the Product of the ſeveral Series 1 & 2 X 3ZX4X5»> 
22 LX 2X ZJX AX. Sc I Xx 2K 3&1 & 5X 6, Se. 
the firſt of which contains as many Terms as there are Units in 
the Index of b ; : the ſecond as many as there are Units in the In- 
dex of c; the third as many as there are Units in the n of 
. 

The Demaquifration of this lee f in the above cited Tranſ- 
action. 5 

Here follows an Example or two of the Uſe of this Theo- 

rem. 
| ExAuPLE 1. 


bos. To raiſe this infinite Series 2+ — +I + 2. Ec. 
to the ſecond Power, or to ſquare it. 


In this Caſe in the Theorem m = 2, z x, 4 = - b = 


- 


. therefore _ £42 — + — T =» 

| 4 

&c. will be — — + 2 4 S +5 , &c. for the firſ Tem 
„ 2 3 

5 2 (= 7 * x#) is = 25 The ſecond Term © = a = "I 
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8 ar 0 5 
er = x + a £ 
© uf x* e AG. 
| 2 x 2 | 
' 4 x | | Ca 
ExamyeLe II. 


606. To ſquare this infinite Series I — x * * + * 1 * 
&c. 


2 


In this Cate in the Theorem m = 2, 9 ta L 


=1I,c=—TI. d= 1, &c. and fo 1 — x + x* — +, 
&c. will be = 1 —2x + 8 &c. for a2 


{== 6 x) = I—2x + FRY The ML Tr 


mM 3 1 N 5 
„ b 1 ( = — X ) Bx - 2 x3, 
=: od | I BE | _—_— 
| ; m m—1 C 
The Third Term — & * 
T * 
x 1 | 
_—_ 
I \.} 
—2—2 
„„ 
a. _ — ws [T , & 
—7 _ = — x3 + 2.x*, &c, 
1 7 ; 
* * 1 *K — 7 * * 


| EXAMPLE III. 
| boy. To raiſe 1 be. to the third 
Power, or to cube it. | 


Here m = 3. 2 r. 37 xx 0c a I, & = Os 
and ſo the third Powerwillbe r — 3x + 3 + 1 


oe. fr es” (=; «) had Led cated 


m 
1 
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1 * 
| bi (= * bene 


— 
— — 


„ 2 


N 9 


— - 


I N 2 


en = 
3 * n erer e 


3 — 62 + 35. 
And becauſe b = o, and alſo d, RESI the next Term of 
the 3 Theorem will be o. And thus you may * on. 
ExAM IE IV. 


608. To extract the Root of an infinite Series; that is, if 2 


be 4 A 5 * Tce A + ex35, Sc. to find the Value 


of x in an infinite Series of Terms affected with 25 and free 
Ful, Let us ſuppoſe x = fz TD + b2* +12* + m 21 
＋ 1 2, &c. Then Wy the Theorem x* = f z* + 2 fh 2 
* + 2hkz5 + Þ 25 

e 2 125 +2h1z5 


aer, 


a? =# + 3/ he + afÞ e, Ke. wa 
+ 37 I + la 
+ 6b 
* A + 4f* bus + 67 * 25 &c. 
* SHA A 5f* b 


40 =, &c. 


Now ſubſtitute theſe Values in the Tas 0O==—2þ+ 2 


ax + bx? + . . and then will —2 2 
2 2. b 


+ ax=+afs + abu + abs Call e + 4 &e. | 
FA + 2bfh# + K e et oa DB | 
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ma | S * aa ens ox i 
T A. N 


3 cf* la 
+ | | + Of b bes 
JAWA e ee 6 b A5 
k | - cs rode 
* = 30: IF * 2. 9 + ef * * 5 1 


609. Now if the Sum of the ee of every . in this 
2 Equation be made equal to nothing, we may get the Values of the 
Coefficients /, h, I, l, m, n, thus. The Sum of the Coefficients of the 


firſt Term ee 1. Whence ifaf— I=0, 


_ then will Fbe 2 2. In like Manner the Sum of the Coefficients | 


of the ſecond Term } how will be ah 4 5 15 Whence if 


; 
ab + bF* = "TY | there will ariſe l = . XT In like | 


a3 
Manner the Sum of the Coefficients of he third Term made e- 
qual to o will be af + 2þfh O. Whence 4 = 
—HP=L 26* — ac f 
233 — — — 3 Again, ada; bb + 254 | 


Ib —2bft + FV4S 


3 bb df =o. Whence =: 


* — þ 474249, a 24. eee. 
| | aa 7 4 Jö 5 
>" 124 +60b4—2108 + a es” « 
ae wii | = 3 


And n= 


* 
+ D 1 


| Whence at length ſubſtituting theſe Values of the Coefficients 
fo hs kJ, mm, 1, in the aſſumed Equation x = fs + hz? + 
a + 1 + 8 155 He. and the Ran ſought will be 


4 2 


e LEST _ 


wt 5 dara eget de, i 
» Sc, 


610. Tf there are any Terms waiting 10 the hah Equa- 


tion, it is plain that they will likewiſe be wanting in the Root. 
For r If z be = ax + c ex,, &c. then will x = 


Z— LE w + IDS 2 3, e, But let this ſulficefor the 


a | 
proſent;-the-Applicatio 
in Geometry muſt be deferred till we have premiſed the Princi- 
ples of that Science, which next- follow in a Method not only 
new, but tis preſumed much more conciſe and | peripicuogys than 
any Thing before publiſhed on this Sather 
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. — — — 
01 HA p. 1. 

DEFINITIONS. | 
61 I. "Pore i is that which hath no Parts; and 


may be repreſented to the Senſes by the 
Dot A. A. 
512. ALIxE is deſcribed by the Motion | 
of a Point; and is either a Right Line when a, 
the Motion is /trait forwards as A B: Ora 2 
curved Line, when the Motion is conſtantly | . 
directed to different Parts, as the Curve 
AB C. Lines are ſaid to be Parallel, when 3 
they are every where/at ap equal Diftance, — 
as AB, CD. | "EO 
613. An ANGLE ABC is the Space | 
contained between two Lines AB, CB 
meeting in the Point B. When a Right B 
Line CD, ſtanding upon a Right Line 
AB, makes the Angles on either Side 
thereof equal to each other, viz. ADC 
BDC, chen both thoſe equal Angles are 
Right Angles; and the Right Line CD is 
called a Perpendicular to the Line AB. i WE. 
614. An OBTusE ANGLE is greater D 1 
than a Right Angle, as AC is greater than | | 
CE. And the Angle BCD, which is leſs | 
an the Righe l B CE is called an A. n 
crx ANGLE, SY 


0 


RT ., 19% . we in, ß. OO ne or I} 


— + 


P Ho mo tm 
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- "dns. A SUPERFICIES is that which has 4 
Length and Breadth, as ABCD, and is 
generated by the Motion of a Line, as of [- Wk: 
AD or AB carried parallel to itſelf. All 
ſuch whoſe 4 oppoſite Sides are equal, and ® 
parallel, are called Parallolagrams. If all the e Angie are 5 
ſuch a Figure is called a Rectangle. 
616. If all the 4 Sides are 3 
equal, and the Angle right, it 
is called a SQUARE, as ABCD. C 


But if the Angles are not right, © JE. 
it is called a RHomBus, as 3-7 
EFGH. A Parallelogram G '4 


whoſe Angles are not right, is called RyomBorDes, as IKLM. 
All other four-/ided . are called Trat as the Fi- 
gure NOPQ. 
617. A Figure bounded by three Sides is 
ealled a TRIANGLE ; if the three Sides be e- 
qual, it is ſaid to be Equilateral, as ABC; if _ 
only two are equal, it has the Name Iſaſceles, 
as DEF; if the three Sides are all unequal, 
it is ſaid to be Scalenous, as GH I. A Trian- 
gle is ſaid to be Right-angled, that has one 
Right Angle ; Obtuſe-angled, if it has one An- 
gle Obtuſe 3 Acute-angled, when all the An- 
gles are Acute; and Zquiqngular, when all G/ 
the Angles are equal. — 
618. ACIRCLE is a Figure contained te: en EG 
one uniform Curve-line A DB E, which is 2 
called the CIRCUMFERENCE or PERIPHE- 44 B 
RY, deſcribed about the Point C, which is' 7 
called the CENTER, and from which all Lines — 
drawn to the Circumference are equal. The Right Line AB 
drawn through the Center, is called a Diameter; and divides the 


Circle into two equal Parts called SEMICIRCLES, as ADB and 
AEB. | 


8 f ; 619. 8 


vw 


contained under a Right-line- E D, and a Portion 


to be Irregular. In like Manner, if a Fi- E 


one to the other, and the Sides about the 


AB, Breadth BC, and Thickneſs or Dept 


EF, or of AD EG to CF. When all 
theſe Dimenſions are unequal the Solid is 
called a Parallelepipedin ; but when they are 


3s bounded by Six equal Squares. 
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619. The SzcMENT of a Circle is a Figure 


of the Circumference EF D. A SECTOR ofa | 

Cirele is a Portion contained between two Right- 

lines drawn from the Circumference to the Cen- 
ter, as AC B. 

' 620. A Pentagon is a Figure contained A 
under frue Sides, and having as many An- 
gles; if all the Sides and Angles are equal, 
the Pentagon is ſaid to be Regular, as 
ABCD E, otherwiſe the Fi igure is ſaid 


D 
gure conſiſt of Six equal Sides and 1 it is called a * 


HExACGCON; if of Seven, it is an HEPTAGON 3 if of Eight an 
QcTaGon, and ſo on. | 


WM 


621. SIMILAR Right-lined Figures AX RY 
are ſuch whoſe. ſeveral Angles are equal | 


equal Angles proportional, Thus the 


Angle B = DCE, and the Sides AB: Sg + D. 


'BC::DC: CE. And the ſame is to be underſtood of the 


other Angles and Sides reſpectively. 
622. AS0L1D is that which hath Length, A 1B 


DE; and i is generated by the Motion of a 10 
Supexficies, 28 ABCD carried parallel to W 


all equal, it is called a Cusk, as A B, * 


623. A pie is a Solid 3 1 — 
Planes, whereof the two End ones are equal, pas PH 
alike, and parallel; but 17 Sk Sides are Parallelograms, 15 


654 
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624. A PYRAMID is contained under divers trian- 
gular Planes ſet upon one Plane (called the Baſe) 
and terminating at the other End in one Point; as 


the ſolid AB C D. 


625. A Cox E is a Solid generated by the Re- 
volution of a right-angled Triangle about one 
of the Sides, containing the Right-angle, which 
is called the Axis of the Cone ; the other Side 
deſcribes the circular Baſe of the Cone; while 
the flaunt Side ſubtending the Right-angle, de- 
ſcribes the Conic Superficies. Thus ACD is the 
revolving Right-angled Triangle; and ADE the e generated 
Cone. 

626. A Crimnn ! is a Solid e by F. 
the Revolution of a right-angled Parallelo- 
gram ABCD about its Side AD, which 
makes the Axis of the Cylinder; ; while the too 

Sides AB and DC deſcribe the circular Baſes 
or Ends ;. and the Side BC the curved Surface 
thereof. 

627. A SPHERE is a colid ABDE gene- 
rated by the Revolution of Semicircle A BD 
about its Diameter A D (remaining fixed) 


T. D 


the C e e, of the Semicircle deſcribes 
the Convex Lap of the Sphere. 


628. Similar Solids are thoſe which are contained under ſimilar 
Planes equal in Number. Hence all Cubes and Spheres are ſimilar 
- Solids. And all Cones, and Cylinders are ſimilar, whoſe Axis and 
Diameters of their Baſes are proportional. - 


125 B. The following Theorems do much depend * the Arioms i in 
Inſt. 198, 199, 200, 201, 202; and N they ought to 
be well remembered. of The Reader. | : 


N. B. 
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N. B. For the Sate of U and 8 abe following 
| Symbols or Characters are uſed, 


-L Denotes a right Angle. 
II Parallel to. 
Fiz JO A Square. 
5 Parallelogram. 
LO A Triangle. 


CHAP, I. 
GEOMETRICAL THEOREMS. 


TRREOREN I. 


629. 4 Rioht-link A B flanding upon ano- 
ther CD, males Angles ABC ABD = = 
2 _— angle: 


DEMoNSTRATION. 

If ABC = ABD, then is each a Right-angle by OY If 

they are unequal ; let BE be perpendicular to CD; then is ABD 

= L — ABE, and ABC =L + ABE, therefore (#75) 
= = ED... 


m1 TREOREM II. 


ads Tivo Right-line AB, CD, wmtis- C 
ſetting each other in E, make the two oppoſite — 


Angles equal, vix. AED = CEB: * 7 = 
NemonsTRATION. 


The Angle AEC + CEB = (629) 2 L = AEC * AED; 
therefore BEC AED (200). 2; E. * | 


Treortm III. 
611 A Right-line E F cutting two Parallel A. 2 1 — 
Lines AB, CD, makes the alternate Anglis 
equal, viz. * G H = =} G HD 


. 


10 


4 


Mi ss > & 
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DEMoNSTATION. 


us „ak + AGH = (629) 2 L = CHG Hp; 
| but becauſe of parallel Lines, it is AGE = CH; cherefore 
AGH — = GHD. 2 E. D. R 


TR EOREM IV. 


| 632. The evtevard Angle ACD Sf ew A 
Traemple ABC, #5 equal to the tuo internal. 
e Angie A aud B. 


DemonsTR ATION. 
| Let CE be pale to AB; then is the Angle A ACE. 


by (631) ; and the Angle B = E CD, becauſe of ABEC; 
chdoes A 4 ACE + ECD =ACD. 2 DB. 


| Tazonen V. 
3 The three aui of exory plain Tring! ABC, ere "ow 
el baus * | 


D reac 


For ACD+ACB=2t, by (629); and AC D = 
A + B, by (932) 3 therefore ACB +A+B= ®L- 
2; E. . 1 


Tarox EN VI. 


634. Prrekibgrem A BC D. B EF C, eubieh 1 
aue Baſe B C, and telween the fame Parallels A F, BC, are 
DEMONSTRATION. 
Forby Definition A DBC EF; add A E F 
the common Part D E to both, and we have | | 
AE = DF (199); but AB = DC, and 
BE = CF; therefore is the Triangle ABE 
= DCF; take away the common Triangle . 
DGE, there will remain the Trapezium ABGD = " CG FP; 
to cach of theſe add the Triangle BCG, and it makes the Pa- 
raldogram' A BCD = BEFC. 2. FE. D 


T 
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TH FOREM VII. 


63 5 Triangles ABC, BFC, flanding up- Ac rer 


on the ſame Baſe B C, and between the ſame 
Parallels A F and BC, are equal to one another. 


anon. 


£4: 4 1 
For draw CD AB, and BE ICF; then is the Triangle 
ned, and the Triangle BCF = 5 9 


BE F C, and therefore ſince the Parallelograms are equal by 
(634) the Triangles ABC, BCF vill be ſo too. E. D. 


T . VIII. 


SE 636. In a Right-angled Triaugle ABC, the Square BE made 
upon the Side B C ſubtending the Right-angle BA C, is equal to the 
Sum of the __ BG, CH, which are made of the Sides AB and AC. 


DEMONSTRATION. 


Join AE, and AD, and draw AM : * 8 
| CE, becauſe the Angle DBC = F 


FBA (616), add to both the com- . \A. E 


mon Angle ABC, then is che Au- X. 


gle ABD = FBC. Again, AB NAI 


„ 
o 
-* 


= 8. and BD = BC, (616); Ef TIIJC 
therefore the Triangle ADB = „„ 
FBC. But the Parallelogram | /7 ti: 
BM = 2 ABD; and the Paral- N. 
lelogram BG = 2 FBC, as is — 
evident from the Figure to (635), WO 


Therefore is the C1 BM = BG the Square of the Side AB. ; 


In the ſame Manner, it is ſhewn that the CDOMC=CH; 
therefore B M + CM =BE = BG + CH. V E. D. 


| TronEU . 


8 If any Line z be divided into "Er Pats AE 
A and E; chen it is 2 A + E* + 2 AE, z- 


1 


4 & = 


1 


2 


F GE OM E 
DEMONSTRATION. | 


Tk i is evident from (186): For z= E; Er 
A+ OR = 1" AEF. 2 F. P. Hein 


r 
4 


in 
Y 


| - Tazorza K.: A 14 
"638.1 7 moreover, it is z* + E* = For 2 l. | 


wt 


DE MONSTRATION, je) 


For to the abore) Equation 2* = A* + Gt + Es, % 
on both Sides Es, and it is 2 +E=A +2AE+2E 
TEN EZ. 2 N. 


5 2 | THEOREM XI. 


639. In an obtuſe angled Triangle ABC, 
having let fall the Perpendicular AD to the 
Baſe C B, continued out, it is A C* CB* 
+ AB? +; 20 * BD. 


* 
: ; N 
1 2 . 
8 3 
8 EE wu 4 * 


N 
hs | DEMONSTRATION. | 3 
For AC = (636. )CD* + AD* = (637. ) CB* +2 BOTBD 

+ BD* + AD® = (636.) CB*+2CB x BD + AB, 
A H. D. | 

| Tarot 2M XII. 

640. In an acute angled Triangle ABC, 
having let fall the Perpendicular A D on the 
Baſe BC, it is AC? + BC = AB * 
2BC * CD. 


. 2 3 | SAS | 
For ac; + BC* (636 AD* + DC4-BC= 2 (638. ) 
AD*+BD* +3 EF WO tt SEXES! 
008 82 \5 66 rt 
% EO. 2 EM XIII. 3 be vo} 
641. — an Iſoſceles Triangle A B C, the equal Sides AB, 
"_ lubtend equal Angles ABC, ACB at the * BC. 


* : | 'T "i 3 a Dx+ 


—— e. 


11 


N 


— 


316 INSTITUTIONS 
1 DzMonsTATION. 
- i OO AG, AB, and make AE ADD! 4 
al join BE, CD; then becauſe, AC = AS, 
and AE = AD and the common Angle A, the 
Triangles AB E, ACD will be equal, and the /\ 
Angle E D; and the Baſe BE = CD; alſo R = 
EC = BD, by Conſtruction, 3 the Tri- 5 \ 
angles BEC, BDC, the Angle ECB = DBC; * N 
* eg e the e AC B = ABG by (629) V E. D. 
| TuronEN XIV. 1 
642. IE Circle AB D E, the Angle BCD, 
at the Center C, is double of the Angle A at E 
the Circumference, when they ſtand upon the 
ſame 22 R 


ron 


The Angle DCB=A+B; but AC CB (by 618); 
therefore the Angle As (by 041); Epnrſoquanlly, the Angle 


DEB=2A- DV E. D. 
TUG xv. 


1 Any two Angles DAC, DBC, in the ſame Segment 


of a Circle DABC, are equal. 


| N8MoNSTRATION. 


If the an be greater than a Semicir- 
cle from the Center E, draw E, EC; 
then is Angle DEC = (642.) 2A=2B, 
therefore A = B. 2, E. D. | 
If the Segment be leſs than a Semicircle; > 
then in the Triangles DAF, BDF, the A 
Sum of the Angles in each is the fame (633). | 
From each of which, take away the Angle Pf 
AFD=BFC(650.)and ADB = BCA, 
by the firſt Caſe of this. There will re- | 
nts hes DAC = DBC. V „ 


Ws 


* tO. a. 


vo; 


= 


te „ » 1 


> 5' 3" 2 


T ebe KE | 


644. The two oppoſite Angles D and B of any four- ded 

Figure ABDC deſcribed i in a Gi are _ to two Wr 

e 5 2 R. 5 
Demons TA ATIoh. 

1— AC and BD; the Angle ABC + 
BCA + BAC= 2 L (633). But BDA 
= BCA (643), and alſo BDC = = 7 | 
therefore ABC + ADC=2L. 222 D. 8 


Turenzu XVII. 
615 The Angle A BCin a Sericitcle i is a Right one. 


böses rl A bort 8 e 


' Fro rom the Center D draw D B; becauſe DB 
= DA, the Angle A = DBA, and the 
Angle DCB = DBC (641) ; therefore the 
AngleABC=B + ACB = EBC (632); 
wherefore the Angles ABC and EBC are 
Right-ones, by (613). 2: E. D. | 
646. Corol. Hence the Angle A in the greater 

Segment BAC, is leſs chan a Right Angle, 
becauſe A + C = L. (by 633 and 645) ; and the Angle A b F 


in the leſſer Segment AB F, is greater thas a e Angle 
A BY: | 


Tratortm xvnt. 


647. Ir four Quantities A, B, C, D, ate Ae propor- 
tional, viz. A: B:: C: D, they will be fo alternately, viz. 
A: C:: B: D, as alſo inverſely, viz. B: A:: D: C. For 


nin all theſe Caſes, the Products of Extremes and Means are equal, 


viz. AD = BC, which could hot be if the Tan | 
Caſe were not proportianal by (322). 757715 SS 


＋ HEOREM XIX. 


648 WA: 'B: 2 b. then Yana» Rat ws 


"I e 9 Da- 


318 INSTITUTIONS 


DEMoNSTRATION. 


Tor fate A: B:: C: D, it is AD = BC (322); ; add on 
both Sides the Quantity DB, and the Equation is AD DB 
= BC + DB, which gives this eg A+B: B::C 


+ D: D. 2 E. D. 
| Tuxonzu . 


645. IfA:B::C: D, then by Diviſion of Ratios, it is 
A—B:B::C—D: 4c | 


 DeEmMoNsSTRATION. + 


For ſince A: B:: C: D, it is AD'= BC (328). from 


each Side ſubduct DB, and the Reſidue is AD — DB = = BC 
—DB; wherefore A - B: B:: C—D:D. . 


650. N. B. After the ſame Manner it may be 1 that 
fA:B:; C5D, it is alfoA : BEA: ; C4 P, which 
FO 5 Called Converſion of Ratios, 


Trzortm XXI. 


651. If A: B::C:D, . A — B 0 


; D 5 C—D. 


D ꝑMONSTRATIOoW. 


ah For AD = BC (322) and 2 AD=2 BC; to Ahh on 

each Side add AC — DB, and we have AC + 2AD— 

DB AC.+ 2BC— DB, that is, AC + CB — AD 
—DB=AC+AD—CE CB—DB, that is, A T BR 


C—D= A- B xC+D. ee A — 
1 „ D. 2 E. 1 


T HEOREM XXII. ; 1 
A, B, C, &c. 
* 8, T, Sc. 


which taken ordinately two and two, are in & A: B:: R. 
the ſame Ratio, viz. | ec. 


They ſhall be alſo in che ſame Ratio by! E- A:C::R:T 
quality, . 5 „ 


44 


f 55 52. If there 5 ewoRown of M agnitudes 


r- 


t 


I <4 WW 


41 — 


A DD ci =ar=Azuh=gf 


i the Ce = A K B, and 


GEOMETRY. 31 
en , gig 


DrMoxsrT RATIO. 
For we 25 AS = BR, and BT = CS by Hypotiit, 


Then AS x BT'=BR x CSN; divide each Side by BS, 


there remains AT = RC, which gives A: C:: R: T. 
2 E. D. LS 
Corol. Hence alſo A: * C: * 
Tusenzu XXIII. 8 
wo "Ras 6 B and C: D, which are the ſame to wy 
third Ratio *: Js are the ſame to one another. | 
. wo hols | 
Since A: BB: * % it is Ay = B (322); alſo becauſe 


Ce D:: & :, it is Cy De; and therefore Ay x D 


Cy x Bæ; divide each Part by y x and there remains A D — 
CB; whence A:B:: :C+D. L. E. J. Rep 2 


Turenzu XXIV. 
654. The Ratio of A x B is to that of A C the fame 


with the Ratio of B to C, or AB: AC:: B: C. For the Pro- 


duct of the Extremes and Means are equal, vi. AB x C= 
en bee 7 „ 


1 TORE XXV. { | 


655. Paralielograrey acde, begf, which have the fame 
Height ic, have the ſame Ratio to one another a8 their Baſes, 


i have. c * 


Fg „„ DBMONSTRATION. | 


” The Q acde 2 i, 3 5. 
and ch, cb hi, by (634). Let N 


= B; and li =ed C. Then 


the CI aci# —A x C. There. © of * 4 2 


fore (654) chi: acit:: AB:: AC: B: * $00: 


red: thig: acde, . D. | 

Corol. The ſame thing is true of the Triangles c f 2 and ce a, 
as being the Oy of the Parallclograms, aud which} is evident 
alſo by (635). 5 / 


320 INSTITUTIONS 
THEOREM XXVI. 1 


656, If in the Triangle ABC, you draw DE | BC, then 


will the Sides AB, AC, be cut nnn. or it will de 
AD: DB:: AE: EC. 6 


Dx MONSTRATION. 


Join BE, and DC; becauſe the Trian- 
_ ek& DEB = DEC by (635); we have the 
Triangle ADE: DBE:: ADE: 1 
but (by 65 5) the Triangle ADE: DBBE:: : a bo 
AD: DB; and ADE: DEC: AK * . 
EC. Therefore (853) it is . DB:: 
AE; KC. &. E. D. Bc: 510 
Coro. Hence becauſe = cimilac Triangles AD E, ABC, we 
have AD: AE::AB:AC; ä AC:: QB 
EA 


Loa 


PRA ER xXvi. 


657. Jn equiangular Triangles ABD, FDC, the Sides a- 


bout ſhe * Aaskes are proportional. 


DERMONST RAT ION. 


Let their Baſes C D and D B make a Er 1 
right Line CB; and produce AB and FN. 
Fe C till they meet in E; becauſe the an-: 

gle C= ADB, therefore C EAD + 
by (631). Alſo becauſe the Angle CDF 
= ABD, it is AB FD; therefore 


AEFD is a Parallelogram, and conſe- -— — HS 


quently EF = AD (615), and FD= © DD 
AE. Whence FC:FE (= AD): : CD: DB by (656); 
therefore by Alternation it is FC: CD:: AD: DB (637). 


Alſo CD: DB:: AE (FD) AB; whence again by Al- 


ternation, CD: F D:: DB: AB. Wherefore by Equality 
(ANT G : FD::AD:AB. 9. E. D. 
L > TuroRxII XXVIIL 


658, 171 in a 1. two right Lines AB, CD, interſect each 
other in E, the Rectangle AE * EB ſhall be egual to the 


Ree CE x FD. * 


„ 2 %*% A 


* * e 2 


2 GEOMET RT. 32 


DEMONSTRATION. 


Join AC and DB; then the Angle 
CEA= BED (630) ; alſo the Angle 
C=B (643); ; therefore the Triangles 
AEC, and DEB are equiangular (6373) j- 

- whence it is CE: EA:: EEB: BBD 
(657); conſequently CE x ED 
AE x EB (322). 2. E. D. 


THEOREM XXIX. 


6 If from the Right-angle A, of a right-angled Tiiangle | 
BAC, be drawn the Perpendicular AD to the Baſe, then will 
the Triangles ADB and AD C be ſimilar hath to * whole Tri- 


angle, and to each other. 


e DanonsTRATION, 
Becauſe the Angle BAC= ADB A 
= L (613); and B common to 
both, the Triangles ADB and 
BAC ate ſimilar, by (621, 657) ; —!üñα 
for the ſame Reaſon the Triangles Wy B 
ADC and BAC are ſimilar. Conſequently the Triangles 
ADC, ADB, are ſimilar to each other. ©, E. D. | 
| 660. Corel. Hence it is BD:DA:; DA: DC by (621). 
A BC: AC: : FE" DC; and CB: *BA:: BA; 1 


| THEOREM XXX, 
661. If any Right-line xy be — — 2 
biſected in c, ſo chat * C = r _—_—— a 
4, and another Right-line yz = 6b „ / 2 


de added thereto; then 2 4 + U eee n 


7 


e 


. 
DEMONSTRATION. 
This i is eyident from (186), or chus x S Þ+ 7 X 72 PP 2 
7 + 7” „ 


1 XXX]. : 
: 662. 1f from any Point C without a Circle, are drawn two 
Right lines C A, CE, cutting the Circle in B and vs then i 
en! BC = "EC x DC. ET D | 
| E- 


322 INSTITUTIONS 


DEMONSTRATION: | 


Join AD, BE; ; then. is the Angle A 
22 (643) 3 ; and the Angle C is com- 
mon in both Triangles ADC, EBC; 
alſo the Angle ADE = ABE, ADC 
= EBC; and ſo the Triangles ADC- 
and E BC are equiangular ; therefore 
DC: CA:: BC: CE (657); whence 
ACxBC=EC * DC (61). 
V; E. D. . 
663. Corel. Let EC remove into che 
Situation C F, touching the Circle in F; then will EC = D Q 
= CF; and the Theorem will become AC Xx BC = 1 
zyhence in this Caſe, AC: CF :: CF: BC. | 


Trrortm XXXII. 


664. A Right- line AB, touching a Circle in the poi E, | 


makes 5 Right-angle with the Diameter CE. 


| DeMoNSTRATION, po | 


If it be Sand, let the Line FG make 
Right- angles therewith. Then the Side FE / 
; whith ſubtends the Right-angle FG E, and 
which is equal to F D, is greater than the I 
8 Side FG (636), which ts s abſurd. | 


 TrneoREM XXXIII. 


1 If a Right-line AB touch a Circle in ©; and bo het 
Point be drawn a Right-line CE cutting the Circle, the Angles 
ECB, ECA, which it makes with Tangent-line, are equal 


to the Angles EDC, EFC, which are made in the alternate 


Segments of the Circle. 
5 DEMONSTRATION. 


=—— 


Let CD be a Diameter or Perpendicu- 

Jar to AB, then the Angle CED is right 
(645); therefore the Angle D + DCE 
= L =ECB + DCE; therefore the 
Angle D = EC 850 the firſt e 


2. Z. b. —— 


A -E GE. 


7 
t 


GEOMETRY, 923 


Ae becaute the tile OS FCA = 2.4 (6260 5h =. 
D+F (644 ), from both take away E CB = D (above), and 
there yl remain EC A= F; the ſecond Thing 2 E. D. 


1 Tusenzu XXXIV. 

666 If ahy Angle A of a Triangte BAC be bilected, the 
Right-line A D that biſects it ſhall divide the Baſe B C, ſo that 
BD: Y N AB: AC. 


DzMonstTRATION. | 7 5s E 
Produce AB, and make AE — AC, and join * * 
CE; then becauſe AE = AC, the Angle ACE 4 

= E (641) and ACE + E = BAC (632). 4 
and becauſe BAD D AC, therefore BAD 
= E; hence DANCE, (631) wherefore BA 
AEC AC): BD: BC (656). Q. E. * B 5 8 


TaroxzM XXXV. 


667. Equal Parallelograms, having one Angle in in ach «at | 
viz. ABC = EBG, have the Sides about the . Angles 
reciprocally nn 


DEMONSTRATION. x} 5 
Let he Sides A B, BG, about the equal D ol ROE 
Angles make one Right-line, then ſhall | . L471 
EB, BC do the ſame, and produce FG, A B - 
DG till they Then it is AB: BG. | 
:: BD: BH Go): ;BF+DH:: TB: a1, 4 SOM 
BC; 2. E | 


668. Corel. * the fame Thing i is a in \ Triangles alle; 
28 being the Halves of the Parallelograms. From this Theorem 
appears the Reaſon of reſolving Equations inte Analogies. For let 
AB = 4, BG b, EB Se, BC = d. Then by Hypo- 
theſis ad = £b; and by the Theorem, 1 


Ta EQREM XXXVI. 


| 669. Ficker Pargllelograms A x B and C: * D are in a Du- | 
plicate Rario, or as the * of their like Sides. 


By - Dr 


324 INSTITUTIONS 


Drone rx arion. f 


Since A: B: C: D, therefore A D BC; 3 

multiply this Equation by the Rectangle BD, it - 
produces AB x D* = CD A B; whence 
AB: CD: : BY : D, (0003 h D.. | 


" 
oo. Col. | Henes all ſimilar Takes, and all Foo 

Right-lined ſimilar Figures which are reſolvable into Triangles, 

are in the duplicate Ratio of their like or homologous Sides. | 


Ps © HEOREM XXXVIL 


671. If four * are proportional, their Squares Sal 
"MF fo. I \ I | 
. DEMONSTRATION. 35 
Let the Quantities be A, B, C, D; and ſince A: B: :C: 
p. it is AD= BC; multiply this 8 by itſelf, it pro- 
duces A* B* = B* G wherefore Ar: B.:: C*: D* (322). 
2 8 „„ L 
TuroxEM XXXVIII. 


672. Tf three Quantities A, B, C, are proportional, It fall 
de A: C:: A.: Bl.. 


DeMonsTRATION. | 


For fince A:B::B: C, it is AC = Þ*; multiply each 
| * * A, the Product is A. C = B*A; era C:: 
E. D 
2 op 3. 8 If the ſame Equation AC= B* be multpli- 
ed by B, it produces AC B = BBB, whence B: C:: AB: 
B. Conſequently A: B:: AB: BB. That is, any two Num- 
bers haus the fame Ratio, as the gs: made of them has to the 


W of the Conſæguent. 
TrzoREM XXXIx. 


; 674. If four Quantities A, B, 88 D, are proportions it 
will be A: DF : A* : BC. | 


DE 


KS a. hel as. are... 


- 


| ſpectively. Then ſince A:a::B:5, it 
is Ab =aB. Again, B: 5: : C: e, there- 


. 40 


of G EOMET R d 325 
DzMonSTRATION. : 
Since A:B::C: D, it is AD = BC; * multiplied 


on both Sides by A, * AD * ABC; therefore A: D: 
AY? BC. V E. BD. | 


8 XL. 


5 5. Similar Solids are in the Triplicate Ratio, or as the Cubes 


of their like Sides. 
DB MoNSTRATION, 


Let Sc Dimenſions of one Solid be | 
A, B, C, and of the other a, 6, c, re- < © OP BC 


fore Bc = Ch; let theſe Eqicatious be multi- LT 8 


pled together, they make the Product A CB (—Z 
= B* ac; multiply this on each Side by BB, | 
and 5 ; ABC# =B* abc; whence ABC: abc: 82 


0: E 
Theſe forty Phi will ſuffice for our Purpoſe at preſent, 


to which we ſhall add the following Problems OY in Prac- 
tical Coney. 


CHAP. III. 
'GEOMETRICAL PROBLEMS. 


PROBLEM I. 


676. Uſer. a given Right-line AB to ere} a Perpendicular 


CD, in the Point D. 
Take on either Side the given Point 


D, the Diſtance DE = DF; with © 1 : 
Wd 
any opening of the Compaſſes, ſet one v6 7 


Foot in E, and F, and ſtrike the Arches 
ab, and ca, cutting each other in C; | 
join CD and i it is the Perpendicular re- E 1 


Uu 2 | | Pro. 


326 INSTITUTIONS 


Past kat II. 

4 677. Upon « Right-bne AB from any 
given Point C above it, | fa fall the * 
dicular- line C D. 


On the given Point C, Qrike the = 
Arch of a Circle EG F interſecting the 


Line AB in E and F; on the Points E | G | 
and F, make the Interſection at H; lay ALF 
à Ruler from C to H, dan CA „ 
it is the Perpendicular required. 5 
PROBLEM IH. e * 2 D ” 


$ 78. Tobiſeft a given Right Hine AB. 


2 * DE 
With the fame Opening of the UN 1 \ 
„ 


paſſes, upon the Extremities A and B, 
deſcribe the two Arches ab, cd, cutting 
each other in C and D; thro' the Points 
C and D, draw the Right-line CD, and 
it will biſect the i: Weg AB, as re- 
quired. 


ian IV. 


679. To eve a Perpendicular on the Extremity A of a given 


Raght-lne AB. 


On the Point A dende the Arch | 1 * 


ad; and with the ſame Opening of the % 
1 


Compaſſes, from a make the Interſec- £ 


tion z, and on 5, the Interſection c; | * 25 2 8 


* 


then from h and c make the Interſection | 


e; and draw eA the Perpetalicular 8 
«44 wah „ F 


ö PR Os 


© „ A> at a 


wy 


ſhall inchne er to the N nor t 


and then through the Points D, 


ae V. 


680. On the Point A of a given Angle 
BAC to erefft a Right-line AD, which © 


pron 


On the angular Point A deſcribe the 
Arch hc, cutting the Sides in e and 7 
on e andy make the Inſection D, thro” 
which draw the Line AD, and it is 


PROBLEM VI. 


681. To 2 et a 8 Angle : BB 
ABC. | 


On the Point B defcribs the Arch * 2 


39 6%,%%%%„ 


ach cutting the Sides in à and 5, on FX. : 

ich Points makes the Interſection e, A 3 5 | | 
and draw the Line eB; and the Angle 2 A 4 50 
A BC is biſected 2 | F< 


| PrRoBLEM VII. | 
682. . Through a given Point D, to draw. a n oc gr | 


rallel to a given Right-line AB, 


From the Point D draw at F, - Bot 17 
Pleaſure the Oblique- line DE; D „ ic 
on the Points D and E, deſcribe Rab 
the Arches Eb, and Fa; and FE . 1 1 
make the Arch EC —= FD; Wy bi Fi | 


2 9 


and C, draw the Line DC; and A * 
it will be parallel to A B. 


Fo- 


* 
8 


328 INSTITUTIONS 


given Line AB. 


deſcribe the Arch Bb; and on the Extent B 


ProsBLem VIII. 


683. At tbe L Pe of a given Right- 
line A B, to make a right-lined Angle 
equal to 4 git ven mu e 


CGD. 


Upon the angular Point D io: 
ſcribe at Pleaſure the Arch ab; and 7 
with the ſame Opening of the Wot 
paſſes, upon the Extremity B deſcribe 
the Arch cd, on which make ce = 


'F 
f 


ab; and thro' the Points B, e, draw „ B 


the Line EB, and it will make the Angle ABE = = CDG. 


' PROBLEM IX. 


. 684. To divide a Rigbt-line AB i in- 3 
to any Number of equal Parts, ſuppoſe ee 


Dix. „ 
On each Extremity A and B make # hn SY 
the Angle ABC = BAD; then on; # £#.e 


the Line BC with any ſinall — NIB 

ing of the Compaſſes make the Five Af ff 
equal Diſtances, at 1, 2, 3, 4, 5, and 3 Eg 4 : 
alſo do the ſame on the Line AD, 8 
then draw the Lines 5 1, 2 4, 33, W 
Fc. as in the F igure, and they ſhal! 2 . . 
divide the Line A Bi in fix equal Parts EO 


28 required. 


PronLEM X. | . 
68 5. To ane an equilateral Triangle ow a FE: —4 | 


Upon the Extent A with the Diſtance AD, 


with the ſame Diſtance deſcribe the Arch A, 
cutting the other in C, join AC, BC, and 


it is done. „ 


e 


Extent of the Line B deſcribe the Arch 


| is done. 


it is done. | A 


nes A, B. 


former in G ; draw CG, FG, and it is done. 


TS | ProBLEM XIV. 
689. To make @ Rhombus on the Right-line 
AgB whoſeacute Angle ſhall be 1 85 to a e 17 
5 right-lined wy = 


of GE OMET > 
Puszta XI. 


68 6. 7 ml a ; Triangle whoſe three Sides — 
fall be equal to three given Right-lines A, B, C. B——— 


Make DE A, and on D wich che 


ab; and on E, with the Extent of the 
Line C, deſcribe the Arch cd, cutting 
the former in F; join DF, EF, and it H 


3 PROBLEM XII. | 
687. To make a Reman upon a given Right- 1 

line AB. 2 
On the Ei A erect the Perpendicular | | 

AC=AB (679) ; with the Extent AB 1 


on the Points B, C, deſcribe the Arches a5, 
cd, interſeQing i in D; draw CD, BD, and Z 


. py — => 7 — * 

4 1 =—_— = * T — 

* ” —_ * — 1 ISR e E 2 4 . 3 7 e r 3 10 br —= — 
eee — n 8 * as ROE * —_— — —— n —_R- wc ca. — = 

RE % WS” ar — - ni . RS N 7 e Wy - - TIS. — FS OED -- 
8 wy q . BY — * bes « We ſe 5 REY * u 8 x 3 0 ho = * — 
3 S 45 =. N por K Te ages won iu > ES - 6 2 oh — 2 f 7 Eo — 
pk} N 25 SN : bs 80 7 1 W 1 a Er TE re £4 tb _— RR 
——— 3 8 2 x — — 2 8 * £ — 4 ON CD IBID ME 
A HO LE, = 5 — - * bs Y _ - 1 * * I? * — > 


8 * * LES. are 
b 8 4D 
5 5 "Roh 
3 
n — — — 


PROBLEM XIII. 


688. To make o Parallebgram, whoſe two B 
unequal Sides are equal to twa given Right- Am 


Make DE = A; and on 4 Extent 
D, erect the Perpendicular DC=B; 
then on.the Point C, with the Extent of 
A, deſcribeathe Arch ab; and on F, | | 
with the Extent of B, deſcribe the Arch cd, intereAing & the 


330 INSTITUTIONS 
Make the Angle A = Z (by 683) 4 JS at 
and on A, with the Extent of AB, de- \ _ — 
ſcribe the Arch ab and it will cut the - / 
Side AC in C; on the Points C and B e , 
with the Extent A B, deſcribe the Ar- — 
ches making the Interſection D; join C D, BD, atil tis done, 
N. Me In * Manner you make a given Rhomboides. 8 
a * PROBLEM XV. 
Who" "To make 4 Trapexium whoſe Sides ſhall be 
gail io four given Right- -lines A, B, C, D, and 
whoſe Diagonal is equal to a Right. line E. a 
Make FG = A; upon F with the Extent of 
E, and upon G with the Extent of D, make 
che Interſection H, and draw G H. Then on 
the Point H with the Extent of C, and on F 
with the Extent of B, make the e Ir . 
and draw F I, HI, and it is done. | 
Ponta XVI. 
a, To inſcribe an equilateral 3 A 
and —— N in a 8 
Circle. 4 2 4 T 2. 
jp he " EGS 47 che B f 
Circle F H, and on the Center : „„ i 
N erect the Perpendicular AN Fi F 1 H 
(by 677). Biſect NF in G ee, 
(by 678); and with the Radius 
G A, defcribe an Arch cutting . 
the Diameter F H in L, and A 
draw AL; it ſhall be the Side of the Pentagon required ; % I 
AL = AB BC= CD = D E= EA. | 
| PROBLEM XVII. 
692. About a given Cirelt to deſeribe a re- 
gular Pentagon. 
Firſt inſcribe a regular Pentagon i in the 
Circle ; and from the Center C "draw the 
Right-lines CA, CB, CD, &c. to the 
feveral Angles thereof ; and to theſe Lines 
draw Perpendiculars 45, ac, 4 dc, cb, 


and it is done. 1 15 | Pro- | 


See Dr. Barrow” +Schotium to Prop X, Book XIII. of 3 


2 e 8 fray: ns 


GS 


cle gives the ſeveral Points, A, B, C, 
D, E, F, G; which joined, conſti- 


paſſes make the Interſections à and 5, 


and draw de, it will interſect ab in 
N, the Center of the Circle that was 


PROBLEM XVIII. 


69 3 To inſcribe a regular Hexagon in a Circle. 


Draw the Diatnetir BF, the Half of | A 15 G 
which, BC, ſet round upon the Cir- as 


tute the Hexagon required, 


P okT EN XIX. 
604. To find the Center of a Circle, 


7 Weak 
4 * » g 
2 4 * ** 1 __ * * 
5 _ - > em 2 Ss: - — = << += rde Den 1 8 wY IP - - 
rm 2 — 2 e r F 5 = 4 2 . x - 4 
— * F wc -*. 22a p d 2 — T rs . — 9 — 
- — N 2 * — 3 8 8 r 3 
82 n 3 * Fo 8 e 5 n — — . - 3 5 . | gs _ 
K 1 ky « - . -—_> — is. 8 b — ———— a 7 L n 5 S 2 ered, 
: ** 1 2 Sa > : - PI — SS — rr = 


[5 | 
2 "ns 7X ew tems _ 
- - at, As 
"8 


1 - 15 
Take any three Points A, B, C, . _- 


in the Circumference, and upon A and 
B, with the ſame Opening of the Com- 


3 
- » 2 2 « * % + 
n 


and draw the Line ab. On the Points 
B and C, make the Interſections d, e, 


to be found. 


695. N. B. Hence it is eaſy to draw a Cir- 
de through any three Points given, A, B, C. 
Alſo any Part of a circular Arch ABC may 
be compleated into a Circle. And thus alſo 
may @ Circle be circumſcribed about the * 
Triangle wi * C. | 


3832 IN AT ET UTIONS 


PROBLEM XX. Rs 
696. To find a mean ae EF between two Ne Right 
lines AB, CD. | 
Draw any Right-line GH, g—dl 
In which take IK = AB, and 1 
EL = CD; and beſect IL in | | | or 
N, on which Point deſcribe : | a 
the Semicircle LMI, then on M 3 7 
the Point K erect the Perpen- 1 — 
dicular K M, and that is the | Al 2 Su % 
2 required, For IK: K M 5 3 


660 9 
: ProeLem XXI. | 
by 1 Tis TE A and B, being given to find « a third pro- 
portional C. 
Make at Pleaſure the Angle | —A 
DEF; on EF take EG = A, B 


and on E D make EHB; and —0 
make GF= B, alſo join HG; 0 
then draw FI parallel to G H; and 
the Line required is a I. For EG 
RF: (— KH) :: ER: HI 
(by 656.) _ 


8 XXII. 


n ein DE, EF, DG, „ o find p 
fourth proportional GH. 


Join EG, and thro F draw © = - BP 
FH parallel to E G, and meet- 1 we 
ing DG produced in H; then G 2 
is GH the Line required. For - E | * 
DE: EF :: DG: GH, | 5 \ 1 
Io | 5 "D F 


KM: KL (by 95 and 557- 4 K N LG 


D I H.yH AR 


RO S 1 


> 2M 5 7 


F 


ſhall divide the Line A B as A C is di- 


Yoo f R r. 333 
PROBLEM XXIII. | 


86 To Sula a Right-line AB as another given Riche line A S 
t divided. | a, 
Join the Extremities of each . 

CB, and parallel to CB draw ET, 


EH, DG through the ſeveral Points 
of Diviſion in the Line AC, and they 


vided, 


PronbLEM XXIV. 
7 oo. To make a Square equal to any Number of en es given. 


Let the Sides of three given Squares | Þ 
be the Right-lines A, B, C, and | 
make the Right-angle DEF; and 
take ED = A, and EG C, and | : 
join DG; then is DG* = DE* + 7 AH 
GE? (646.) Again, make EH= | „ 
DG, and EI = B; and join IH. 1 Ps | 
Then is IH* = IE” + ER = 1- i; | 
ET + D E* + G E2 — A? + B C BA. 1 co 
+ C*. And thus you e K + — 
any other Number. ) 


701. What is here done with regard to Squares, holds good 
for all ſimilar plain Figures deſcribed on the Sides of the Right- 
angled Triangle, becauſe they have all the Ratio of the Squares 
of their like Sides (by 669, 670) ; and how to make one Fi TIES 


ſimilar to another is ſhewn in the following 


„„ 


* . 
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pn ne XXV. 


702, On a given Right-line to make a right-lined Figure AG HB 
ſimilar and alike ſituated to a given right-lined Figure CE FDD. 


Let the given Right line be AB, and 
reſolve the given Figure into Triangles. 
Then make the Angle ABH =D, and E _ \ 

the Angle BAH = DCF, and the Angle 9 

AHG = CFE, and the Angle HAG 
= FCE; then is the Figure A GHB the 
right-lined Figure ſought. 


3 


703. Theſe Problems are in general ſelf-evident to every one 
who underſtands the preceeding Theorems, ſo that a formal De- 
monſtration would have been T autology ; ; the Rationale of ſome 


is aſſigned, and only the 16th will give the Reader the Trouble of 


turning to Euclid; this we ſhall probably hereafter demonſtrate, 


But as the Truth of a Propoſition may be ſhewn different Ways, 
ſuch as are moſt ſimple ſhould firſt be propoſed to Learners; and 
therefore, as a Circle may be divided into any Number of equal 


Parts, mechanically, to as great Exactneſs as any Praxis can re- 


quire, ſo a fifth Part of that Number will aſſign an Arch of ſuch 


a Circle, the Chord of which will be the Side of an inſcribed 
Pentagon. Thus 72 Degrees is the 5th Part of 360, and js N 


tended by the Side of a Pentagon. 


N 


INSTITUTIONS 


. | | 
Plain TRIGONOM E T RY, 


1 2 


Of RIGHT-ANGLED TRIA N G L ES 


704. BEFORE we can treat of the Method of meaſuring Heights 
1 and Diftances, and other Trigonometrical Operations, fo 
frequent in the practical Part of the Mathematics, it is neceſſary in 
the firſt Place, to explain the Theory, that the Grounds and Rea- 
_ fons thereof may appear ; and which we Shall make the _ 
of this Chapter. | 
705. Let ALB G be a Circle, whoſe 
Diameter is AB, and Center C. On 
the Point B erect the Perpendicular TB, 
which ſhall touch the Circle in B, and 
is therefore called a TANGENT Line; 
and draw C T cutting the Circle in E, 
and the Tangent in T, this is called the 
SECANT of the Arch BE. Through E 
draw EI TB, then is EI called the 
CHorD of the Segment E BI, or EAI; | 
and Half thereof ED is called the Six E of he ArchEB or E GA. 
The Semidiameter CE in this Caſe is called the Ravivs. 
706. Asevery Circle is ſuppoſed to be divided into 360 equal 
Parts, called DEOGREEs, fo one fourth Part, vix. 9o Degrees, 
is the Meaſure of the guadrantal Arch G B, or the Right- angle 
GCB. Hence whatever Number of Degrees are contained in 
the Arch BE, the Arch EG contains the Remainder or Com- 


1 A __ 


* 7 - * - 


plement to 90; and is therefore called the Complement of EB 


to a Right-angle or Quadrant BG. Hence the Tangent GF, 


Sine E 25 and Secant C F, are ſaid to be the Sine, TROY and 
Se. 
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Secant of the Complement E G, or in ſhort, the Caf Mme, Co- 
tangent, and Co- -ſecant of the Arch BE. 


707. Therefore in any Right-angled Triangle CE. if the 
Side CE (ſubtending the Right-angle) which is called the Hy- 


pothenuſe, be made Radius; then is the perpendicular Leg, or 
Catbetus E D, the Sine of the Angle ECB at the Baſe; and 


the Baſe CD is the Co- ſine thereof; for it is equal to H E, the 


Sine of the complemental Arch G E ( 706.) 
Jos. In any Right-angled Triangle CBT, if A of the 
Sides be made Radius, as CB; then the other Side BT is the 
Tangent, and the W N CT is the STA of the An- 
gle at C. 
Hs 709. In Calculations of this Kind, the Sides of the Triangle 
are eſtimated in Parts, of which the Radius contains 10000080; 


and by the Induſtry of our Predeceſſors, the Sides of a Triangle, 


whether Sines, Tangents, or Secants, are computed in this Mea- 


ſure of equal Parts for every Magnitude of the Angle BCG, 


that is, for every Degree and Minute of the Quadrant BG; and 
theſe Numbers diſpoſed in Tables, are called the Canon of natu- 
ral Sines, Tangents, and Secants. 


By this ens . 1 | 5 
when any Triangle „ \p ; o 
AC B is given, there is Gen * 
always a ſimilar Trian- | Re „„ 1 
ge ECF or DCT, _ ca : 2 
correſponding thereto 3 ” LY 
in the Canon whoſe er] 8 LL: 
Sides are all known in &. A. 0 
the Numbers of the ſaid ; | E 


Canon; with theſe the Sides of the given Triangle are compar- 


ed, and by that enn. thoſe which are unknown become 


known. ' 


711. Thus, ſuppoſe i in the — Triangle A C B, you have 


5 found the Angle ACB = 25® 307, and the Side C B = 356, 
to find the Side AC and AB. Then the Triangle in the Ta- 


ble, equiangular to the given Triangle, is FCE, if AC be 


made Radius. For in this Caſe, the tabular Radius CF = 
TOO00000, the Sine of 259 300 = F CD, is FE = 4305111; 


and the Co-fine, or Baſe CE = 902 56 53. * becauſe of 
ſimilar 


fir 


8 
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ſimilar Triangles FE Co B Ava we have the following Analo- 


gies (057- ) | | 
EGS BE.- Ab 
a 356C :: 4305111 : 169,8. 
i, 
F 9 I0000000 : 394, 4. 


5 f 


713. But if the Baſe CB be made Radius, then we hive hs 
tabular Triangle DC T; in which the Baſe CD = 10000000; 
the tabular Taugent DT = 4769755, and Secant CT = 


| 1107928 53 by which we find AB and AC, as follows. 


To. $5: DT AB 
1 CD ON < 4709755 1608. 
I0000000 : 4 OT AC 

| 11079285 394,4 


713. But ene in theſe a Numbers, the Operation is 


s + 


very laborious and tedious ; their Logarithms have been made uſe 


of, and digeſted into Tables which are called the bgarithmical or 
artificial Canon of Sines, Tangents and Sccants. By theſe the irk- 
ſome T aſk of multiplying and dividing large Numbers is prevented, 
being anſwered by the Addition and Subtraction of their brow. 
rithms. (See Inſt, 153 —155.) 

714. Thus the above e by Logardums are very ys 


as follows: 
Logari thms, 


As the Co- ſine of the Angle C=2 $02 3 vix. EC = - 902 5853 = 9,9554882 


| Pb bn 
is to the Ball: mn. we BC = = 356 532,5514c08 
So is the Sine of C = 259 : 30ʃ, viz. EF 24305111 2 9,6339844 


12,1854344 


—  AB= 169,8 2 2,2299462 


To the Side or cathetus 
715. Or by Tangents thus, 
As Radius een | n 900 = 10,0000000 


to the Baſe — Beg 3356 = 2,5574500 
So is the Tab, Log. . Tanigont » of 259: 30) =DT= 4769755 = 9,6784961 


to the side — | — ABS 169, =2,2299468 


Het the Reader will obſerve the Side AB is found much ea- 


ſier by the Tangent chan by the 1 becauſe of the Radius, | 


which 


$6% 


ADB, circumſcribe a Circle (695,) from ff 
whoſe Center C let fall the Perpendicular f 


holds for any Obtuſe angled Tri- 


Figure; and therefore ſince in eve- 
ry oblique Triangle, the Half-fides _ 
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which gives no Trouble in the Work. Therefore in Calcula; 
tions we ſhould always chuſe that e in which the Radius 


makes one Term. 


716. In a Ri ght-angled Tilanole, if one Angle be known, the 


other is known alſo, as being the Complement to 20 Degrees 


(706.) Therefore if any one Side and one Angle be given, the 
other two Sides may be found; or if two Sides be given, the 
other Side and the Angles may be found in the Manner aboye 
exemplified, of which we ſhall have Inſtances "_— here- 


aſter. 


OBLIQUE ANGLED TRIANGLES. 
717. About the Acute angled Triangle A 


CE to the Side DB, which it will biſet in : 
E, and the Arch BDin F. Join CD and , . 
CB, then is the Angle DCB = DAB = ©. 
(642) = 2F CB; therefore the Angle 3 
DAB—=FCB; but BE is the Sine of the 

Angle FCB, and therefore alſo of the Angle DAB, Thus 


A Bis the Sine of the Angle ADB; and 144 the Sine of 
ABD. 


718, The 3 Denjonfiration 


angle as is evident in the annexed 


are as the Sines of the oppoſite An- - 
gles, the whole Sides will have the 8 
ſame Ratios. And hence, if two 
Sides AB, AD, and an oppoſite 
Angle Bbe given, the other Parts of the Triangle will be there- 
by found. For as AD : Sine of AB D:: AB: Sine of A, 


Which is therefore known. Then as the Sine of B: AD:: 
Sine of A: BD; and fo the whole Triangle is known. 


719. In 


FFT os | os Ma : To. 


one Side BC to E, and 
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719. In any oblique 
Triangle ABC, produce 


make CE = CA, and IE 

biſect BE in D; draw If 

AE, and DF || AB, Bu ng TG 

it ſhall biſect AE in E, Obes.) he ana ii, 
_ (699.) Allo, draw CG E | Po PO 


AB. On the Center C, with the Radius CF, deſcribe the 5 
Arch aFb; then becauſe the Angle ACE B + BAC (= 
2ACF) by (632.) and the Angle GCA= A; if therefore 


A + B 


from the half Sum LM = AC £ TW take the lefler Angle 


Do - 


4 =ACG, there will remain £ their Difference : 
B C - A _ 


GCF. Als, if from the + Sum of the Sides 


BD, you take the leſſer Side B C, there will remain + their 
AC — BC 


Difference © 2 = CD (221, 228.) Now AF is the 


Tangent of the Angle ACF, and G F is the Tangent of G CF 
(705.) and it is BD: CD:: AF: GF (656.) Therefore, | 


* . 


@ I r the Sum of the Sides < is to hal f ther Difference 


AL 5 AE fo is the Tangent 5 Ig Sum of the oppoſite Angles 


A 


- to the Tangent f half their Difference Bo 


_ By this Theorem when any two Sides AC, BC, of a 
Triangle are given, with the included Angle C; the other Side 
and Angles become known. For ſince the Sum of the two An- 
gles A B = 180 — C (633.) it is a known Quantity; and 
having found 2 their Difference by the Analogy (519.) by add- 
ing it to £ the Sum, it gives the greater Angle B, (221.) and 
by ſubtracting it from + the Sum you have the lefler Angle A. 


And having found all the Angles the Side A B is known 
e 


Yy _ "5 = "ws NO 


PPP 


7 


. Rn 


F R * - —_— 2 
mr ̃ ͤ nr EI SIN 
pd C *- F CE EEO as. 3 8 PR 
NIL : > ST — 8 2X — * EY 


ä 
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7 
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q 

£1 

8 

Y 
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0 

$i 


722. FFP HISKind of 


340 INSTITUTIONS 


221. When the three Sides of an ob- . a 
lique Triangle AB, AC, CB, are = og 
given; then it muſt be reſolved into two | WEL A 


right angled Triangles ADB and ADC, , 
by letting fall the Perpendicular AD 
to the Baſe CD; and the Method of = u . 
doing that is as follows. Bene lt Hats” 
Point A, with the Diftance AB, de. be 
ſcribe a Circle EB G. Continue out the Side A C, both Ways to 


cut the Circle in Fand G, and the Side BC to cut it in E; then 


is GCS AC BA, and DE = DB; therefore, EC = 


BD — CD; tts alſo FC= AB — AC. But it is FC 
_ CG= EC + CB (658.) whence CG: CB:: CE: CF; 
that is, AC+ AB: CB: *AB—AC: EC; wherefore 


2CB+;zCE= DB, and CB CEC (221.) 


Then in each right-angled Triangle ABD, ADC, there are 


two Sides given, to find the Angles, by (710, 711.) And theſe 
are all the Particulars and Varieties in the Theory of plain Tri- 


- gonometry, which will ſuffice for our preſent DOOR, ; hereafter 


we may treat more : largely on this Subject. 


— 1 - 
3 


* 


CHAP. XI. 
Of meaſuring HEIGHTs, DEPTHS, and DISTANCES. 


Menſurati- 
on depends upon the 
Uſeof the QuADRAN T 
in taking Angles. The 
Manner of doing which 
is therefore firſt to be 
explained. The Qua- 
drant is ſo called from 
its being a fourth Par: 
of a Circle, as A CB, B 
whoſe Limb AB is ac- 
curately divided into 90 ' 


c = yay Wwe oa A ws 


==. yy ,,3*%9%9 ＋ . . 0 — wy — 08 


Degrees, 5 
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| Degrees, and when the Quadrant is large, each Degree is ſub- 
divided into 10 equal Parts, each containing ſix Minutes; in the 
Center C is fixed a ſmall Pin, from which there hangs a Plumb- 
line, CP, whoſe Plummet P keeps it tightly ſtretch'd over the 
Degrees on the Limb when in Uſe. Upon the Side AC, are 
two thin Plates of Braſs, a b, with ſmall Perforations, or Holes, 


exactly in a right Line a4, parallel to the Side of the — 
of the Quadrant in taking 
_ Perſon, B, taking the Angle | : 
'n]. 
drant.acB, and moving it a- | J. 


AC. , 
723. Toilluſtrate the Uſe ar C | 

Angles, let CA be a very - 

high Tower; and ſuppoſe a 

of its Altitude ABC; this he 4 NN 

does by holding up the Qua- 5 Dt 

bout till, thro? the Sights, he Y 

perceives the Top of the | © / 


Tower C; then will the | ,* * 
Plumb⸗ line cp cut the Limb 1 6 e 1 
in that Number of Degrees * A (7 B 
and Minutes which are equal | EN 

tothe Angle of Altitude ABC, „ 


or ſo as to make the Arch ap of the ſame Number of Degrees | 
as are contained in A F, deſcribed on the Radius AB. For 
ſuppoſing AB parallel to the Horizon, ep parallel thereto (as 
being perpendicular to AB,) and BC the viſual Ray by which the 
Point C appears thro' the Sights. Then the Angle BAC = 
(B+C=) acB = acp + pcB; but pcB = ACB(036) 
therefore acp = CBA. BED. | 
724. Hence the Height of the Tower D C is eaſily found 
thus; meaſure the Diſtance E D upon the Ground with a Chain 
or Pole, and ſuppoſe it be found 150 Yards. Then with your 
Quadrant at E take the Angle of Altitude ABC, which ſup- 
poſe you find 525 30. Then in the right angled Triangle ABC, 
there is known the Baſe AB = DE = 150, and the Angle at 
Baſe ABC = 52 30”, to find the Cathetus AC, Which you. 


do by the * Analogy (715.) 


times happen that 
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As Radius — ee 10. 
to the Baſe, 8 B = 22 1 1760913 
Sao is the Tangent of ABC = 52 30” K 10. 3 


en 


— 


to the Height 3 Ac = 1955 5 2. 2.29 710 
Let the Height of the Obſerver B = 6 F ect, or 2 - 8: then 


EC + AD (or B) = DC= 1972 TR * of the 


ower required. 
725. It may ſome- 


youcannot comenear 
the Object BC,whoſe 
Height you would 
meaſure, by Reaſon 
of a River EF, or- 
ſome other Impedi- A 
ment. Yet this, 
notwithſtanding its 
Height and Diſtance, may both be meaſured by coking its Alti- 


tude at two >tations A and D, as follows. At A, with the Qua- 


drant, take the Angle CAB, which let be 24 45”; then from 


A meaſure, in a ſtrait Line towards the Object, the Diſtance 


AD = 100 Rods; and at D take the Angle C DB, which ſup- 


poſe 380. Then is the Angle ADC = 180 — 38 = 142. 


So that in the obtuſe Triangle ADC, there is known the Side 
Ad, and the adjacent Angles A and D, to find the Side D C, 
which is done thus. The 8 ACD, CDB—CAB= 
38⁰ — 24 1 1 Then ſay, (718.) 


As the Sine of the Angle : 'ACD'= Ky, 15 = 9.36021 


m— a 


is to the Side 
So is the Sine of the Angle DAC 24 45” = 9.621861 


———————— 


to the Length of the Side : 'D 0 = 182,6 = 2.261646 

526. Then in the right angled Triangle DB C, there is given 

the Hypothenuſe D C, and the Angle at Baſe, to find the Sides 
CB, and DB. Therefore ſay, 


As 


AD 2 100 = 2. 000000 


| ſtationed on the Top Tim 
. ofan high Hill, as at NM 


_ Obſtacle prevented 


diſtant Object at A; N | 
yet if the Side of the Hill HD was not too n ar, you might 
eaſily find the Height of the Hill, and the Diſtance and Height 
of the Object AG. Thus, let the ſlant Height, or Slope of 


the Hill H D be meaſured, and ſuppoſe it is found 182,6 Rods. 
Then will this“ differ inſenſibly from the Hypothenuſe CD of 


the right angled Triangle BCD ; with the Quadrant you take 


of TRIGONOMETRY. 343 


'As Radius | 
to the Side — 


10. 
"RC = = 12,6 =" 2, 261646 


So is the Sine of the Angle : CDB=— 389 oof x: 9 789342 \ 


to the Height of the Spire CR = 14 60 2. 050988 
| 727. Then to fad the-Diflance DB, 
Say, as Radius 
to the Side 


TO. 
BC = 182,6 = 2. _ 


So is the Sine of the Angle DCB == g2* oo'=5i'9 890532 


to the Diſtance 
728. In the ſame 1 5 „„ | "x4 
Manner, if you were qq: | p 


E, and at the Foot ES DS 
of the Hill a River 
EF, or ſome other 


your Acceſs to the 


either of the Angles BCD, or B DC; thus kt BDC = 38?, 


then will BCD = 52% And having the Hypothenuſe CD = 
182,6 and Angle BDC = 38%. You find the perpendicu- 
lar Height of the Hill (or Eye at C) to be CB = 112346 ; | 
and the Baſe of the Hill BD = 143.9 (by 727. 


729. Having thus got the Height of the Hill, take with uy 
Quadrant the Angle BCA, which you will find to be 655 15”; 
and becauſe the Angle BDC = = 38 the Angle CDA = 142?, 


and the Angle DCA = 659 15” — 52* = 13? 15”. Therefore in 


the obtuſe Triangle D C A, there is given all the Angles, and 
"the Side CD, by which Means the Side D A will be found 100 
© Ho 


Sas Tracie ali. it Lt 3 CIT OO Iu: 
n + n 2 A 2 


C 2 SST I a 55-.,, 


DB = 143,9 = 2.158178 


m_—_—_— LES 


; ; 
a : 4 ( < 
A; * * N = at WO - N . « ; rn ge. ——— My 4 
F P 
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Rods (725.) Which is the une of the Coop from the Foot 
of the Hill require. 

730. Moreover if it be . to meaſure the Height of a 
diſtant Object A G; then you next find the Side CA of the 
5 Triangle ADC; the Angle B C G being taken with the Qua- 
drant, is equal to the Angle CGI; whence the Angle CGA 
is known. Alſo the Angles CAG — ACB = 65? 157; hence 
all the Angles, and the Side AC in the Triangle AGC are 

known. Then fay, as the Sine of CG A (or IGC, (705.) 
is to the Side AC :: the Sine of AC G to the Side A G= S the 


Height of the Objest required. 
731. If a Quadrant be not at Hand, the Height of any acceſ- 


ſible Object may be found without it by the Shadow, thus. 


Let B D be the Shadow of CB, 
made by the Solar Ray CD, 
coming from the Sun at 8. 
Now it is eaſy to find the Place 
E where a Staff, or walking 
Cane E F being held or ſet up- 
right, ſhall caſt the Extremity | 
of its Shaddow juſt upon the 
Point D. Then meaſure the 
Length of the Shadow DB, 
and DE, and as the Height of the Staff EP; is known, you fay 
(by 657.) As the Shadow of the Staff DE, is to that of the Ob- 
jet DB, ſo is the Height of the Staff EF to the Height of the 
Object BC, which, therefore is known. There are other 
Ways of doing this without a Quadrant alfo, but none -more 
eaſy, and ſo ready as this upon an Exigency. 


N. B. As the meaſuring the Depth of a Valley, or other 


Place, depends on the ſame Principles and Conſtruction of Fi- 
gures, I apprehend it will not be neceſſary to inſiſt on that Ar- 


ticle here, as there can be no Difficulty attending it, if Inſtitution 


: 728 be at all underſtood ; ſince the Height of the Hill is the ſame 
Dias with the Depth 9 8 the Vale. 


732. Fo 


6!!! f ð RE 


Table alſo will anſwer the 


much better than any o- 


ters not much for the 
Form; we will therefore ſuppoſe it the common n graduated 8 5 
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732. To meaſure the Bl A 
Diſtance between two or | | 7 
more inacceſſible Objects | f 3 
A, B, you muſt be pro- 
vided with a Semi- eircle, 
with a moveable Index 
carrying two Sights, and a 
Spirit-Level for fixing it 
truely horizontal; a Plane- 


End. And a Theodolite 


ther Inſtrument. Some 
Inſtrument of this Sort 
muſt be had, and it mat- 


Semi-circle. 
733. In order, then, to 8 the Diſtance A, B; on the 


other Side of the River E F, two Stations muſt be determined, 


as C and D, in which to fix the Semi- circle for taking Angles; 
let the Diſtance CD be nicely meaſured, for the Baſe of your 
future "Triangles. Then over the Point C erect your Three- 
legged Staff bearing the Semi-circle, and adjuſting it to a true 
horizontal Poſition, move the Index to the Beginning of the 
Semi-circle, or Line Ca, and move it about till thro” the Sights 
you perceive an upright Pole, &c. fixed before-hand in the Palit 
D. Here let the Semi-circle reſt ; and then move the Index till 
thro” the Sights at Cg you ſee the Object B, and write down the 


Number of Degrees and Minutes contained in the Arch of the 


Semi- circle ag, for that will be the Meafure of the Angle DCB. 
Again, move the Index to Cb, where you obſerve the Object A, 


and write down the Degrees and Minutes in the Arch ab, which | 


is the Meaſure of the Angle DCA. 

734. This done, remove your Semi-circle to D, and there 
ſetting it up, with its Centre over D, lay the Index to the Side 
Dh, and move the Semi-circle about 'till thro? the Sights you 
obſerve the upright Pole, c. in C. In this Poſition ſcrew the 
demi - circle faſt, and move the Index to DF and De, and write 

| | down 


. — 
* 4 
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down the Degrees and Minutes in the Arches hf and he, for the | 


Meaſures of the Angles CDA and CDB. _ 

735. Then in the oblique Triangle CAN, there is given the 
Baſe C D, and all the Angles, to find the Side AD; which is 
thus, (718.) As the Sine of CAD: CD: Sine of ACD (or 
AC): AD. In like Manner in the Triangle CBD you have 


all the Angles and Baſe C D; and therefore, as the Sine of 


DBC: CD :: Sine of BCD : DB. 


736. Hence in the oblique Triangle ADB, there is known 


the two Sides AD, and DB (735.) and the included Angle 
AD B, which is the Difference berween the known Angles (7 34.) 


CDB and CDA. Then (by 719. ) you ſay, as my 1 2 wth 
2 e t of D — DBA : Tangent of 
DAB — DBA | 


Difference, of thoſe Angles, the Angles themſelves are known 


(by 720.) 


737. Laſtly, In the Triangle ADB, all the 8 and two 
Sides AD and DB are known to find the third Side AB, thus, (718) 


as the Sine DAB: DB:: Sine of ADB: A = = the Diſtance 


between the two Objects A and B as required. In the fame 
Manner the Diſtance between A and G, or B and G may be 


found; and thus the moſt uſeful Doctrine of plain Triangles ex- 


tends to Surveying, Fortification, Navigation, and * mor | 


Art where right-lined Figures are concerned, 


738. The ſame Method is taken {> 
for meaſuring the Height of an Object Ah 
BI, on the Top of an inacceſſible HM 
Makotain BD, as is evident by a bare {\ ue, 
Inſpection of the Figure, the Con- I 


ſtruction here being the ſame as the * D c A 


F oregoing, and therefore the Particulars heed not be repeated. 


— Then, as you have 2 the Sum, and 2 the 


4a a, 


"wo 4 


INSTITUTIONS | 


CoN, GEOMETRY. 


= H I P. XII. 
The Chief Properties of the N Kette Ener. | 


Atrated. 


739. EFORE we can proceed to the Menſuration of wa 
ficies and Solids, it will be neceſſary to premiſe the Prin- 
ciples of Contec GEOMETRY, and the Method of FLuxions; 
as by theſe we ſhall come to the Rationale of thoſe uſeful Prac- 
tices, ſooner and eaſier than by any other Way. Nor is the Rea- 
der to wonder, if he be told, that he can never guage a Veſſel, 
or meaſure 2 Piece of Timber, according to Art, till he has firſt 
learned Conics and Fluxions, or obtained the ſame Ideas fo 
other Way, which he will find much more difficult, laborious, 
and irkſome. I have been at the Pains to try every Way myſelf, 
and therefore am able to point out, to the young Bre, that 


which is a n and beſt. 


the PARABOLA. 


740. If a Cone be cut thro by 
a Plane parallel to one of its Sides 
E F, the Figure of the Section A 
BRB is called a ParRaBoLa; 
and its Property is thus inveſtiga- 
ted. EBe B is a Circle, Ee a 
Diameter, and BB (the Baſe of 
the Parabola) a right Line at right 
Angles therewith. A R is the Ax- 
is of the Parabola ; draw G R pa- 
rallel to E e. Put FG = = 4, EA. 
= , AR x, and AB= y. 
Then, becauſe of ſim. 2 


Z 2 


AP =3=i0, warm. {| No 
= , then FB* AF. e 5 i : 
- . 4 4 A 
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FGR and RAe, it is 78 : GR (=EA) ;: AR: Ae, 
b x 


thats, a PL: : But E Ax a. AR. (by 


658. That is E22 = 5. Now put 2 ==}, then px = yy: 


| After the ſame Manner it is ſhewn, that, (drawing Dd Ee, 


and % BB, and putting R = x, and ab = bo it is . 
yy, therefore p = 22 = i, whence # yon Or, 


Ra:RA::ab*: AB?, every where. 


741+ The Part of the Axis R 45 or RA, is s called the * 


_— 


to the Axis. thc invatieble Line p is called the meet or 
Latus Rectum, being a third Proportional to any Abſciſſa and its 
Ordinate; for ſince px = yy, we have x ::: : p. 


"742. Since „= A B= IB B, it i 5 =4BB*=xp, or 


4; p x = BB x BB. Now among all the Ordinates B B, ſome 


;. anc will be. equal to the Parameter p; in that particular Caſe we 
have 4 b pp, orgx=þ, andſox ; that Point of the 

Axis, where this Parameter- ordinate interſects it, is called the 

Focus the Parabola. As the Point F, when the Ordinate 


"N= =4,V F, the Abſciſſa. See the following Figure. 
"R423. 'In the Axis continued, : | 
take VD = VF, the _ 
ance of the Focus from the 2 
Vertex, and join FB; then it 

will be FB = AVT VF. 
AD. For VF =2 p, (742.) 


AB* (by 636.) „„ 0“ 
2 b + . b + px (S 1B A 


741.) * + N + Ag D e 


AVT VD AD. 2. E. D. 
744. Hence is deduced the beſt and eaſieſt Method of 22 tbe 
ing/ the Curve of a Parabola, whoſe Focal Diftance V F is given, 


for let a ſufficient Number of Points A, A, &c. be taken in 


the Axis, and thro” each draw perpendicular and parallel Lines 
BB, Sc. then with a Pair of Com 22 take the Diſtance A D, 
| and 


* ws os 
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and with one Foot in the Focus F, interſeR each Parallel re- 
ſpectively, in B, B; then with an even Hand draw a Curve 
through all thoſe Points, and tt ſhall be the Parabela pro- 
poſed. i 
„f any Right. line touch 
the Parabola as in B, the ſame ſhall 
meet the Axis produced in T, ſo 
as to make AV = TV. For let 
Bb be an indefinitely ſmall Part of 
the Curve coincident nearly with 
the Tangent TB. Draw 4a | 
BA, and Bc||Va; and put Bc by A. ; 
= i, #c = =, und TV =a; + gue Iv 
Then Va=x + , and ab = ; | N e 
„n; and in the Triangles FB, BTA, we have m: X's 27: 


1 


"= 
x + a, therefore » — = x + a; but p x Va = ab, thatis; 


p IT H = + 29m + m*, but px =yy; therefore þ + 
yy =3* + 2 ym (for m* is too ſmall to be regarded) hence pn 


2 ym . 
= 2 yn In Ee Conn 75: hci. 
„%% 9 „ „% 1 
1 PS 


conſequently 2 x'= x 


2 =px + pa, andp = = 555 
+ a, therefore x = a, or AV = T v. . | 
74. From the Focus F draw F B, it ſhall be FB = FT, for 
AT =2x(745.)and AF = x — 15; therefore FT = = AT ; 
- AF S2 - + 4Þ = FB (by 743). 

747. To the Tangent TB, let 
CB be Perpendicular in the Point 
B, and meet the Axis in C; then 
it will . For let AC 

=, then (by 660.) it is AT: 
AB: AB AC, that is, 2 x: 5 2:5 


22 2. = _ * , ati 2 ) a 5 = 


oa. 4 


angle TVO S S BO, andAABT 
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748. Moreover it is, FB FC; for A F — If, and 


2 (by 747-) therefore FC =z—x) 4 1 8 8 © 


Cerll Hence F is the Contr of a Circle paſſing 8 8 


B, and T. And hence allo the Angle CTB = 3 CFB, 
(642. 

749. Draw VR AB, then it hal be VR* — 
Put VR = 5; becauſe the Triangles TVR, TAB, are Sami. 


lar; and TV 2 AT; therefore gang os or Y 29 


and hence * = * yy = +Þx (74 bh = = * > 3 therefore 3 = 


Fo => AV 9. E. D. oy 

750. Draw DH | TBa Tangent, | | 
cutting the Curve in I and H; and ; „ 
from the Point B, draw BM VG, 8 


$ of 
ID 
r 

this is called a Diameter to the Point R Z//1 >. 
B; and it ſhall biſect the Part II //, | _ 
within the Curve. For through the 4 Ya ” ip 
Points V, I, H, draw VS, KR, FA 
GH, parallel to A B, and meeting of 
B M produced in 8, R, M. Then 


becauſe VO = Z AB SAZ VS, and I * 
TVS SB, (745. .) therefore the Tri- x i 


% 


= TJ AS. But A AB T (or AS): 


K ID:: (AB“: KIR (670. ):: AV: KV ( 740.) AS: Ks (655). 


Therefore A KID = U KS. Again, A ABT (= 0 AS): 
AGH D:: (AB“: GH“: : AV: GV) 0 AS: 0 GS; therefore 
GHD = Q GS. But GHD KIDS GS Ks; there- 
fore the Trapezium GHIK = © GR. . From each of which, 
take the common Figure GMLIK, and there will remain the 
Triangle ILR = LM; and as they are ſimilar, we have LI 


— LH, whence the Line I H is biſected in L. by the Diameter 


BM, to which therefore the Line HI is an Ordinate. 


751. The Parallelogram LBTD = A MLH;forABT= 
AS, whence the Trapezium GM BT (= GB + ABT = 


GB + AS = GS)= = (750.) GHD; from which take the 


com- 


* 


LE 


wat» 


Yo Wed 1t oo 11 e 11 = fd K 2 


oc” 3 


12 © 


common Figure H MLD there remains LBTD=ALMH. 
2. E. D. | 


752. From B let fall the todas Ba; _ frem M the | 


LH x M6 


Perpendicular Me. Then becauſe BT x Ba'= — 


or 2 BT „Ba = LH x M5; therefore 2 BT: LH :: M 
: Ba:: LM : LB, by fimilar Triangles. Conſequently 2BT 
x LB — LM x LH. Let BS: BO::2BT:P. Then 
ſhall this fourth proportional P be the Parameter belonging to the 
Diameter BM. 

753. Then, the Rectangle of this 8 and any Aeiſa 
of its Diameter is equal to the Square of Ordinate of that Ab- 
ſciſſa. Or P x BL = LH* or LIT. For ſince BS: BO :: 
LM: LH, by ſimilar Triangles ; we have 2BT :P::L M 


LH; whence Þ = 2 ated 


LM 

2 id Therefore P x LB = 
= | 

SEHR, 2. £4; © 

754. The Parameter P is e- 
qual to p + 4 AV. For draw 
VL parallel to the Tangent T B, 
this will be an Ordinate to the 
Diameter BM (by 750). Then 
. becauſe BM| VG, it is TV 
= BL = AV (745.) = x; and / 
(by 753.) PN BL, orPY x 
= VL* BT“ = AN + 
AT: =}* + 47, CPs : 75 
= 4 + px (741.); whence G 
A. + tha 0s NM | 
2. E. D. | 


FE 


755. Lee Fe n Thewss and then BF — 2 P. rape 
FFH 4FV (742). Therefore P = 4 AV 


+4FV, and P _ OPS FT = BF (by 746.) 
ASD 

1756. If an Ordinate a to any Diameter B paſs thro? the 
Focus F, then it ſhall be * P* = al, or: P = ab. For be- 


of e aB = PT a BF (755) AT. Alſo 
Px 
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, and (by 752. ) it is LES : 
2BTXLH LMXILH 


— * 65 r by.” 1 . 4 7 * > 2 ; 8 2 * 3 bat 
8 Pat ws - 5 1 — — * 3.4 8 © \ 
Of * — p 4 2x 1 1 3 Tons 2 8 

I oo 5 I”. oath g © we * 
5 * * . 2 AA . vm, nt DES. A +, nt * — 1 — 
I AAAͥͥͥ⁰⁴AA Un T EE pr oy” ; ec BENE > 
Rs r oe - os hs = AY r 
os - 2. Scone. 4 N RF Q = r E 

: 5 * = n : 


8 
* 1 — 
. Mt DA 
ER 
— _— Kot, ITS 
by —_—_—_— l bg as "ho 
Soy tn td Ft 4 + CE 
7 r 
_ 9 . 
— 
5 0 


9 
* 
. 
2 Fl 
17 
. 
14 
91 
18 
iN 
i 
14 
* : 
4 
1 
* 7 
1 
. 
17 
* 
} 
"+ 
#7 
4: 
I} 
* 
7 
| 
| 
1 "x 
£ 2 
1 
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P x ab = (753.) 40 therefore * Px P 42553 whence L TY 


4b. . D.. 


757. Let CB be perpenticular to the Taidest in B; then 5 


. For BF. =P 755.) = CF = FT (748). 
Conſequently CT = CF + DT <7 F. 
758. If a Right-line QB touch the e 
Parabola in B, and from the Points | 
M, 8, in the Tangent, the Right- 
lines M G, SD are drawn parallel to 
the Axis VA, cutting the Ordinate 
BC in G and D; then it will be 
MO: SR:: BG?: BD*. Put MO 
= b, SR = d, „ » D 
:.: AV (= VF) = x; 1 
then drawing BN VA, and Ol, vb. it is K: h: : (Br 
WEN O07: :) BIT*:;BM* :: * (= AB?) : *(=BG7) 
(by 657 and 671). For the ſame away * „ Fhere- 
fore (by 652.) we have b: 4: 45, or MO : SR:: BG! 
WR 3D. 
759- pp ing x MO = BG?, or p x SR=» B D-. 


therefore Ss | *, and dp =@*; OO: P N MO = BG, 
and Xx SR = BD». 


760. Again, SR: RD:: BD: DC; for draw QC | VA, 
WA put Q gr, RDS, and DC. , R =p. Then 


: (B S2: BQ: :) 2: . 4a ＋ 9: : 4 41524. 
da 49.4. + , 
a* a 
whence we get a* PE: i ags= eo 49 , PETR + 4. 
1 aq; hence d: :: 4: 9, or SR: RD::BD: DC. 
er Again, AV : AB*: : RD: ee For x: d:: 


*: 4 (758.) and d: 5: 8 


2 42 — 
| hencexga=y*s; then &: 7:5: 49, or ay? . 
BD DC. &. E. P. py 3 


(by 657. ) Therefore 


* = px (by 741). 8 dos 


ell 


tl 


Coral. Rene alſo (AV: 4 17 0G: 10 1 oo 
RD: BD x DC. 


HE." Becauſe the y* = x 04 eng — 1 7 (762: Te 


3 and pe 45 that is, þ *RD=BD* 
DC. Thus allo þ x OG = BG x GC. 2. 4 E. B. 


x Of the 1 FEED 7 
763. If a Cone FLP be cut by a : : „„ | 
Plane which pales through both its W 
Sides, that Section VB TBV is 
called an ELLIPs1s ; and its gene- 
ral Property is thus inveſtigated. 


Suppoſe E BeB a cirgular Section 


parallel to the Baſe, and cutting 5 8 ä i 
the Ellipſe in the Right- line B B; Ph WS K 
then ſhall Ee the aer of the I 
Circle: interſect TV the longeſt — —— 


2 Lernende eee eee 


(called the Tranſverſe) Diameter of 
the Ellipſe in the Point A, biſecting 
the Ordinate BB; then draw G V and T H parallel to FP; and' 
put G V d, TH = „ VT =a, AB=y,VA=x Then 
becauſe of fimilar Triangles VAe, VF H, we have VT: T H 


A. Ae c * —. Allo becauſe of e Baule Triangles TGV, 


as oF - 


* 


re., it W NY SV . 1 Lu. 5 


ad — xd 


0 


"Rad N of the Circle ERe B. we have EA * 


41 r 


an x AB= (658) A; PRES —— = 


764. Letithe mate a: 5 20 ee 


a 


on fubſt 1 * 


pas —pSo\_ 


forits Value i in the above Equation, it becomes 7 


yy. And if another circular Section DD be made * 
the es, one in . chen a b y, and V a Rx, it will ap- 
S | 8 + pear 


3 


% 


354 INSTITUTIONS. 


pax PXR _ 


= 55 | Hence 


pear by the farce Reaſoning, that 


a4 K 2 9:54: þ:2aX — XX: 1. ' Conſequenty it vi 
bemery ves: % - & XK .,. 


Of the HyPERBOLA- 


568. If a Cone E Ce be eut bya 1 | 
Plane thro” the Baſe, and the oppoſite — 


r 
hh | 
Side continued above the Vertex as \ it | 
at T, ſuch a. Section is called an &. 
HyyERBOLA, as ABV B; and - 
becauſe the ſame circular Sections by 
made here, and the ſame Lines | 
drawn, as for the Ellipſis, there £2 8 
will be the ſame ſimilar Triangles G * 
formed, which will give the ſame 1 
Equations here as before, only as in n 4 
that Caſe it was TA =@— x, it D Ay. 5 1 
is here TA =a + x; and ſo the 1 : 
Equation fot the Hyperbola will be i SEP 3 | 
„ — 
= 1 e — 55 
logy, 4: Pp: 4 TN K %. Hence the Analogy a: p:: : 
aFxXXx:yy will ſerve for both Ellipfis and Hyperbola, at the Þ 
fame Time; uſing the Sign — - for the — and - for the 4 
latter in all Cafes. 
766. The greateſt Ordinate DE in the Ellpſe is called the = 
Conjugate e g Let the Half thereof of ED = 5; in this 4 
Caſex=VC =; a, andy = 5b. Whence the Analogy for — 
the Ellipſe becomes à: p:: 4 - gz X24 260 x 23 that ſc 


is, :: 4 4: 4 bl, and ſo ap = bb; whence a : 1 :b:þ. 
So the Parameter of the Ellipſe is a third N to the _ 
verſe and Conjugate Diameter. 
767. Since 4: p:: aa: bb (766.) : "TENT oe x: 55 (764.) d 


 wehave AB: TA x VA::DE: T- 61 5 x pe 
„ 


768. Y 


ne 


(a): FH:: EH: TV 


HE:+FE= TV. :ForCE* ͤ ; * | 
4 = HE*;. b QUE © 1 DB © 
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768. - Becauſe, in the Focus, ME q 


Y=z or yy A P þ, We 
ſhall, in that Caſe, have + þ = 


ax — ve 5 


and changing all the Signs it is 
* - ax = — tp, and com- 
pleating the Square it is x* — 
ax + 1 44 = = 244 —Zap; 
extract the Root, and x — 4 2 
daa — ap V aa—ap- 

Let F, H, be the two Focus's; 
then CF = CHS 424 — * 
= Jad ap, or aaa 
=2FC= FH; whence aa 
— aþ = FH*, and ſo TV 


p(= ap) = IX 


769. Two Right Lines drawn from any Point in the Curve of | 


the Ellipſis to the two Ty are, * equa} £ to the Tranſ- 
verſe Diameter, 


8 1 8 * 1 
Let E, the End of the Conj. A 


Diameter, be the given Point; 


and draw HE, FE; then is 


= 


SD and CH? = 1 4 — x1: = , whence ap + 


#7 - 4 _ 


5 7 8 therefore E H = * EF; con- 


4 
bequently EH + EF = 24 ＋ 2 i « (766, 768.) 


CASE II. 


Let A be a Point taken any where in the Curve, and 


draw HA, FA; and the Ordinate AB. Put TB = , HC 
=d; then TH = 24 — 4. ar}; and be- 


cauſe HE = TC = z a, therefore CE* = — 2 pi — T& But 
5 Aa a I | TC 


8 
3 3 n 
Et RR) - 


1 
4 
5 5 
7 4 
7 o 
Lad. 

75 

83 

* T 
98 

4 . 

7 
1 * 

1 
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TCxCV:CE:: TBxBV : AB (767.) that is 2:2 
4 4ddex _ | 


4d ax - xx: ax -x 


a 
this add übe, + 444 + 2dx—ad + dd, the 


gun! will be A = = 7 - —@d+dd4204x — t==4 . 


aa 


the Square Root whereof i is AH 22 4 — 4 Ss: = Alfo, if 
to the above A B* you add BF* = 4* + 4 + 3 2 dx — 
@x + x*, the Sum will be AF*= d* + da + aa 24K — 
444 4ddxsx Sas. 
2 + 1 J whereof the Root is a + EE AF,; 
to which add the above found Equation AH=Za—d+ 
27 , the Sum is AH AF ITV. 2E. D. 


Note, in the two oppoſite Hyperbolas, the Difference of theſe 

Lines is equal to the Tranſverſe . 

770. If to any 
Point A of the Curve 
right Lines be draun 
from the Fact, vis. 
AH, AF, andone 
of the Lines (AH) 
be continued out to : 
G, then a right Line, AL, biſecting the external Angle F AG, 
hall touch the Curve in the angular Point A, For make AG= 
A F, then (becauſe the Angle GAL = F AL) if you take any 
Point, D, in the Line AI, we have GD = DF (by Inſt. 681.) 
draw HD, and H a, then HD +DG is greater than HA 
(+FAG=) +AF=Hd+dF= TV. (769.) There- 
fore the Point D is without the Curve, and will be ſo till it coin- 
eides with the Point A, e AL is a Tangent to the 
Curve in that Point. | 

771. The two Lines AH, AF, drawn from the Point of 

Contact A to the two Fi, make equal mw with the Tan- 
gent MAL. e (= GAL (by 770.) - 
AH (630.) | 


772. Let a 
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772. Let AB be perpendicular to the Tangent in the Point 
of Contact A, then ſhall the Angle HAB = FAB. For the 
Angle MAB = LAB, by Suppoſition; from which take the 
Angle MAH = LAF (771. chere will remain the Angle 
HAB = FAB, (200. 

773. The ſame Conſtruction remaining ; we have HA: AF 
:: HB: BF. For in the Triangle HAF, the Angle HAB 
= BAF (772.) Therefore (by 666.) HA: AF:: HB: BF. 

774. Since one and the ſame Line T V is the common Axis 
both to the Ellipſis and to the Hyperbola ; (ſee Fig. to Inſt. 768.) if 
we alſo take one common conjugate Diameter DE to both; and 
about the Ellipſis deſcribe the Rectangle ab ed. Then, ſince p is the 
ſame in the Ellipſis and Hyperbola ; we have Cf = Cd, or the Diſ- 
tance of the Focus f of the Hyperbola from the Center C, equal to 
half the Diagonalof the Rectangle abed. For putting V f = x, we 

ſhall find (by the Proceſs of 768.) //* aa + tap =Za+x 
= Cf; but ap = bb (by 766.) therefore Ha aa + 42 = 
Cf SNN . = CA „ OD  - 

775. The Diagonals of this rectangular Parallelogram, pro- 
duced both Way indefinitely, make thoſe right Lines which are 
called the ASYMPTOTEs, whoſe Property it is to approach nearer 
and nearer to the Curve of the Hyperbola inſcribed between them, but 

wHll never coincide therewith, Thus CS, CL are the Afpmprates 

of the Hyperbola G V Z; CK, CM of 1 oppoſite Hyper- 
bola. Alſo CM, CL are Aſymptotes to the yperbola O DN; 
and CZ, CK of the Oppoſite one. | 
776. That the A- 

ſymptotes conſtantly ap- 
proaches the Curve but 
can never meet it, is thus 


hewn. Let V 


45 vo A {= | 


VDN VA 


2, VI=x; then A= =+ % 0 1ů 2 +5 1 
. Aaa 2 7 EV. 
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CV: VD TA AL == + 2. and there- 


fore AL* = 22 f. ̃ͤ -. 
ore . ET 99 001931 121 


AB?; therefore AL? — A B- = 2 2s V D*. And by rea- 


ſoning i in the ſame Manner we prove I N* —IH* VD. 
Therefore, ſince the Square of the Ordinate to the Curve is 
every where leſs than the Square of the ſame Ordinate to the 


ap 


Aſymptote, by the conſtant Difference of - = or VD, 'tis evi- 


dent the Aſymptote can never touch the Curve. ©. E. D. 


777. In the Hyperbola, it will be every where VD x VE 


LB x BM NHK HO. For VDxXVE=VD! 
= xap = AL*—AB* = = IN* — I H* (776.) and AL + 


> AB= BM, and AL — DEB: therefore AL + AB 


xXAL — AB = AL*— AB* = LB BM ap; there- 


fore LB = EP, In the ſame Manner we prove N H = 
227 


HO 
NH is leſs than L B; ſo that the Curve is nearer the Aſymp- 
tote at H than at B. And thus it will ever be nearer, . never 


meet it (by 776.) / 


778. Since LB IBM = (44% ) NH x HO TY 


It is LB :NH:: HO: BM. Draw HP, BQ || CN; 
then are the Triangles Q BM and PHO ſimilar, and there- 
fore (657.) BM: HO::BQ:PH (: NH: LB.) Draw 
BD, RH] CO; then QB = CD, and PH = CR; there- 
fore CD:CR::NH:LB::RH: DB, by ſimilar Trian- 
gles NRH and DBL. Therefore CD DBS CRNR H. 


779. Draw SV CO, and TV | CN; andputSV = CS 
= a, SR=x,andRH=y; then, ſince CS: C R:: RH: S V, 


(778.) or 4: 4 ＋ * 27:33 e ory= 


2 „ or (put a= T)-y == , for the Equation expreſſing 


x: 
a + x I + x 


the Nature of the . between the Curve and the Aſymp- 


totes. 
73. If 


; wherefore, ſince H Oi is greater than BM, tis ent | 
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LHR „ once 
Nr 
1 „ „60 
1 344 „„%„%„„%„6 „„ 4 06 


1 = 

780. If the Aſymptotes make a Right Angle RCF, then the 
Hyperbola is ſaid to be Reclangular. From the Point C draw 
CH; CB, CG, CK. The E CRHP —CDBQ (9983.3 


Therefore the Triangle REC = DB C; ſubtract from each 


the common Triangle CDa, there remains the Trapezium 
RDAH = A Ca; to each of theſe add the common Space 
BAH, the Sums are DOE = =-B C, : the PANE 
dector. | 


721. Becauſe of Parallels, the Hyperbolic W um G E F 


K = DB H R, and fo the Sector CK G = C HB: and ſup- 
poſing the Ordinate BG to move parallelly, the Sector C VH 


. 


782. The Line CF is divided proportionally in PQE F, 
that is, CP:CQ:: CE: CF, For (778.) RH (= CN 
29 {= CQ)::vD (= CE): CR( SCF. 
fore, ſince the Hyperbolic Spaces, HR CP, HR CQB, HR 
CE G, HRC E K, are in Arithmet:cal Progreſſion (being as 
1,25 3» 4. ws and CP, CQ, CE, CF, are in Geometri- 
cal Progreſſion, * tis evident the Former are Logarithms of the Lat- 
ter ; that is, the Hyperbolic Spaces are Logarithms of the Apmp- 
tetic Abſciſſaæ, (by 130, 131.) 
783. Becauſe when CP: CQ:: C E: CF, the Sector 


BCH = GCE; therefore when it is made CP: CQ:: CQ 


: CE, then the Sector BCH BCG. Conſequently, when CP, 
CQ, CE, CF, are proportional, the Setor HBC BCG 
= GCH. And fo the Sectors HBC, HGA, HK C, are in 
6 ithmet ical Progreſſum, and therefore are the Legarithms or Expo- 
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nents of the Geometric Ratios of the Abſciſſe. Thus, if the Ra- 


tio CP: CQ be expreſſed by the Sector HB C, then the Ra- 
tio CP: CE will be expounded by the Sector HG C, and the 


Ratio CP: CF, by the Sector HK C. 


784. But the Sector HBC = HBDR (780.) and HBDR 


= HPQB. For the Rectangle RHPC —= DBQC; from 
which ſubduct the common Rectangle DbP C, there remains 
DbHR POB Q; to each add the common Space HB; 
then DBHR = HPQ B. Thus the Sector BCG = QBGE; 
and the Sector HCG = HPEG. Whence, Ry, the 
Logarithm of CE to CQ.is the Space B QEG. 

785. From what was demonſtrated in (769.) is deduced an 
eaſy mechanical Methad of deſcribing an Ellipſs, viz. fix a Pin 
in each Focus, and a Third in the End of one of the Diameters, 
and then tying a Thread faſt about the three Pins, take out that 
on the End of the Diameter, and placing the Head of it within 
the Thread, carry it with a tight and ſteady Hand about the 
two Foci, and it will deſcribe the Ellipſis very exactly. But the 
organical Deſcription of Curves is a Subject that will merit more 
particular Attention in another Part of this Work. 

786. As to the Etymology of the Names of theſe Conic 
Sections, it is derived from the Nature of the Curves re- 
ſpectively; thus when the Square of the Semi-ordinate is equal ta 
the Rectangle under the Parameter and Abſciſſa, viz. yy = p x, 
then that Equality is intimate by the Name of the Curve, viz. 


$ PARABOLA. ( 740.) But, when that Rectangle (px) is leſs 
than the Square (55) by the Quantity (H) then that Def. 


erency is expreſſed in the Name of the Curve ELL1Ps1s. (764.) 


By the Word HyPERBOLA, the Exceſs of the Rectangle px 
above the 1 N ( 570 by the Quantity © isſhewn. See (765;) 


1. is moreover obſervable, that =; is a Rectangle 7 * 
„ 
cs 
We have now premiſed the fir? Principles of Conics, and can 
enlarge upon them at Pleaſure, or as we may at any Time 9 
after have Occaſion. 


X fmilac to the conſtant Rectangle 4 * p3 oe a:p: 
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DocrRINE of FLUXIONS, 
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ELEMENTS of the NEW GzomaTRY. 


85 T H E Subject we are now entering upon is really a NRæ . 


GEOMETRY, not in the leaſt known to the Ancients; . 
Algebra, they are ſuppoſed to have underſtood ; and kept it a Se- 
cret; but FLux1oNs remained among the Incogniza of every 
Age from the Beginning of the World to our own. The Glory 
of this Invention was reſerved for the great Britiſd Genius, Sir 
Isaac NeEwToN, as is put paſt all Doubt by the Author of a 


| Treatiſe entitled, Commercium Epiftolicum. As this Species of 


Matheſis opens at once an Entrance to all the ſublimer Parts of 


Learning, it will be neceſſary here to premiſe the firft Princi- | 


ples thereof in a Manner the moſt natural and eaſy that we can, 
and agreeable to that in which it was firſt propoſed to the World 


by its Author. The Doctrine of Fluxions depends upon a few 
Principles only, and thoſe words ta be underſtood, which here 


follow. ” 


CHAP. XIII. 


| un Iron, Points A, B, be e wo. a M 


move equal Paces AM, BN, in A— 
the ſame Time, they are then ſaid to move b | 
with the ſame or equal Velocities; and if in . ng 5 
every equal Portion of Time, the Spaces 
paſſed over be _ the Vehcity is then faid to be * or 


NY Os . > 
4 | | 788. ſt | 
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788. If in the ſame Time, the Point A paſſes from A to M, 
the Point B moves from B to O, then is the Velocity of the 
Point A to that of B, as AM to BO. Put AM = x, and 
BO Sy. And let Aa, Bb, be the indefinitely ſmall Spaces 


deſcribed in the firſt Moment of Time; then the Motion or 


Velocities of the Points A and B being ſuppoſed equable, we 
ſhall have Aa: AM:: BS: BO. Let Aa S , and Bb =; 
then ſhall +, 5, (which are called the FLUx10Ns of x and y) re- 
preſent the Velocities with which the Beine A, and B, every 
where move, and fo it will be æĩ: :: & :. 5 
789. Since Superficies AB CD, A =: 

E F G H, are deſcribed by the Paral- |; | 
lel Motions of the Lines AD, E H, 


(515.) Let A 25 D, and EebH, be P — 
the indefinitely ſmall Parts deſcribed E [7 F 
in the firſt Moment of Time in each, | 
ABS D EF =y, | 
and E H= 5. Then allo Aamz, 2 


and Ee (788.) The whole Rect- 


angles are ax and by, and their Naſcent Increments (A 4D, 
and Ee H) areax and by. If now the Times of deſcribing 


| theſe Rectangles are equal, and the Velocities equable.; then 
ax: by::ax:by; and ſo ax, by, will be proportional to, and 


therefore may repreſent the Velocities with which thoſe Rect- 


angles are generated, and are therefore their Fluxions. (788.) 
790. But what we have now faid relates to the Fluxion or Flow- 


ing of the Rectangle one Way only, or according to one Dimenſion; 


but ſuppoſing it to increaſe according to both its Dimenſions, or 

ſo that both its Sides may flow to compleat the Spfee it contains, 

then we mult add the Fluxions ef both Sides together, and their 
Sum will be the Fluxion of the Rectangle in this Caſe. 

791. In order to illuſtrate this it muſt be conſidered, that the 
illuftrious Author of this Invention firſt delivered the Idea of 
what we now call a Fluxion under the Name of Momentum, 
which was a Term uſed in Mechanics to denote the Quantity of 
Motion generated by a given Quantity of Matter (A), and 
the Velocity (a) with which it moved conjointly. This Mo- 
mentum therefore was properly repreſented by (Aa); and if (BJ) 
denote any other Momentum reſulting from a Quantity of Matter 


0) 


* 


r — V9 
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(B) moving with any Velocity as (5) C Ae. £ - _ 
then if theſe Momenta are generated in 7 
the ſame time, they will be as Aa to 41 = ; —.— 

Bb; and if the Velocities of Motion = V4 1 0 OA E 
are equal in both A and B, then will Eg - 7 
the Mementa be as the Quantities A At + | £— B 
and B. But inſtead of this mechani- 6 


cal Notation, we now uſe x and y j for the ee" or Flux- 


ions, generated by the Quantities x and y as above deſcribed. 


792. Then on a given Line AB, ſuppoſe a right Line G H 
were to move in a Poſition always parallel to itſelf, from A to B. 
Alſo upon another Line A C let the Line EF move from A to- 


wards C in a parallel Poſition alſo. And let the Velocities of 
the moving Lines be ſuch, that their Interſection 46. L ſhall de- 


ſcribe the Curve Line AID. By the Motion of theſe Lines 


there will be deſcribed the Curvilineal Spaces AI D B and 


AID C, alſo the Parallellograms AEF B and ACH G. Put 
AGS = (EIS), and GI = (AE S)); and the Fluxions 
of the Spaces deſcribed by the Generating. Lines x and y, will 
be always as the Magnitude of thoſe Lines, ſuppoſing the Velo- 


city of each to be conflant Therlfore when the Tins AC arrives 


to the Poſitions g , GH, 74, the Fluxion of the curve-lined 
Space AI DB will be as ag, IG, andb4#; but the Fluxion 
of the Parallellogram AE F B will be in each Poſition the ſame, 
being always as the equal Lines c g, I G, and 44. In the 
firſt Poſition therefore at g h, the Fluxion of the Space AIDB 


is leſs than that of the Parallellogram, becauſe a g is leſs than 


cg. In the third Poſition. at i &, the Fluxion þ 4 of the ſaid 
Space is greater than 4# the Fluxion of the Parallelogram, 
conſequently there muſt be ſome intermediate Poſition G ia 
where the Fluxion GI is the ſame in both. 

793. In like manner it is ſhewn, that the Line which r moves 
from A B to CD, when it is in the Poſitions ef, E F, and /m 
produces the Fluxions of the Space AID C leſs, equal to, and 


greater than thoſe of the Parallellogram AG H C. But we 


have ſhewn that the Fluxion of the Rectangle AB FE is at 
the Poſition at I G equal to y &, and of the Rectangle AGHC 
it is x 3 3 but theſe are alſo equal to the Fluxions of the two 
curvilineal + as AIG and ATE, which together make the 

B b b — 0 on 
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Rectangle AGLIE; therefore the whole Fluxion of the ſaid 
Rectangle AGIE (or x y) (conſidered as flowing according 
to both its dimenſions) is equal y * + « 5. 

794. Hence it is manifeſt that when A Gg AE, or x = 5 
then y 3+ x3 ax &, or 25; which therefore is as the 
F Tyxion of a Square whoſe Side is x or y, that is of ** or y*, 

795. Let A F be a Parallelopi- | Aa 
pedon, whoſe Lengthis AB=sx, Af 
its Breadth A D = z, and Depth . 
AH = z. Suppole it to flow 
equably according to its Length 
only, by the Motion of the Plane 
ADGH = y x, and ſuppoſe 
Aa(= =) the Space deſcribed in the Direction of A B the 


_ firſt Moment of Time; then will the Solid Ac be as the Flux- 


ion of the Solid A F, and therefore equal toy z x. If the So- 
lid were to flow only according to its Dimenſion of Breadth 
A B, by the Motion of the Plane ABEH = xz, then would 
the Fluxion be x 25. And if the Solid flows in the Dimen- 
ſion of Depth AH, by the Plane ABCD= xy, then is its 
Fluxion x y =. If then it flows in all its three Dimenſions, 
the momentary Increaſe or Decreaſe will be proportional to the 


Sum of all, viz, yz # + x25 + x3 &, which therefore is the 


Fluxion of the whole Solid in this Caſe. 
796. The ſame Thing may be otherwiſe proved thus : Put 


xy =v; thenxyz=v zzand by (791,792, 793) =# 3 + 


x 5, and the Fluxion of v2, viz. az + Y is = the Fluxion 


of xyz: Therefore, by Reſtitution, or writing x y for v, and 
4 y + x 5 for , we ſhall have the Fluxion of xFz = + y x + 
\ x3 2 + xy as before. And when x = y = K, then xn 
and its Fluxion 2x” Xx, or 3 XxX. | 

797- Since the Fluxion of æ is * (788) ; ; and of = 3 
2 x*—*x# (794); and of x*, is 3 * 4 (796) = 3K E; it i 
evident the Flalon of x" is m ,] and the F luxion of x” } 
E ma" xy + 1 51 j n. 


798. Becauſe WE al (for v. V A 1, and “: 


x2: 4 * z) therefore the Fluxion of Wi = a is 2 pr"; 


=45 a. "Ez 24 and in like Manner the Fluxion 
© 4 : of 


* 


%\ wk 


* 


v 
- 
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* 13 
of 9 2, is * x; and in general the Fluxion of 
0 | ” m— 1 


„ M1 e 4 
** —.— 1 is _ n X 
1 : 


799. Thus alſo the Fluxion of ver ** = 2 55. is 2 * 2 
— JxÞ 


. or 7 + -; and in general, the 


2 * 7 * 
2 2.5 „ 
Flaxivti'of V5 a 5 * is —x F 5 257 + = m 
IF 
doo. The Fluxion of any Rene of dard Compound Quanti- 


ties are alſo thus eaſily obtained. As the F luxion of xy - my 77 


1 


=xy T 7 is 3 = Xx5 +34 + 1 


xj . And cniverfullycheFluxion of af + x" + x® 
24 +3 J= 


agg reg Be 1 7+ of * ma"=" 5, 


Alſo x. Wy + E =x"Xy" + 2" gives the Fluxion 


3 


be Q T= x 3 1 mA.” $ 


2 


—ͤy— — 


7 * 8 


1 The Flaxion of a Traction, is thus found, Put 


v, then x = v, and the Equality between « yy 
ought ever to hold in all their State of Increaſe or Decreaſe, 
their Fluxions will always be equal, but the Fluxion of æ is z, 
and the Fluxion of vy is 3 +y v 792, 793) 3 therefore F=vVJ.- 


—— Fe NT 
+35; and ſo e = , and 2 == . 
by fabſtituting for v its Val ue = 55 | nt, 
; B bb . es $02. 


oY 


or 2 x, is only ax or 2 5. Hence the Fluxion of 3 


Fluent of 4 + , Ec. 1 22 and in ge. 
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802. Becauſe (a) repreſents a conſlant Quantity, its 
Fluxion is (o), therefore the Fluxion of a + x is 25 


E, and the ſame may be ſaid of numerical Quantities, thus 


the Fluxion of 1 + x is only &. The Fluxion of @ x, 


2. — 4 * 
J 
* 


8 4 | | 7 
and that of - is 2 — But the Fluxions of 


a ＋ x N 3 = * X. 
complicated Fractions are beſt found in their Value expreſſed | in 


2 2 2 

infinite Series. Thus -N 5 &c. (203); the 
Fluxion of which Series is — 77 + 1 — e 
(by 801). 


_ 803. But 1. ina Uſe of ee Ns is to find the Hluent 


or flowing Quantity from the Fluxion given, which is done in ge- 


noral by the Reverſe of the Method of finding the Fluxion of 


a given Fluent, above delivered. This Method conſiſts in three 


Particulars, viz. (1) Expunge the fluxionary Letter ; thus the 


Fluxion 2 x & becomes 2 x. (2) Add Unity to the Index or 
Exponent of The flowing Quantity; and thus 2 x becomes 
2x*+*—=2x* ( 3) Divide by the Exponent thus encreaſed, 
and fo 2 x* „ *, which is the Fluent of the Fluxion 
he as required, Thus za 4 i (1) 3x, {2} 3%, and (3) 

80 * m x" & becomes firſt mx” — * then 7 max", 


10 laſtly x * the F luent required. 


8 Hence alſo the Fluent of x & is = bort! is firſt x, 


K* 


then *; and laſtly + — 80 * * is firſt, 198 ſecondly, 


a; thirdly = the Sowing Quantity; and by Inſpection it ap- 


pears that 4 Fluent of 4 is x; of x5 +yaisx y (by 79, 
793>) and the Fluent of * + X 254 4 y 2 is * 2 (by 


796.) And alſo that the Fluent of ——— 5 ef 5 and that the 


neral 


. 


\ 


7 0 — EY, 2 : 3 1 
— e will be — * ＋ ** 
| | g — 9 


And 3 the N of = =- will be 5 * S 
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neral the ee will be x"; and of — 4 


- 


will be x — * or — = (708). 


* 


FRE. ff . | WM" m 
gog. Thus alſo the Fluent of xg is x = 


2 . an : 3 . . - * : egg 
and of ax" & is x * of by rejecting X, it is a x*» 


m + 1 


and by adding I to the ie : it is a x«“Kk (bor —=+* == 


mu 


* 


T 
, we have 


b ) and dividing by” 
bove. Now this is a general For orm for any other fluxionary re 


or Root, as V4 = =4 x33, where 4 S 4, 1 , n = 5 


nn a 
and ſo 225 therefore = Fs +2 and conſequently we 
. „„ 
ſhall have hey n 9 ti 5 Vr for the Fluent of 


4 x5 &. Alter this Manner the Fluent of wy A =at 4 will 


be found 3 xT = 23 1 and of Xr =1x=*, will be 


I "2 


Al 


. 


* » | 
. 


8 2 1223 = Infiity 3 0 here a=1, m==1, and 
#22". | | 

3806. If a e be multiplied | into ſons Opener affected 
with a Vinculum, that is, into ſome Compound or Surd Quan- 


tity, which Quantity is the Fluent of the ſaid Fluxion, as 


a:Xaa+ax\> then will the Fluent of the Expreſſion be 
had by the general Rule thus; ſtrike out the F luxion, and it 


8 becomes 2 a+ a2" 3 and add Unity to the Index m, and it is 


*+"; then divide by the Index ſo increaſed, wage 
hayve 
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bs the Fluent = + : R « aa red "+: for the 3 5 


propoſed. 


hs 


| 807 Thus alfo a * Fe rm 3 X aa Ter- 0 


by the- very tame Proceedure, will have its Fluent thus ex- 
m + n 


' — . r N 
preſſed 2 aha take EE, Thas the Fluent of 2 * * X 


— 7 ——— 
4447 ne = 3's X aa+ 1 44 π „ 


24 4 + 2 Xx * 


— — 4 aa + x*. So the Fluent of this Expreſſion 


3 
— 2 / 1 
md Xu! rx IS 3 1 and ſo for any o- 


eee ds kind. 


808. If the Fluxion without the Vinculum be not that of the 


Quantity under it, but is yet in ſome given Ratio to it, the Flu- 


ent may in this Caſe be nad in a finite Number of Terms. . 


poſe the Expreſſion were x x Wa + *, or x A Xa 4 + * & z 
_— the Fluxion x Is to that of &, as 1 to 2, vix. x &: 2 X * 
: 2. It will be beit here to proceed by Subſtitution ; therefore 


= 4.27 +tx*—z; thenag + x E E, and 2x&x 222, 


or & * = 4 therefore x # v/ @ + x a ** 2 but the Flu- 


| ent of 2 2 2 E 12 = —— 22 2 * 2 (by Subſtitution) aa ＋L K* 


| i aa + xx. 


809. Alſo the Muent 8 „* 1 K 24 T may be found f 


in like Manner. For here the Fluxion x” — — # is to that un- 
der the Vinculum of x”, viz. ma" — E, as I to n; which Ra- 
tio is given. Therefore put q = = 2", and ſo 4 40 ＋ 


3 7 and conſequently N , = &, and therefoge x" = 7 


= = therefore K* Xa at ＋ 9 But the TY 
PV: | | | 


I 
ant of the Latter, Viz," ea 1b 7 


"+7 == 
8 
+ 72 
£* % * 4 ; 
oy ea 


= 


m - + wg | 


/ 5 5 \ 280 


* 
mn A un 


ſion. a | | 
810. Thus alſo he Fluentoſ 4 n=" * N a = * may be 


* a a? . = the Fluent of the 253 Expref- 


found; for put at fo = 2", then 2 + Fa" = = K, and o.& = 


2 
AI 2 and therefore — — en ons and to A = 


fn 
235 


| . ; ; * - — TH 1 | as 
dn = &; therefore dq *“j „ X 4 fol N 


4 


Vr ; 

| d 

R © * — e if therefore inſtead 
N 5 In x 1 


a 


55 


: * a + a+ 27 5 for the F 3 of the Exomdion propoſed. 
811. The laſt is a general Form for any fluxional Expreſſion 


of that Kind; thus ſuppoſe the Fluent of & X a + T were re- 


of z we ſubſitute its n at+fx", we have 


r here m =1, 2 = , f=1, BT enn 34 


2 


' fm * n 7 1 
will be the Fluent required. Again, let x5 W. aa + FH 1 4 


4 here m = 2, * , =, and d æ e = x 


wp | 
dx, and therefore d=1; hence 3 
2 K 11 2 * 2 


=7T, therefore. 


aa + xXx 


= 2, and ſo 3 44 + * Z or 
ent, the ſame as before. 
812. The Fluents of ſuch . E may be 


found alſo by an infinite Series 3 ; for a + / Py os into an 


infinite Series will be . ** fue N 2 7 — x if 


ome. Sc.” Or ik A=- — AL C. gras 
a >. 24 


D= 1 Oe. we ſhall have „ Bus XxX 142 
Aa“ 
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„ 3 . 
— X 2 &, but the F luent of ys latter Fluxion is . * 


= 22 and conſequently 7 2 4 «x * „ 
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Afx” + = Bf * 2 


if this Series . multiplied by the p luxion d x. * x, and 20 | 


Fluent of each Term be taken, we ſhall have a" dxr * ; 


— 2 


+ r 2 
* *, Cc. for the Fluent of dx N @ TF which there- 


fore will ſerve as a general Form for all binomial Expreſſions 


of Fluxions of the ſame Kind with this. But where the Flu- 


Ent can be had in finite Terms, the general Form of the (810) 
is much the beſt. 


38.13. But it muſt be confeſſed there is no rect and certain 
Method of finding the Fluent of a given Fluxion that ſhall 


hold in every Cafe, becauſe there may be different Fluents 
which produce, and conſequently which belong to the ſame 


Fluxion ; thus «„ a + x, x + 1, Sc. all have the common | 


Fluxion # ; and if there be nothing in the Circumſtances or 
Conditions of the Problem to determine the Fluent, we are 
wholly uncertain what it is. But of this more hereafter. 
814. To find the Fluxion | 
of Curve Lines and Curviline- 
al Spaces, or Areas, there is 
required but one Poftulatum, 
viz. that the Curve VB E and 
its Tangent I F at the Point of / 
Contact B, are in the ſame Di- ©0O'Y AC 7 


rection for an indefinite ſmall Diſtance on either Side, as Bb. Or, 


that the ſmall Portion of the Curve and Tangent Bb are coincident, 
and make a Right Lineola; then putting the Abſciſs V A x, 


the Ordinate AB = y, and the Curve VB = , and draw cb 
infinitely near and parallel to AB, and CBa parallel to the 


Axis TG. If now we ſuppoſe the Ordinate AB to move 


_ equably along the Axis, and with its Point B to deſcribe the 


Curve V B E, then it is evident in any Situation of the Ordinate 
AB, the Fluxion, or Velocity, of the Abſciſs AV, is Ac==x; 
and of the Ordinate A B, it is ab = 33 and of the Curve V B, 
it is Bb = z * 


815. Now ” 


— Cf +, Sc. Now 


A 333 1 2 4 * 2 


8 o s 


e 


- 


| $15. Now becauſe of parallel Lines, the Triangles Bd 


and TAB are fimilar ; and therefore (657) TA: AB:: BA: 
ab:: 4% : 5. Let the Curve be the Parabala; then TA=2x,(745) 


and ſo2x:y::4:50r2x5=y #; but pA =, (740) and putting 


þ=1, itisx =y), and ſo 2 =2yyj A, or 2 . 


Whence it appears again, that as the Fluxion of x is &, ſo the 
Fluxion of yy is 2 9 j agreeably to (794). 

816. Becauſe the Ordinate A B is at Right Angles with the 
Axis, the fmall Triangle B ab is rectangular, and fo B a* + 
a = BY, x* +, * = E &, conſequently the Fluxion of my 


Cutve VB is 2 = VA +35. 

817. Again it is evident, the Fluxion of the curvilllicel 
Space A V B is the fame with that of the Paralſellogram 
AVCB, at the Inſtant the Ordinate arrives at the Situation 
AB; for at any Time before it was leſs, and at any Time af- 
ter, it is greater. But the Fluxion of the Parallellogram is as 


Ac B , (792) which therefore is the en for the 


F luxion of any curvilineal Space. 


CHAP. XIV. 
Of the MzT#gD de MAX1MIS and MiNiMis; 


abe RECTIFICATION of CURVES ; the QUADRA= 


TURE of Curvilineal Spaces; and tbe CyBATURE | 


2 SOLIDS, : | + 


$18. WV ſhall now give a Specimen of the univerſal Ap- 


plication of Fluxions to all mathematical Purpo- 
ſes ; and which will contain the original Principles of the moſt 
extenſive Geometry : We ſhall illuſtrate this RE] in the 


following capital Articles, 


I. The Mzr#oD 4 Mazrs and Minnis. 


Fhis Method 5 5 in determining an extreme Value of any 


888 n that is, to find when it is  groats oy or leaſt, 
| Ea << Now 
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Now, as ſuch a Quantity becomes greater or leſſer by flowing, 


ſo when it has attained its greateſt or leaſt Magnitude, that 


flowing State is at an End, and its Fluxion 1 in that Caſe muſt of 


Courſe be nothing, or = o. | 
9819. To illuſtrate this, let V BD 8 
be a Circle; VD = @ Diameter, 
the Abſciſs V A = x; the Ordinate 
AB=y; then AD=a—x, and 
becauſe of the Rect- angle VBD, (645) ＋ 
it is AD: AB: AB: AV, that 1 is a— * 19; 5: x, and fo a x— 
xXx =yy. Now to find when ABory is greateſt, put the E- 
quation into Fluxions, and it is 4 * — 2 * K 295. And 
becauſe in this Caſe j g, (818) therefore 255 o, and ſo a +— 
2 fene a , that is, a a, or = 


=>. O, when J or A is a ne as it evident]y i is at 


| CE. | 
: 829, Hence it appears, that when a Lang V D is divided 
into two Parts, AV and A D, whoſe Product AV x AD is 


a Maximum, thoſe Parts are equa! to each cther, e or the given Line 


is biſedted. 


821. Let the right Be aA 8 


ſo divided in C, that A C“ x CB. ITT 
may be a Maximum; put AC = x, and CB = y; then it is evi- 


dent, that the Fluxion of both Parts is the ſame, and that while 
5 a 


AC increaſes, B C decreaſes ; therefore + = — j. Since 
3" is a Maximum, its Fluxion m x" —* 5 * -= n = x 
x#*'= O; 'whence m R MET ; therefore x” : y* 
. = : Xa: 2 WV 3 therefore © = 5 
2M * oF: 
and nx = my, whence 4 n TT or the Parts are di- 
mr as their Powers. 
822. Again, let CV D be 
2 Parabgla ; ; and-put CD= a, 
CAD x, AB =p, then AD 
4 x, and (762) px AB = CA 
* AD, or py=ax—xx; 
and in Fluxions p = a — | 
a * . When therefore A B or y is a Maximum, iti is = * 


thenax=2x x, or A 2 4 = CE, as before. 


of 11 — — 


o ot wk 


2 «a Xs FA 11 
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II. The RecTiricaTion of Curves. _- 
823. By the Recliffcation of a Curve, is meant no more 

than the finding a right Line equal to it. I ſhall give an Exam- 
ple in the Arch D B of the Circle 
VBD. Let TD be a Tangent at D, 
draw CP, and infinitely near it CT; 
and with the Radius CP deſcribe the 
{mall Arch PQ. Put DC = a, DP 
x, and then TP = x, and B= 
= Fluxion of the Arch D B. Then it is TP: QP:: 
CP: CD; and PQ: ef: essen Therefore 
(er Equo 652,) F: B&:;:CF* : CD*; but CP* == &f 


. | _ f 0 N Ts — a* x | 
+ x? ; therefore * *:; *: : &: ; whence & = — 
, a” + x 
TI? 4 We - . | 
now =1-—-- — which multiplied b 
N * Sc. whi multiplied by 
Fx , * 4 „„ 
x, Makes 3 — — + — — —, Cc. = — = E, 
a a* a® a a + x* 
; — xs x7 
, Of. = 
„% 1 


BD ks Arch dl in the Values of the right Lines C i | 
and DP. 

824. By putting CD = =a= „ the Length of the Arch 
D B will be thus expreſſed, x — Ia ＋ 4 K — 4 Wy e. 
And if the Arch B D = 30 Degrees, then AB ACD 

=, and A C = = C B — AB = 1 $a 


whence A C = 1 ee AB:: CD 


DP, 2 4.1.8 3 and fo & 224 and & = 
VL, VV Tc. Therefore by ſubſti- 
tuting theſe Values of x, we have the Arch DB = AV 


Vit N. rigs HED ET = Vi- 


Er — res ＋ 72. Oe. | 
825. Now ſince DB is 3 of the Semi- circle, therefore 


6 V = SEP = 2 teens; 5 and hence, if each 
; : COA: Term 


For the Side of an 3 is the Chord of 60 Degrees, and 
. equal to the Radius; Half that Chord is the Sine of 30 Degrees, 
Whack is therefore equal to Half the Ne | 
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Term in the above Series be multiplied by this Number, and 
the Sum of all the negative Products taken from the Sum of 
all the affirmative Ones, the Reſidue will give the Value of the 
whole Circumference = 3,14159265358979, Sc. Wherefore 
the Radius CD is to the Semi-circle DBV (or the Diameter 


DV to the whole Circle) as 1 to 3, 14159, Ge. | 
826. From hence appears the Impoſſibility of an exact Rec- 


tification of the Circle ; and fince the Quadrature of the Circle 
depends upon it; that alſo is impofſible; in vain therefore muſt 
any one attempt to recti, or ſquare the Circle, tho” we can ap- 
proximate to the Truth, as there can ever be Occafion for. 
The following prodigious Number, calculated by the late Mr. 
Sharp, viz. 3, 1415 9265 3589 7932 3846 2643 3832 7950 2884 
1971 6939.9375 1058 2097 4944 5923 0781 64055 and at- 
terwards examined to the laſt Figure by Mr. Machin, is more 
than ſufficient for computing the Number of Grains of Sand 
that may be contained within the Sphere of the fixed Stars. I 
give this Number a Place here as it is the Product of the grea- 
teſt Effort that was ever made in praQticat Geometry. The 
Rectification of the Conic Sections, and other Curves, will here- 
after find a Flage, when we have Occaſion to 2 py them to 
Uſe. | 


HI. The b of CURVILINEAL SPACES. 


$827. To ſquare any Curve-lined Space, is to find an Ex- 
preſſion of a Right-lined Space equal to it. Thus, ſuppoſe it 


is required to ſquare the P- EX _x 
rabolic Area ABV. Then be- £ 55 
cauſe p , (658) we have 8 5 
Fame” 
bY — pr * =p: K 5 which : "Tad 7 
bes by x = Ac, gives wlll 1 
p- Ext :=AcbB,theFlux- _—_ :; ee e 
ion of the Space. (789) „  Yv 8 
Fluent of which is 2 54 *2 (803) = 22 1 = 2 2 2 prxx* 
=:=4y/ Y Xx Ar. But CB = VA S. CVS = AB 


=y; wherefere the Area ABV of the Parabola is 3 of its cir- 
cumſcribing Paraleibgram ABCV. And conſequently the ex- 


| ternal Space VBC is I thereof. . 


* 


1» wr vu wh rw 


ry 


the Fluent of which Series is ax —— 


_ =); then it is = 


(or putting a , y= E 


ion voy which is x y = P4 
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828. Ta ſquare the Cirele: Let 
the Ordinate A B move from V C e- 
quably toward D put CV = BC = 
4, AC x, ABS, then AC! þ 
AB = B C', or 4a = x* + y. 
Therefore @ 4 = #* == , and. . and & 


Vai = A,, nn 


789). But ec * 555 — 1 therefore 


* * 
V ee eee . 5 


24 8 43 16 a? 
8 . We, 
ba - 40 IIZ a5 


2A BVC, the Space required in . of the right Line 


AC. When AB arrives at D and vaniſhes, then a = x = 


CD rr, and the Series will become 1 — 3 — 28 — +45 —2 


Ec. = the Quadrant VCD; or if the Diameter = 1 = DE, 


then this Series will be the Area of the whole Circle, ag will 


be = 0,785398, &c. 
829. To ſquare the Hy- „. 

perbolir Space DV BA ; let iT & 

Cline. DAS a AD 7. 


a 
7 
a + x 


N 
N 


7 — x (239) The Flux- 


5 
. S ee 
- 


Ld 
* 


= 


Fluxion of the Space AD VB. But ee — , 


Ge. (as will appear by Diviſion) therefore — = 3 — ** 


* A, Cc. the Fluent of which is x — 2 x* + 4 x3 — 
4 * Cc. = ADV B, the Space required. 
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IV. The CuBATUR E of 8011 ED 

830. By the Cubature of a Solid is meant no more thah 
to find its Dimenſion or Content eſtimated in the Meaſure of A 
Cube, either of an Inch, Foot, Yard, Mile, &c. that is, to 
ſhew how many ſuch Cubes are contained in, or are equal to 
the Bulk of the given Solid; to whi ich * the following 
Theorems are premiſed. 

In the Circle DB V (Fig. to Art. "BE ) the infinitely ſmall 
Sector CBb may be eſteemed a rectilineal Triangle, and ſo equal 
to 2 BC B, or 2 as, the Fluent of which is 4 az = the 
| Sector CD B; and putting p = e of che Circle, 
when 2 = p, then the Area of the Circle is ; ap. This being 

premiſed, we proceed 5 
_ 831. To cube the CLI DER AG. Put AH 
S a, and the Circumference = þ ; then will the 
Aer Area be + ap, and let KE=x; then 

Zap will be the Fluxion of the Cylinder, and 
the Fluent thereof 2 @ 2 x = the Solidity of the 
Cylinder. | 


832. Albpa=F Hawk of the cylindric Surface, and its 
Fluent (p x) the Area thereof; whence 1a x px = the Solidiig 
of the Cylinder, Long 10 ts rien multiplied ” half its Dia- 
meter. 

833. To cube the triangular Pp YRA * I D 
ABCD. Put AB S a, , BD; 
make a bc parallel to the Baſe ABC; and put 


2 be=2%, Dr. Then a: b::y: 2 


BL— 

=2; and therefore 2 5 z = 2 = the Area of the flowing 
i 5 byys CE | Es 

Triangle abc; and yg = the Fluxion of the Pyramid ; a- 


2 A 


. 1 1 i 
gain c: * — =y, andyy = - = therefore the Fluxion 


- WV bK 
of the Pyramid is = — EX. 
of yram e whoſe Fluent is 82 


== ſolid Content of the Pyramid ab c D. And when x becomes 
| | | 47 


- 
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&, or $D = BD, then 725 — IE = = the Solidity of the 


Pyramid ABCD. Hence every Priſm is equal to its Baſe 3 2 ol 
multiplied by 5 c = its Altitude. 

834. To cube the right CoNE AHB. Let AC 
= a, CH b, and p = Periphery of the 
Baſe; ſuppoſe the Section 4à 4 ù e parallel 
to the Baſe APD BE; and make ac , 


H=x; then will a. 3 25 
phery of the Circle adbe. $ its Area £ 


will be 22 x 2y (8 30) = = : £227, ; whence 


Peri- 


22 "A Fu will be the N of the Cone; and ſince : 4: : &: 


a * | 
+ Von 4s we n = 


2 3 and the Fluxion above will 8 7 


5 7 b 

come : Li a — 2 . . 2 z the F luent of which is 2 = La ; 

and when 5 b, then the TOR is wy = the Solidity of the 

Cone AHB. 1558 


83 . Becauſe l = = 20f— 25 —, It. appears that the Cone is 


one Third of a Guide, bing the ſame Boſe and Altityde. (831) 
Alfo TROP? ha 8 £5 X > it appears, the Solidity of a 
Cone is equal to the Baſe e into one third Part of its 
Height, 

836. To cube the Sphere ADBE. Let Nl | | 
Sa, and p=Periphery of the Circle, whoſe _ Fa 
| Diameter i is AB. Draw ab | A B, and put - $2.5 


ac=y; then a: 71 the Pe- 


riphery of a Circle on the Diameter ab; 
5 therefore 2 = Area of the ſaid Circle. 
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| Let De =x; then L is the Fluxion of the Segment aDs, 


But y9=2a4—x# (819), therefore = = * PZ x 2 4 
— 4X EZ 22 — = Fluxion of the Segment aDb; 
2pax* p 


whoſe Fluent is A — © = Solidity of the ſaid Segment, 
And when * =2a=d'= DE, the Diameter, then the ſaid 


43 43 2 
Fluent will become LANE. = 22 = the Solidity of the 
Sphere. 25 . 
837. Now fnce E = EL =; * pþ = = +4 TE 24 5 


24 ANA pit is evident, the Solidity of 4 „ is equal to the 
Rectangle under the Diameter and Circumference of its greateſt Cir- 


cle multiplied i into 1 of its Semidiameter. Allo fince = = + X 


$8 bs 6 
þ a7 


to 4 of its circumſcribing Cylinder (831 ). 


838. To ſquare the Superfictes of fs Sphere; draw the Tan- 
gent F meeting the Axis produced in F, and join C &; draw 5 


2% DE, and 4m infinitely near, and parallel to ab ; then are 
the Triangles C e and C F ſimilar (659,) And fo cb; 


Cb::bo: bm, 5 * bm, the Fluxion of 


the Arch D b ; which multiplied by L ? (836,) gives ap = 


2x = the Fluxion of the Superficies of the Segment a D 5, 
whoſe Fluent p x = Area thereof, and when x = 4, the Super- 
ficies of the whole Sphere will be p d, as required. 


829. Hence the Superficies of a Segment f is to that of the 
Sphere, as p & to pd, oras to d, that is, as the Altitude De 


of the 7 to the Diameter D E of the Sphere. And ſince 


2814 = 2 (835) = 4＋ * pd; it appears the Super ficies of 


the Sphere i 150 1 to four times the Area of its greateft Circle. Hence, 


vehen a= =b e have þ = 3 8 (825). 


84. 


7 „ and Pn x 33 E 7 aX d; therefore every Sphere i is equal | 


2 OVERS Ye ag © 


840. If we put D, P, for the Diameter, and Periphery 
of one Circle, and d, p, for the fame in another; and ſince 
D: d:: P: p; and the Areas being denoted by A and a, we 
laveA:a::4DP:4dp::DP : dp:: DDP: dd; that it, 
the Areas of. Circles are as the Squares of their Diameter. 

841. Let S and s denote the Solidity of two Spheres. Then 
S$-5$5.3 PN* 14 p4*::ÞPD* :pd*: : D*; 4* 5 (84%) mt 
is, the Spheres are to each other as the Cubes of their . oft 

842. Let the Superficies of two Spheres be denoted by F 
and 7. Then F: /:: PD: d:: D*: 4. (838) That is, 
the Surfaces of ar are to each other as the Squares of their Di- 


ameters. 


843. From what _ been ſaid, it ell, that Ds; D > 


::D*:P; that is, any Cube (Ds) is to the Superficits of its in- 

ſcribed Sphere (D P) as a Square (D*®) is to its inſcribed Circle. 
844. To cube the ELIIP TIC SPHE- B 

ROID ABDE. Here BP = K, PM = N 

„ BE = a, AD b, p Parameter. 


Thenyy=p, 


dius of a Circle be to the Circumference, 


2c then 112025 = = Periphery 


2 


of pos Circle, whoſo d is FM; then 22 _ 


| the Circle; and fo LE 2 3 


2 7 2 7 4 


6 7 


Segment FBM; whoſe Fluent — „ = — Solidity E 


peat pea? 


8 Geer When x = d, then the ſaid Fluent 18 


* 


= 2s = Solidity of the Spheroid, as required. 


845. Now becauſea: 5: :b:p = — (766) andb=27; Wwe 


pe cab 
wn” 0 


= the Solidity of the Spheroid. And becauſe 


| have 
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. 2 X 4, and _ 1 = Cylinder circumſcribed about 
the Spheroid, tis W ine the Spheroid is a 8 85 of its ircumſerib- 
ing Cylinder. 85 9 


4 BE © b OE | 
. 1 in the Sphere ( = 12 Spheroid =), 
when d = b, it is the Sphere: Spheroid :: c4*:abc::dia::. 


| Conjugate : Tranſverſe Axis of the Ellipſoid. 
. 5 the Cube 10000. 
347. Hen Rs the Cylinder 8 
| 847. Hence the mne bo "+ kt 5 | 
| the Cone = 2018. 


CHAP. XV. 


The- Nature and Geneſis of LoGARITHMS, de- 


duced from the HyPERBOLA, the MoDULEs 


and SCALES of LoGARITHMS; the FLiuxioNs 
of LoGARITHMs, and their Uſe. 


848. 1 Have already obſerved, that a Logarithm is only an 
Expreſſion of the Place or Diſtance from Unity, 
which any given Number holds in a Series of geometrical Pro- 
portionals (ſee 147). I have alſo ſhewn how thoſe Logarithms 
are inveſtigated and expreſſed by Numbers. Alſo from the Na- 
ture and Quadrature of the Hyperbola it appears (784, 785, 786) 
that the Ratio of any Numbers to Unity, may alſo be expreſſed 
by hyperbolic Sectors or Spaces, and conſequently they are alſo 
properly the Logarithms of ſuch Numbers. And we ſhall now 
more fully proſecute and explain this uſeful Doctrine. | 
849. It has been . that the Aſymptotic Space AD VB 


Sn * +1 —2 x*, Cc. is the Logarithm of the Ra- 


tio of CD to CA, that is, of a + x to à, or of 1 + x to 1 
(786). And becauſe 


e je is the Fluxion of this Ratio, there- 
fore it appears, lat 5 n of the Logarithm of any Number, 
| | ITX 
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1+ x, is equal to the Huxion ( *) * that Number divided by We 
Number itſelf. * 

go. If we take any 3 leſs than Unicy, as C4; (See Fi ig. 
to Art. 829. ) then A D x, and the Logarithm of CD: CA or of 
1 1 - à, is theSpace A BVD S TZ , c. 
Whence the Logarithm of the Ratio of CA: CA, or of I + x. 
to 1 —x, the Space ABBA=2x+:3+255 + 2 x, &c. 
= Sum of the other two e, (Art. 4%} oo 

87, Let KD: , then AC 31 4 * 
and A CS 1 8 9 856 half the Sum of the above two Se- 
ries is x + A* + 435 +2 +7, Cc. and half their Difference 
is 2 * ＋ 2 * ＋ 3 K* ＋ 1 * +, Oc. which computed in 
Numbers make, o, 1003353477310; and o, oo5025 1679267 
the Sum of theſe gives the greater Logarithm A BVD = 
o. 105 3605 156, which is the hyperbolical Logarithm of the 
Ratio of 1 to 0.9, or of 10 to 9. Alto their Difference gives 
the leſſer Logarithm AB VD = 0.09531018, which expreſſes 
the Ratio of-1.1 to 1, or 11 to 10. Laſtly, the Sum of the 
two Series, viz. 2 * þ 2x3 + 2x5 +23 x7, &c. = 0.20066707 
= FB BA, the Logarithm & the 1 of 1 1 t0 0,9, or 175 
to 9. 

852. By „ in this ES the Logarithm of the 
Ratio of any Number to Unity may by Degrees be found ; and 
that of 10 to 1 will be found to be 2.302 58 509299, Cc. which 
Number is therefore called the Hberbolical Legarithm of 10, 
But in the Logarithms of the Tables in common Uſe, the Lo- 
garithm of the ſame Ratio of 10 to 1 is 1,0000000, Cc. which 
is called the Tabular Legarithm of 10. 

853. Let there be two ſimi- | 686 
lar Hyperbolas BVG and BVG, 
wiz. ſuch whoſe tranſverſe and 
conjugalate Diameters are my” 


tional, or C V: C:: „„ 2 


C D. „ D 
CD in each be the Ratio of 10 = wy WY | Fj | 


to 1. And let the Logarithm of 
this Ratio in the firſt, viz. © "© 
ADVB= 2,3025851, Sc. and the LG of the tame. 
Ratio in the latter, viz. DB I oooοοοο. Then it 

: „„ ©: 7 will 
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will be AD VB: 4D YB: - CDVE:CDPE. Fer put 
CD=a, ADS x; CD=a, AD=x; then wil ADV B 


| ” 3 ns | ET 
x = — —; + . And 4D F'B-= a” X 


| 1 1 | 5 5 | 
. Now fince CA:CD:GCA4 CD, 


. . - ( - . p x by X 
* ; 4K = a x; and io = —4 


£ 3 8 c. | mm . — „Ec. and 
| OR a N 8 
ee is AD VB: 2 : 
CDVE: 2, 3025851: 1. ooo 00: : 1: ©. 1 


854. Now theſe Parallelograms Dy E, CD/ E, are 
called the Mopul Es of the Sy/tems or Scales of Logarithms, in 
each Hyperbola reſpectively; let theſe be called M and M; 
and L and L repreſent the Logarithms of any given Number; 


M L M1 
then M: M:: L: L and ſo NI. put NI = R = 


044282945, the Module of the common Tables. Then RL. 


= £ = 0,4342945 L = the tabular Lagarithm of the given 


? Number. And 7 . 2902 5851 L = the Logarithm 


wWhoſe Module is M, or CDVE. 


855. To illuſtrate this, let a Series of Numbers, py their | 


| Logarithms be as follow: 


8 1 1 „ „ es 
1. 2. 4. 8. 16. 32. _ Numbers. 


Here ſince the Logarithms are Seen, we can find the Module; 


for L: M:: L: M. Thus the Logarithm of 8 in this Series is 


|; 3s in the Tables it is 90309, therefore 0.90309 : o. 43429448 19 
:: 31,4427 = M4, the Module of the Logarithms in the Se- 
ries above. And having the Module of the Logarithm or Ra- 


tio, tis eaſy to find the Logarithm by the Reverſe of the an : 


Analogy, viz. M: L:: M: I. Thus 0.434 o. 909 
a 3 * the Logarithm of 8. 


>= 


I» © 


m1... 
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856. Alſo the hyperbolical Logarithms are eaſily produced 
by multiplying thoſe. of the common Tables by 2,3025851, 
as in the e Examples of all the Numbers from 1 to 10. 
Thus | | 


Table of Logarithais. . Hyperb. Logarithms. 


1—0.0000000] | [ I—0.0000000 
— 2 
e 9 — | j . 1. 3862 Ho 
2 Multipled by . 
204 ee . 
ot 588 prod woe: 7917594 
70. 8450980 71.9459 101 
eee, - e 
. ; FT OY | 
1 2.85558 5 i} SIE 


857. We ſhall next ew how to find the Fluxion of Lo- 
garithms and the Powers; as alſo the Fluxions of Exponential 
Quantities, of any Degree. In order to find the Fluxion of 
the Logarithm of any Quantity, as x, or x + 1, or „ we 
ſhall denote the Logarithm by L, and its Fluxion by L; and it 
is to be underſtood that L, and L reſpects thoſe Quantities only 
to which they are are immediately prefixed: Thus L x+ y is the Lo- 
garithm of x +y; but Lx+y is only the Logarithm of x 

added to the Quantity y. | 


858. Hence it will be eaſy to find the F ue of any Kind 
2 * Rx * ＋ 257 5 | 


"xx + 


q and univer- 


; of Logarithm. For Example 5 L. * 199 = 


24 * ＋. 3 * 22 + 3x5 
3 „ * 


TT . Forputz” + 


* = 5, then will 2 + 7 . = 57; and conſequently the F lux- 


2—1 
ion of the * thereof will be = ＋ 5 X . = 4X 


La FORTE x3 —= 


ay LIT = L 


1 == ; which will be found equal to the Fluxion above, by 


baue the Values of 5, and 3. . 
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859. The Fluxions of the Powers of Logarithms are found 
by the general Rules for the Fluxion of the Powers of flowing 


Quantities. Thus admit the Fluxion of the 2d, or Square 


* of the Logarithm of x were required, or Fluxion of 
Lx; we muſt firſt multiply by the Index of the Power, viz. 

2, which makes 2 Lx ; 918 is the Index to be leſſened by ; 
Unity, which makes 2 Lr  =2Lx; laſtly, we muſt ul. 


tiply this into the F luxion of the Root L x, which is * and it 


will Lacs 2 L * * 1 = the Fluxion of L- xg: as 5 required. 
860. And in general the Fluxion of L” x = mL" —* * x 


5 and L. + 2 = L * 4 X hes by | and L” +7 a 
| a ha 


=": x + a X NY For L* X * ＋ a mubiplied by 


the Index of the Power is m L” x+@"; and that with its Ex- 


ponent m leſſened by Unity, is mL" x+ 4, At and this being 


n 1 APH by the Fluxion of the Root L x x + a", (which 15 


— — — 2 0 will make „DFT * 
s + a CV | OG 
nx 


——+- ts ſame as above. And thus may the Fluxions of the 


Powers of Logarithms, however compounded with other Quan- 


tities, or Powers of Quantities, be found. 

861. From what has been ſaid, we may obſerve that the 
Fluxions of the Logarithms of the ſeveral Powers of any Quan- 
tity, as x, are in the ſame Ratio as the Exponents of thoſe 
Powers, and conſequently as the Logarithms themſelves, Thus 
I x" and Lars DE — 2 and 5 1 


* * 


e's 
* 
m x nx "Js 


but . . proven the Truth of what 1 
ſaid. | 
of Powers determinate, or invariable, but in ſome Caſes we ſhall 


find, that they alſo are variable or flowing Quantities, and have 
? | accordingly 


862. We have e ſuppoſed the Indexes, or Exponents | 


8 a) 
kd ww as ay 
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accordingly their Indexes or Exponents. Now the Fluxions of 
thoſe Exponential Quantities, whoſe Indexes are variable, are 
found by Means of the Logarithms very caſily, as in the fol- 
lowing Examples. 

863. Let it be required to find the F luxion of ar, where a 
is a conſtant Quantity, and its Index xa flowing one: Put @* 
= z, then will æ be equal to the Fluxion of a*. Becauſe a- 
— 2, if we take the Logarithms on both Sides, we ſhall have 
La = Lz; and fine the Logarithm of the Root of any Power 
multiplied by the Index of the Power, is the Logarithm of that 
Power, therefore x La = L a*, and foxLa= 1 Z; and tak- 


ing che F luxions, we have x La = = and therefore 2 & La 
2 


Lac =S; and nene a* Las x is the F luxion of 4 | 
as required. 

364. Again, ſuppoſe it required to find the Fluxion of 2, 
where both z and æ are flowing Quantities, and make z* = v, 
then will LZ SLV LZ. The Fluxions of theſe will 


be = —=Lz + x- 1 (becauſe v= 2, and by reduc- 
9 FOOD | 
ing the Equation, we have z* & L z r * ; which 


2 | 22211 ©, #4 
therefore i is the Fluxion ſought. Note, x - x 3 aba 
| pgs = 


XxX. 


X 2* = L and therefore x © Xx ==> xs, 
2 


as in the latter Part of the Fluxion. 
865. Laſtly, let the Quantity 2 be propoſed, to find its 
Fluxion. Let * ͤ . Lu or L 2 L; 


and taking the Fluxions, we have the Fluxion of 5 n; 
+4x#-*' x5 (864) which muſt be multiplied into Lz, which makes 


LZ x f LY + E Me to which muſt be added the 


Fluxion of Lz x 7 or et Y; and the Sum 2580 be . to the 
d 


Flasch of Ls, or 51 this La 2724 Leg * 


. And therefore multiplying by 2, we have 
2 2 * ; LOW ISA e % 
* 


2+ 
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2 LZXͤ Ly + * Lzxy* =? xy + y* 2 1 = 3; 
and is therefore the Fluxion of the Expreſſion 7 „ as required. 


TJCHAP. XVI. 
The METHOD of finding FLUENTS by the Meaſures 


of RaT1os and ANGLEs, by the Help of Ta- 
BLES of LoGARITHMS ; and of Natural Six ES, 


TANGENTS, Sc. 


865. 8 the Method 1 finding Fluents of given Fluxions 


is the moſt neceſſary, and yet the moſt abſtruſe Part 

of the new Matheſis, it is no Wonder if it has exerciſed the in- 
ventiye Faculty of the greateſt Geniuſes of the laſt and preſent 
Age. And ſince in the Geometry of Curve Lines, and eſpecially 
in the Solution of Phy/ical Problems, (which are of the higheſt 
Importance in the Sciences), Caſes will often occur, which 
make it neceſſary to have Recourſe to Infinite Series, for procur- 
ing the Fluents required, and this often proves a laborious and 


diſagreeable Taſk ; and which of Courſe the Student would be 
glad to avoid or exchange for ſome other more eaſy and prac- 


_ tical Method. 
867. Now there are ſeveral Forms of F Juxions whoſe Fluents 


may be readily obtained in the Meaſure of @ Ratio, and alſo of 


the Arch of a Circle; and conſequently, as all Ratios of Numbers 
to Unity, are already calculated in the common Tables of Lo- 


garithms of Numbers; and any Arch of a Circle is known 


from its Right Sine, Verſed Sine, Tangent, or Secant, calculated 
in the Trigonometrical Canon, it follows, thoſe Tables will 
greatly facilitate the Buſineſs of finding Fluents ; and the Method 


of uſing them for that Purpoſe, we ſhall next explain and illuſ- 


trate ſomewhat farther * has been yet done for the Spec 
of a Learner. 
868. For this Purpoſe he muſt recollect, That the Fluxion of a 
Hyperbolic Logarithm of any Number, is ever expreſſed by the Fiux- 
jon of that Number, divided by the Number itſelf (849). And 


hence- 


ws 


erf 5) is here 
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hence will ariſe the four following Logarithmic Forms of Flux- 
ions, whoſe Fluents may be had from a Table of Logarithms, 


which would otherwiſe require an infinite Series to determine 


them, vi. 


869. The F luent of 


will 8 expreſſed by the hy- 


EXT 


perbolical Logarithm of 4 x* Ea For the F luxion of 


i Rt 
(x + FEET * ＋ 45 the Number itſelf; being # + VEE 
"5 EO + xs _ 3 
„ 9 Ta⸗ 


laſt Quantity, divided by that Number, 8 -; the 
= 4 + a* 


X V Ta 1 . 


1 very Fluxion firſt propoſed; which is the for of Form. 5 


870. * alſo appears that the F "IP of . will 
72 2 d & r. x* | 


be truly expounded by the hyperbolical Logarithm of a + x +_ 


Vas T: Becauſe the Fluxion of the Number (2 + x + 


ARS +xX an? 


=# + za TT = 


* r a + x ; Which divided by that Number 


Xx 


produces — = which is the 8 Emm. 
7 2 4 K* 5 * * 


871. Likewiſe the Fluent of — — = will be repreſented by 


the hyperbolical Logarithm of - * . Becauſe the Fluxion of 


—X 
a  $X 4a —X 3X a * 222 
5 = OE: | + 2 - J = * the ſame 
„ F eb | | PE 95 


2ax_ 5 42 2 * 


b h fore di ded b — 3 * _ 
e therefore divide y 5 5 . 7 


| "20% : N 2 a x 
= > — which 3 is the third Form. 


a X 4＋ = a — * 


872. Laftly, the Fluent of - == . — will be Ast by 
E e e 805 the 
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= — | 
the byperbolica Logarichm of — 8 3 for here 9 


a ＋ «* + x” 


Fluxion of the ner is 52 = * EE I A * 
5 V * * Fe ee 


Fx N +x* S244 x 


RY 


F TETS "RV? ren PEE ee 


2 - Ua | | F2axx 


db — 8 - 
which divide 1225 * ITN n 


1 | . 25 T2 4 u 1 - 
ay Ex Vai TVN Xa—V a* + ,® 
=> Tak 8 ; 1 ; 
24 * 8 2 4 K the Flux; | 
— 3 * — Fluxion propoſed 
a* + x* X . In * 1 8 8 2 : 1 4 


whch is the fourth Form. | 
"Theſe four are the principal Forms of Fluxions ; : hy Flu- 
ents may be found from a Table of Logarithms of the hyper- 


bolic Kind: Which Fable, upon Occaſion, may be eaſily ſup- 
plied by a Table of the common Form, as we have ſhewn 


(856). | 
873. Four other Forms of F hexions | 

ſimilar to theſe, expreſs the Fluxion of EN 
the Arch of a Circle in Terms of the 
Sine, Verſed Sine, Tangent and Se- 
cant of that Arch. For let AD be the 
Arch of a Circle, whoſe Center is C, " 585 

its Sine BD, Verſed Sine AB, Tan- WES 95 FE 
gent AE, and Secant CE, tet bd, be drawn indefiniently 
near to BD, and draw D a, parallel to A C, then ſince the 


very ſmall Arch D a, may be eſteemed a right Line, the ſmall 


fluxionary Triangle D a d will be ſimilar to the Triangle DBC 


or AE C, for the Angle at a, and B is a right one in each; 


alſo, if from the Right Angles C D d, and B Da, we take the 


common Angle C Da, there will remain the Angle dDa= 
BDC, and the Sides in each, viz. da, and D à being paral- 
lel to the Sides B D and B C, they will be proportional, and the 


510 ſimilar by (621, 657). 


874+ 
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$74 Put the Radius AC = a, the Verſed Sine AB = x, 
the Sine BD = y, the Tangent AE=?, the Secant CE = s, 
and the Arch A Dr x, then in the fluxionary Triangle D a d, 
we have Da = &, 4 d , and Dad = &, ee we have 
the following Analogiey, C wo ky D:: Da: D 4, that is, 


VE = 4 — 57 : 4: :: * >» Ty which correſponds to 


the firſt Form in (869). 
375. Again, we have the following Analogy in Terms of 


nnn as BD: CD:. Da: D a, that is, y. a:: &: A 


ax _ ax 


— — b 6 Thi F 
=7 = STI. y (636). is orm is analogous 


to the ſecond Form in (870.) 
876. The Fluxion of the ſame Arch, expreſſed i in Terms 


of the Tangent, we have already ſhewn in (823,) is & = 


3 „ which is ſimilar to the third Form in (877). 
4 2 


877. Lady, by ſimilar Triangles CBD, CAE, we have 


CE:CA: CD: CB; | that is, «: a::a: 25 hence A B 


ur whoſt Fhalonies = 2. 7 L but A 2 : CE: 


a | | a. p Wis 
Da: Dd; that is, =:: 6 = ——_ 
$* e 


which i is like the fourth Form in (872). | 
878. Theſe Forms differ in nothing from the formers but 
the Signs and conſtant Quantities, by which it will be eaſy to 
know when the Fluent is to be ſought for in the Meaſure of 
a Ratio, or of an Angle; that is from a Table of Logarithms, 
or the Trigonometrical Canon of Sines, Tangents, &c. But ag 
in the above Forms, the Radius is expreſſed by (a), and the 
Radius of the Table by Unity, or 1.000000; therefore to ac- 
comodate them to the Tables in uſe, we take the Expreſſion of 
the Sine, Tangent, &c. ſuch as pertain to a . . Ra- 
Gus = = I, in the following Manner, | 


E e e 2 | $79. 


= 


pendiculars DB, DB; and at A 
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$79. With the Radius C 4 =a, E>. 2 


deſcribe the Circle A DG; and — 


with the Radius C A 1 N a — 
ſcribe the Circle ADG; draw Fd : DAS. 


the indefinite Line CE, and from : 8 9 
the Points D, D, let fall the Per- |, 


22 2 


and A raiſe the Perpendiculars Pf 
AE. Then by ſimilar Triangles CA: CA:: AD: =D; 
whence (putting AD = D, Gd CCC 
D: ED SA. Again, put DB = y, and DB=y; then CD: 
CD:: DB: D; thatis, 1:a::y: ay =y. In like Man- 


ner, by making AE = t, and AE=t; we have 1: . 


at iz; and if CE 220 and CE =; then1:a::$s:as= 
s.Laſtly, putting A B = x, and 3 then BC 1—x, 


and BC=a—x, but it is 1:4::1—Xx:4a— x, and con- 
ſequently r:4a::x:x=0ax 


880. Hence the Tabular Sines, Tea Sc. expreſſed 


in Terms of the above fluxionary Forms, will be y = . * 


7 81 5 and x = 7 And therefore ſince the Fluxion of the 
Arch AD 5 =e * is 77 = ; (874); 5 the + Flaxo 
of the Arch AD = D, will be hath = Ve 5 3 and conſe- 
gheqtly i it will follow, | hep 
* #4 JS . n 7 
Ss V | ZE nat Nine FF 
OE [PEE EF | Vertd Sine | | 
94 2” 7 *o# , 5 : Fee 
SZ — —] > Tangent | 2 
13 * 2 — | F a 
4 as 8.2 | 8 | F 
| l F — Y 1 ecant 4 2 


867 But to apply this Doctrine more generally to Uſe, 
ith regard to findiug the * luent bs Logarithms or Trigono- 
| metrical 
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metrical Numbers, it is to be obſerved, that if the Terms of the 


Ratio conſiſt of ſeveral Quantities, as a E B 5 and any one of 


them, as A, be conſtant or given, and the Relation of the 
Reft depend upon their Connection with it, then the ſaid 
Quantity A may be aſſumed for the Module of that Ratio; and 
then (according to the Method invented by the late learned Mr. 
= | AB 
C 


Cotes) it may be expreſſed in this Manner, A 


whoſe Logarithms is KA. 
882. Thus, ſuppoſe it were required to find the F 2 of 


6 * 


1 Flurion 3 = this you will obſerve conſiſts of a 


N 4 — mw 


| 2 4 * 
conſtant anda 3 Nag Diz. , — a the Flu- 
— 4 * 


a” 


ent of the Latter i is = (871), which, (as it is a Ratio, and 


a+x 


_ the 
| Logarithm, or Meaſure of this Ratio is a LR 2 which is 


* Part (a) nne may be thus expreſſed, a 


the F luent a — 1 therefore g. =, or 22 T x R, i is 
8 6 4 * 5 | : 
the F luent of ——=====, as required. 


1 XM —x* 
+ 883, To purſue the Cateſian Method yet farther, let he 
Right angled Triangle ACE be propoſed, See Fig. to (873) 


make AC R= Radius; then will AE = T = Tangent, 


and CE S = Secant, of the Angle ACE. Then if it be 


propoſed'to find the Meaſure of the Ratio of the Sum of the 
Legs to * WP" the oth A C being 9 Module, 
| | Sol the 


* XN B. A Miſtake i in Art. 854, paste (thro? Inadvertency) — 
corrected. wo The latter Part of that Article is to = read thus; M: M 


M L 
L: L; andf{ =L; = 
3: (0.4342945 : 1:5) L:Lzandfo Ni pu = (= 2 
E. Jebel ; then will R L = L = Hyperbolical Logarithm, 


or or Meaſure of a Ratio in the Scale, whoſe Module is 1. Alſo M : 


and L may repreſent the Module and warde of any other Scale 


. that ny the H n and accor ** R may * 8 


3 viz. the Ra- | 
| tio of AB to C, in that Scale 2 Proportional, the Module of 
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9 orF#K=s 2 5 


che Expreſſion will be chus; 3 


chen will 8S 2 2 * y y; and the Ratio ſtands thus ; 


4- y N 
. If nom R= 4, T3, S5 then vil 


4; the Ratio in Numbers be 4 | 54/7; the Meaſure of 


which is found as before, thus; 0.4343 : 0.14613 (= Table 
of Logarithms of 7): : 4: 2.6917 = Logarithm or en 
of the Ratio of I to the Modulus 4. | 
884. If the Fluent cannot be found in the 1 of 2 
Ratio, (as it ſometimes happens) then we can often obtain it 
by the Meaſure of an Arch of a Circle, as A D, (See Fig. to 
873), or the given Angle ACE); for ſince the Circumfe- 


rence of a Circle is to its ec, J 


if we ſay, as 3: 14159, &c.:1:: 180 Degrees: 57.2957795z 
Sc. = 57* 17” 44 = the Degrees in the Arch of a Circle 


equal to Radius ; this Number therefore is called the Trigono- 
metrical Madulus, and is repreſented by K = 537.2957795, &c. 


| I | 3 
— Sd. ol r is 4 
$7-2957795 VVV 
2 the Reciprocal Meadulus. 


885. Suppoſe now any Arch of a Cirele AD=D; then 
it will be, As the Radius A C in Degrees to the Arch A D in De- 
grees, fo is the Radius A Cz in Numbers to the Arch A D in Num- 


bers ; that is, as K : D EDR D the Arch 


AD in Numbers. For Example, If R=1, and AD = D 
=30*, then RID IX 0.0174530 X 30 = 0.523598, Cc. 
= the Meaſure of the Arch AD in Numbers. 

886. In order to find the Fluents in the Meaſure of a 
Ratio or Angle, in the Manner as has been taught, Mr. 
Cotes invented a great many general Forms of fluxionary Ex- 
 prefſions (to which others are to be reduced) and diſpoſed in 
Tables, the various Fluents pertaining thereto, according to 
the different Values of the Exponent of the flowing Quantity, 
afirmative or negative; which the Reader will find at large in 
his learned Treat, entituled Harmonia Aenſurarum. | 


88 7. 
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387. It will be neceſſary to obſerve here, that, if i ine 
45 : 
ſtead of R | N — =, We ſhould meet with the Ratio 
R (ET in this Caſe MH. 8 — for R + SR S 
. RR— SS=T T, by the Property of a right angled Tri- 
angle; 3 therefore R S: T:: T: R- 8; Ph, confe- 
: quently = Et = AP 1 5 PEE : =R 8 which 
to know will be of uſe hereafter. 


888. Allo it will be proper to obſerve, that tha negative 


Exprefion of the Logarithm of a Ratio, as — R -R |=; + . is 


2 made Affirmative by inverting the Ratio, as ik + R 127 


. AT 5 5 | 
For — = @ but > = 4. e * then — $ 
as a* b 


= + : I ſhall illuſtrate this Doane * a Solution. of the 


| a Problems. 

889. To ſquare the Sector 7 a Circle _ 
CAD. In CADea AF= x, wilt 
PM — y, then by (874), we find the 


F luxion of the Arch A D=— 2 


e 


2 D 4; which multiplied by 2 — is NET 5 


any - 


7 = = 4CD, which ſmall Sector is the Fluxion 
27 Gan fy. 


of the Sector AC D. Now 2 is a | table Quantity, and | 


: +1 
the other Part — bolog the Fluxion of the Arch 
V aqm=yy 


AM, its Fluent will be found in the Meaſure of the An- 
gle A C D, viz. it will be = a + D (885); and if A D 
=D = 355 : the Length AD = 0.523598, Sc. which mul- 


: tiplied by =; 2, will give 0.261799, Fe. = Area we the Sectot 
ACD, 8 I, (See. Art. . | „ 


— 
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98090. To ſquare the Sector Aa - 
Ellipſis AC D. Let AC S a, CB 2 


* AP x, CPS ED = ùò, 
PDS = y. Tis evident the Flux- _ 
ion of the Space C A D E is Ed= | 


v5; alſo the Triangle CDE ==>, 5 oo wh . P K 


5 whoſe Fluxion is 2. which ſubtraQted from the F lux- 


+ ] 


ion v9, leaves 1 8 wt 2 = =-to DC 4 the Fluxion « the 


Sector ACD. And ſince from the Cath of the Curve — 


7 5 = p); it we ſubſtitute this Value of In the Ex- 


— 5 „ | 5 | 
2 ve ſhall have 26 x 9/9 +3 yy === 


| prefion bb 2 5 


| becauſe v vf. y=a4; alſo, becauſe it is v cn 


aa 2 65 


theeefore _— — =F luxion of the Sector CAD. 


2 N 


Here 5 is a ſtable Quantity, and the Fluent of the other Part | 


5 
pr bb—yy 
— a, D = Area of the Sector A C D., required. 


E 


. 1 To ſquare the Sector of an Hyerbola ACD. By the 
very ſame Method as in the Ellipſis, we get the Fluxion 


1 8 for the hyperbolical Sector A C D, which differs 


only in the Sign yi of the Quantity 33, from the other. Here 


the conſtant Part = 12 is the ſame as before, but the fluxionary 
. 5 


| Arch 
Part — Jure, is different, or mann, Eq an A = 


aa 
bb 


| aa | | 
yy =aa—vy, we hank ene, = FF 55 = , or 


3 


- is b4 D, as Town in the laſt Article - therefore | 


| or. Angle; and therefore its Fluent muſt be ſought in the Mea- 
ſure of a Ratio, by reducing it to one of the Forms in the Ta- 
bles of Mr. Cotes. The Form which it agrees with, is the 


Sixth, da xy'*+1==2 Da hs Fl e 
Sixth, viz. —= == to which the uxion — - 
Too ot: 2+ 
. is reducible by the following Subſtitutions, | | | 
| . 71 | 
7 2205 R = NV = k. 1 
r=n 
y |2 > . EL ol | 
re >& 4 3 3 
1 2 2 223, N . 
4 py 5 | : 
AF pms 0 3 Alſo „ ; ES. 
Jun i 78 n f >" H 
Therefore in the Table the F luent which ſtands againſ 
T ad bb b 
e is = 1R RA. „ ENT PE. - +. 
55 2 b * 


1 Noi ſince I, and +, and y are given, the Logarithm L of the 
Ratio of y + bb +yy to b, will be given alſo ; whence 
| the Fluent 7 LR may eaſily be computed for the Area of 


Sector A GD (See Art. 882.) 
892. The Reaſon why the Flu- B 
ent of the Fluxions of the Circular |... 
and Elliptic Sectors were not found 
in the Meaſure of a Ratio, is evi- 
dent, becauſe there vas a nega- | | 
tive Quantity, or f = — 1, and ſo it wool have been R 5 


Ai, which is impoſſible, there being no ſuch Thing as 
the Square Root of a negative Quantity. 


©. - — 


893. If the Tangent A T had been aſſumed for the varia | 
ble Quantity, inſtead of the Sine PD ; then the Fluxion of 


the Circular Sector would have been —_— - for the EL 
2484 ＋ 2 IF -- 

2439 3 | 3 

bo 71 27 7 4 3 _ for the Hyperbolical Sector 


Fre. F 
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8 k —_— 1 —— tat A od ook 8 
* . 'W —, S N 5 ry 
by — 2 r 1 Cry BR - = _ 
Nd 


8 2 IR 8 : ; JE a - > 
I» , WT J —_ - Pn % 1 d 
als — — — 1 \ _— — LEE. = 5- 
tt as r RE rs a Zo 
bs a —— PX Wing 1 4 .. 7 b 
F f 1 r 


4 * 

i 
18 
i 2M 
a = 
A] 

{ 

f 
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5 9 The Form in Mr. Cotes's Table for * is ths 


2bb—2zyy | 
. Fu I . ee Sues 4 | | 
F 
d=abby BG gs : 
Elk 2 = y E SY —— | 5 — * 
„ | TSA A.. c | 
8 Then“ e ans x 
2d, » = 2 | 8 = y 
— * . 261 . b | 
If=—z2l. And, * AR 45 
1 * ae R 1 
The Fluent ng r= 0 is g 4R wa 2 2 43 
| 9 2 bLR; which will give the Area of the 


r 


Sector A CD, in the Kubo; the ſame as before ; but it 


will not be the Fluent or Area of the Circle or EVipfts, "OT 


there f 1 is Affirmative, or + h and e * = AZ . 


— b, which is e 

aa bbj 
| ＋ 1 3s bb) 

an Arch, * Fluents will be a 4 D, and b , and therefore 


are this F luxions of 


4 But ſince - 


I —iD and — — 7 D will be the F luents or Areas of the Circular 


add Elliptic Seftors, the ſame as before, | 


895. That — is the Fluxion of the Lernen of 
A 


will be evident, if we conſider that the F "I "= 


15 AE: : 
vs $b—)y | ; 
the Logarithm of b + y is =— 3 —2.5 
4 4 +57 | bb —yy' 


i Ftuxion of the Logarithm of o& bb —= =; — 
Now ſince the Fluxions of Logarithms have the ſame 


- 156.4 al way the _ themſelves ( 861 1 if we 
ſubtract 
5 2 — ” from 2 77 =; „ there . remain 15 


. a the 


Fluxion 


— 


2 


Fhuxion of the «Logan of - BE 7 hs which was to be 
S 959 „ ts 
ſhewn. = 
896. It will be worth 
while to ſhew how eaſily 
the Fluent, or aſymptotic 
Space ADVB is obtained: 
by this Method fram the | 
— 088; 


7 


TT 


Fluxion + y = 5 


(See Art. 829 ), which 
comes under Mr. Cotes's 


Ferit Form, Viz. 7 „ © D pi ; i 

. for putting d A , X # = l, = i, x4 
3555 5 A 

we have Os = T4) the F lente —.— 2 44 be. 

= TD) E 2 1 — wn =LR = 2.302585, 


= Area of the Space ADVB, which therefore is given from 
the Logarithm of the Number 1+x in the common Tables. 
Hence it is again evident, that the N Space AIRS is 
the e of 1 + 2 ab 


— 


C HA P. XVII = 
The Nature 1 Ro, TuirD, &c. F.UXIONS 
| explained. 


ſaid of the Nature and |: 
Notation of F luxions in general, it is [ 
evident, when the Velocity is al- P 25 5 
ways the ſame, the fluent Quanti- E[? 

ties AB and E F can have but one |: 
Sort of Fluxions A a and Ee, which 
win be to each other, as the Velo-—- 4 2 
| S £70 


897. Freu what we have 4 * 


1 Line AB has flowed into the Line A H, but 
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cities of the Fluents reſpectively. But if the Velocity with which 
the Fluents A B and E F increaſe or decreaſe be not con- 
ſtant, but variable every Moment, then may this Velocity 


itſelf be conſidered as a Fluent, or fowing Quantity; and 


the Rate or Ratio of its Increaſe or Decreaſe each Mo- 
ment of Time, will be the Fluxion thereof. And this Flux- 
jon of the former Fluxion is called a fecond Fluxion, and 


is marked with two Points over the ſame Letter; thus &, J, zare | 


the ſecond Fluxions of x, y, 25 as x, 5, =, are the %%% Pluxions 
of thoſe Quantities. 

898. To illuſtrate the Nodon of - ſecond Fluxions, let us 
conſider the Motion of a Body deſcending by its Weight, or 


by the Power of Gravity; the Motion reſulting from hence 


would be accelerated, and therefore the Velocity continually in- 


creaſing, (ſuppoſing the Fall of the Body to be in Jacuo) con- 
ſequently the Velocity of the Body the firſt Moment, (Which 
is the fit Fluxion) would be augmented the ſecond Moment, 
by the continual Action of Gravity, and this Augmentation 


will be the ſecond Fluxion, or Fluxion of the firſt Fluxion; and 


ſince this Acceleration or Increaſe of Velocity is regular and 


uniform, or proportional to the Times, tis plain this Sort of 
Motion will admit of nothing beyond ſecond Fluxions. 

899. For Example; ſuppoſe from the loweſt A. 
Point B of the Line A B, an heavy Body begins 
to deſcend, and at the End of the firſt Moment 
it arrives to C, let the Velocity it then has, be ex- 
preſſed by the Line CD. At the End of the _ 

ſecond Moment it will have paſſed through four CH 

Times that Space, and be found in E, its Ve- : 
locity then will be E G, increaſed by FG. At 1 N 
the End of the third Moment, it will have pa- {# 
ſed through nine Times the firſt Space, and be 
found in H, and its Velocity will then be H K, 
again increaſed by IK. In all this Time the + 


with a Velocity continually increaſing ; and its HL 4 
momentary Increments F G, I K being equal, _ 
ew that this very of Wegen admits of no further Variation, 


and 


0 
N — nnn n — uw 4 cn 


| 
"4 
( 
| 


* * 6 © F N 
, 7 7 IF „ 


and N of Second Fluxions only, or rather of Fluxion, in 
the abſolute Senſe; for I ſuppoſe I need not tell the Reader, 
that & is but the ſame Fluxion of z, as & is of x; and that = 
has no Relation to the Fluxion of the Line AB, or x, but to 
the Velocity C D, or *. The Want of this Hint in other Wri- 
ters has left the young Student very often i in the utmoſt Am- 
biguity and Confuſion. 

- 900. The Fluxions of ſecond F Juxions are called third Flux- 
ions; and are thus marked with three Points &, 5, ZS. Theſe take 
Place in the Motion of an heavy Body deſcending by its Gravity 
at a great Diſtance above the Surface of the Earth; for in ſuch 


a Caſe, its Weight, or Power of Gravity increaſes continually, | 


as the Squares of the Diſtances from the Earth's Center de- 
creaſes : And therefore the momentary Increments FG of the 
ficſt Velocity, (which before in ſmall Diſtances, near the Sur- 
face of the Earth, were eſteemed equal) will now receive a 
continual Increaſe, or Acceleration themſelves; and hence 
third Fluxtons will ariſe, And fince the nearer the Body ap- 
proaches the Earth, the greater will be its Weight, theſe Ac- 


celerations will be conſtantly increaſed ; and hence every Mo- 


: ment will produce a new Order of Fluxicas or Third, Fourth, 


Fifth, &c. Fluxions, will be generated in Inſinitum, or ſo long 8 


as the Motion continues, as is eaſy to conceive. , 


901, What has been already ſaid, | _— - 
in regard to Second Fluxions, may bo. LS a_ 
| farther illuſtrated and explained, by e 


conſidering the Ordinate PM, as mov- MA | 
ing along the Axis AB, of the Curve / | 
AMC, from A towards B: Let AP 
=x, PM=;, andAM=z. 
902. If now in an indefinite ſmall 
Particle of Time, the Ordinate PM A P 7 | 
moves from that Situation to another p m; then, drawing M s 
parallel to AB, we ſhall eaſily obſerve, that 6m will be the 
Velocity, or Fluxion of PM, and M m the Fluxion of the 


Arch AM, and alſo that M is the Fluxion of the Abſciſs 


AP, in the ſame n that i is, M. S, ms == , and Mm 
— 2. 


903. 
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903. If in the next Moment the Ordinate move to gn; 
draw mt parallel to AB, join s ?, and draw parallel thereto 
m w, to interſect the Ordinate gx in w; then will. the Velo- 
city with which the ſaid Ordinate decreaſcth in the ſecond Mo- 
ment be ut, and the Difterence between us and nt, or wt? 

and ut, Viz. wn, will be the Variation of the Velocity, or 
Fluxion ms, that is, it will be the e Fluxion of PM ; 3 2 
o 20 ½ τ . 

90. Again, in the that = apo the Ordinate 
arrives to the Situation 7 , draw zv parallel to AB; join 7v, 
to which draw n x parallel, meeting the Ordiratero in x; then 
will v9 be its Fluxion the third Moment, which is leſs than 
that in the Second, by the Quantity x o, (becauſe xt = x v) 
therefore the Difference between wr and x o, will be the Vari- . 
ation of the Velocity wn or y in this laſt Moment; and fo 
WwWA—x90=j, the Fluxion of j = wn, or third Fluxion of 
P M. And after this Manner you may eaſily conceive, how 
Fourth, Fifth, &c. Fluxions are generated. 

'g905. If the Spaces Pp, pg, qr, are ſuppoſed equal, and 
paſſed over in equal- Times or Moments, then will the Abſciſs 
AP flow uniformly, and its momentary Velocities or Fluxions 
M, mt, nv, &c. will be all equal; and conſequently + will, 
in this Caſe, be a conſtant or invariable Quantity; and ſo 
there can be no &, or ſecond Fluxion of A P. But if the 
Ordinate P M be ſuppoſed to flow with a variable Velocity, 
chen all the Orders of Fluxions will ariſe, as we have ſhewn; 
and the ſame may be ſhewn of the Arch A M. | 

906. As to the Rules for operating Second, Cc. Fluxions, 
chey are the ſame as have been laid down for the firſt Fluxions in 
every Reſpect ; as they needs muſt be, ſince nothing more is 
propoſed in finding any Fluxion, than diſcovering the Ratio of 
Velocity, with which the Fluent varies its Magnitude, in be- 
coming greater or Jeſter : And as this is the ſame Thing in every 
Kind of Fluent, ſo the Rules for determining it muſt in * 
Order of Fluxions be the ſame. 

907. Hence as the Fluxion of x is 3 ſo chat of x 13.4; 
and that of # is TE and ſo on. 


ES 


Nie 
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Nite here, that when any of theſe firſt Fluxions are ſuppoſed 


| to be conſtant, they will be expreſſed in Roman Characters, as 
, y, 2; but if they are flowing Quantities, they will by re- 


preſented as uſual in Italics, as x, 35 r. 


905. Thus the Fluxion of x is x j; and of 4 5; 1 


＋ 5 X, and the Fluxion of & 5 2 iS XJ & + * 2 + 5 &. 
Alſo the Fluxion &) is K j + y x, and therefore the Fluxion of 
xy. ＋ 5, is x 7 TTA Ty, orxj H 2 
which, as it is the firſt Fluxion of xy + y x, (as that is of 


*,) ſo it will be the ſecond Fluxion of xy. And thus the ſe- 
cond Fluxion of any other 6 . * be found, as per 


Rule (793). 


gog. The ſecond F Wien of any Power of any primary | 


Fluxion, is found by the Rule for Powers (794). Thus the 
Fluxion of & is 2 4 * and of 43, is 3 * . Alſo the Flux- 


jon of 2 x # (the Fluxion of * is 2 & 4 + 2Xx53 pen there- 


fore is the ſecond Fluxion of x*. 
910. The Fluxions of fluxionary Fractions are alfo fangs 


by the proper Rule (801). Thus the Fluxion of 2 = will be 


af as ag 


found to be ; the F luxion of Th is 


2 2 ant of 22, e te. wn but if it be L, 
* 


18 
6 & 8 bg X” 


it is — 1 17.22 
p 


. 
d 3 


Xx” 


the Fluxion is 


Wy. 


222 2 and fo of others 1 


the P hain | is = 
X 


911. The ſecond Fluxion of a ſurd Gs is found in the ſame 
Manner as the Firſt (798); z thus by F luxion of * * A 


A 4 x YI 92 5 2 x 

| 2 xz? 3 * | | | 
Xx 1 . 2 „XN. 2xx*— x * x* 
of > (which is welt the Fluxion of 3 is ae 


4 * 
which therefore is the fecond Fluxion of * x, and which, if we 
divide by 4 x, will be thus expreſſed, + x 4 * — 1 * 1 4. 


91 2. We have ſhewn that the F luxion of the Log -arithm of 
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5 + #* —43 
I+2x+xx ? 


I + * is - = -3 ens the Fluxion of this is 


which is ; therefore the ſecond F Loon of the Logarithm of that 


| Quantity: And thus I preſume the Second, Third, &c. Fluxions 
of any Quantity propoſed, may be eaſily found by any one who 


underſtands the Rules for the fir ff Fluxians, without * further 


155 Directions. 


— 


0 UH A P. xvIIL 


: Of Invor v TE Led EvoLUTE Gurvesy and the 


| Method of inveſtigating the Radii of EvoLu- 


'FION, or CURVATURE. 


913. B Y the Problems of this 3 it will appear how 
great and extenſive the Uſe of the Doctrine off 


Fluxions is, * of the Fir/t and Second Orders, ſince their So- 
lutions are hereby rendered facile and perſpicuous, which by the 


common Geometry were not only difficult and tedious, but, to 


an ordinary Genius, quite inacceſſible, or inſuperable. Theſe 


relate to the Nature of Involute and Evolute Curves, and the Me- 


thods of finding the Radii Evolution, or Curvature. 
914. If in the Point A, in the Right Line A H, we ſup- 
poſe one End of a flexible String, or Thread to be faſtened; 


and Part thereof to lie along, or be coincident with the ſaid 


Line from A to B, and the other Part to be ſtretched along the 
Curve BE F, and there fixed at I. And then if the other 
End A be looſened, and raiſed from its Poſition on the Line 
and Curve, and moved tight and ftrait along, while it diſen- 
gages itſelf from the Dame BEI, then the Point A will de- 


ſcribe a Curve A MN, which is called an Irvolute Curve. And 


the Curve B E I, is called the Evolute of the Curve A MN, 
or the Evolute Curue. And the ſtrait Lines EM, F N, are 
called the Radi f . or Curvoture for the Points 
M and N. | 


915. 


5 


a 5. 15 is ident 0 4 the Length of ihe Thread ABEI 


continues the ſame) that the Part of the Evolute E F is equal 
to the Difference of the Radii FN and EM or that EF = 


FN—EM. Thus allo BE=E M—AB. And when 


AB = e, the Parts of the Curve BE, BF will be equal to | 


their reſpective Radii E M and F N. 


916. Tis moreover evident, that each Point of the S by 
AMN is deſcribed by a different Radius, which is perpendi- 
cular to it in that Point. Thus the Points A, M, N, are de- 
ſcribed with the different Radii, A B, EM, F N, on the re- 
ſpective Centers B, E, F, and conſequently the Curvature in 


thoſe Points will be reciprocally as the Length of thoſe Radii. 
917. Therefore the Radii belonging to each Point of the 


Involute A M N, by their various Interſections form the Curve 


of the Evolute B E F. Thus, ſuppoſe the two Points M and 
m contiguous, their Radii touch each other in the Point E, 

and if continued out, would there interſect each other. There- 
fore, l 
918. It is a general Problem, The Natitr? of the Cure 


A MN being given, to find the Length of tht Radins of er 
tion E M, belonging to a given Point M. | 


Let the Ordinate PM, pm, be continued out, Be” 8 


the Point E of the Interſection of the Radi, to the Points M 
and m, draw E G perpendicular to the Ordinates, and draw 
ED parallel to PG; and mo to A B. Let A P x, PM 

. and MG = x, and we have Mo=#, n=, and 


„ MA 
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Mn = VA ; and by Reaſon of the Waller Triangles 


Mon, MG E; we have Mo= &: Mn = A +5* To 7 MG 


* 2: ME — * a 


919. Before we 8 farther, three Things muſt be con- 
fidered. (I.) That while the Radius E M deſcribes the Arch 


M m, or becomes E m, it varies not its Length, but is conſtant, 


| and therefore its Fluxion is nothing 3 ; Sang is, the F hien of the 


Exprefion 3 = E M, wut be made = 9: (2.) 


z = M is conſtant alſo n that Time; ſor then it be- 
comes og = MG, and its Increment or Fluxion mo is the 


Fluxion of PM, that. is, 3 = j.' (3-) Since the Fluxion of 


the Abſciſs reſults from the Motion of the Thread, which we 


ſuppoſe to be equable and uniform, tis plain it will be con- 


ſtant, that is M . will de the ſame in all equal Spaces of 


Time. 2 * oy 


1 Therbfore making x conftant, and the F 3 of 


35+ 535 233 
EM = oh 5 „ vir. 2 75 795 


Ex * + EF 2 ＋ 27 Se which 1 869 250 and putting 
IJ 


. 2 , n 5 +I + 


| *4 xx +5 
235 S o, and ſo * = 23, and thus we get * 


22 = M G. Hence a Perpendicular to the Point G, 


—y 


wal interſect the Tangent MC in E, which will give ME, | 


che Radius of Evolution required. 


921. Te find the Radius of Evolution for any Point M, in e 


Curve of @ Parabola A MN. 


The Equation of the Curve is p x - =, which in F Juxions: 


222 2px 


gives ; = = ———= and fo j = — — = 
LL 3 42 * 3 2455 i + da 
. —=2fX 3 2 * —_ 
* 7 | — 2 —- Now 
47 * 41" 2 tx 4x4/ px 


9 


11 


uf 2 = MG, we ſhall get an Expreſſion, conſiſting only 
— N 

of as es Quantities 2 and , in the Manner following; 5 352 

3 | EE BOY therefore a + 55 = #5 + == 

457 "4px „ 4 © 


4 x* — „this eee, 1 will give 

4 x 4xV px _ : 

ev 2 =MG = verbes- = 
83 = DE, 


þ g 8 
922. Let t M touch the Parabola in M, den is tÞ = 1 
5 : for t P (2x) : PM (y) :: PM (): PC = 


75 fig therefore 2X PC-x Jy pa, conſequently PC= 


. 


Ty And as PM (4) : PC(p3) : 11 2 


pr) GE= DP ep, W 


= 4, therefore CD 2 Pt. 


923. Now ſince PC 4 p, is an invariable Quantity, iber 


fore when the Point M coincides with the Vertex A, the Point 
P will be there too, and conſequently P C will ” Hi become 


AB=42p. Hence theVertex B of the Evolute BE F, touches | 
the Axis of the Parabola, at the Diſtance of A B = = Ps fram the 


Vertex A. 
924. Hence the Radius of Evolution in the Parabola, when 


a Minimum, is = AB= D = Half the Parameter, conſe- 
quently the Curvature of the Parabola is then and there a Maxi- 
mum, and equal to the Curvature of a Circle ee with the Ra- 
dus AB = 


2 h. 
925. To find the Curve (or Nature) of the Evolute BE 4. 


Vox 
We have already ſeen that B K =FC = — and KE 


=BD=AP +PD—AB= 4 | 
FM the ein BK 2 = b Xs and the Ordinate K E * 5 


— . 
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ſubſtituting theſe Values of 3 and 3, in the general Expreſſion 


1 
Vi 
2 
F * 4 
. * 
' 1 
* 
11 M4 
ad 
ed 
_ 
13 
1 4 
ns 
: 
Þ 5 


us The Deetrine of FLUXIONS. 


2 | 
X 7 2 3 whence g Ke * Buy 


7232. Ho fox = £, which ſubſtituted for x in the Equz- 


tion above, there comes out 5 =p xx = Y, which ſhews the 
Evolute B — L is a feeond OY Parabola, whoſe Parameter | is 


16 8 of the Parameter of the Involute Fanboy A M N. 
926. Henck it EN akon, that the Ewolute is 2 ' Geometrical 
Curve when the Involute is ſuch ; or an Equation may be foung 
to expreſs the Relation of its Abſciſſes B K, to its Ordinates 
K E in finite Terms; apd free from | luxions, RON; the Invo- 
Jute has ſuch an Equatiqn. 

27. Having found the Radius of Evolution M E, we rec- 
tify the Part of the Evolute BE with eaſe. For it will always 
be, the Curve BE = ME -A B, viz. the Curve B E will 

always be equal to the Difference of two given right Lines. 7 
928. We ſhould next have proceeded to the Ellipis and 
; Khþerbola, but that in our Method we muſt have Recourſe to 
the Radius of Evolution directly M E, which becauſe of 
tte ſimilar Triangles M o n, * 8 E, will be found = 


F 


2 22 3 J ) * 28 | 
* * „ N + 
bh BS 2 TAP which will proye too troubleſome; 


and therefore, as well as for Eaſe as Variety, we will inveſtigate | 
another Expreſſion for the Radius M : in a different Manner 5 


jan before. - 
929 · In order to tis, let M G= v, and the Arch A M = = 


2 


+ theReſt as before. THows *: E: :: = ME, which as 


x. 
it is conſtant, its F juxion is nothing, therefore the F luxion of 


vez, Pax 4120+ —vVz# 
— is 2 * = o. Therefore <z+=v2 * 
"3 4 * 8 3 0 N . 5 
nd | ** : 2 * ; 
— ) X25 and fo v = 3 88 — 25 2 5 becauſe 
it STS. SA—*# ... 
k 75 22 &\ P 2 y * mY 


., * 
*. 4% 


9 30. 
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* 2 . 2 Re 
950. Therefore ; . 2 * 3 3 e e = On — — ME; 
+ t FX xS | 


and  : "52 25 15 3 = GE =PD, and fo 


2 — 2 2 * * — 4 


e +x=PD+AP= AD. 


* —XZ 


alt MG APR 702 BK. 


In all theſe ea when either #, 3, or z, are conſtant, 
| they may have Unity placed in their Stead, and the Terms 
when in &, &, }, are found, will vaniſh, and ſo the above 
Expreſſions will be abridged very CONTINENT: All which will 
77 plain by the following Examples. 

n - Det: AM be an Arch of the Curve of an Elipfs, or 
Hyperbola, io find the Radius of Evolution EM. The Equation 


ſor 2 Curves being 75 JY a x, (where @ and þ are 


the cranferſe and conjugate Diameters, ) we have 1 = =: 
a 


— abt2ba | b a 
rr andy = — eee nd —j = . 
| Ei 24 ax IX x* | 4 N 


Now by ſubſtituting theſe Values of , j, 5, into the general 
Equations above, we ſhall have the Radius of Evolutions and 


the other Parts OY by them, | 


* * —X8 


„ 2 „ 
"S090 will become Mo ; and ſince &: 5 :;5: he”; there · 
7 . 8 550 
2 
5 25 5 1 5 1 
ſore = =, But ns whith 8 
: — PRE : _ W ; 


the Values of 3, and — 5, above found, being ſabſtiruted will 
bie the Value of the pg of Evolution M E. 


933 deen, 7 > Þ ah =A D, becomes = +x= 


| | | | V3 

C This Analogy between 5:8 and fcond Fluxions 1s eaſily deduced 
from the Figure of Art. 901, where, if on the Center m, a ſmall 
Arch be deterldel from 1 to m au, it will conſtjtute a, ſecond fluxion- 
au riarg, fimilar t to ns of me wy N Is the Analogy above, 
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„% Dit Pro +tet2x OR 
| — 1 1 yr =AD; this, if we 


put x = o, will become >= A B, that is, when the Point 
M coincides with the Vertex A, the Radius of Evolution then 


becomes a Minimum, and equal to AB = bale, the Parameter | 
of the Axis A Q. 


bb 
9 34. If this Quantity — — — be taken from the bare < Expref 


fion for AD, i vill jeans 2 2 * TP” 


EB D; if here 5 = a, the Ellipſis will become a Cir- 
cle, and conſequently the Points E and D will ever coincide 
with the Point B; and therefore the Evolute B E of a Circle 
will degenerate into a Point, viz. the Center thereof. on 
935. If in the Expreſſion gotten for ME, as above direct. 
ed, we make æ& =; a= AH, that e will become 


27 = half the Parameter of the conjugate Axis, and the Ra- 
dius of Evolution, is then a Maximum, and the Curvature of 


the Ellipſis a Minimum. 
936. To find the Evalute AE F : oak Radius of E volation 


M E of the common — AMB. 


Gl Jp 
"Ea Per, PM the Arch AG and BD= 


225 3 n of the Circle; 
| and 


2010 PM=y=v+V2azx—zxx, by the Property of the 


Cycloid *. This laſt Equation i in Fluxions will be y +. | 


Ax —XX ax 


— but — > (875 ) therefore 5 = 
— N and 5 = 8 pr. = 


by making x invariable. There ſubſtituting theſe _ 


of j _ Fin the W he for ME == FP XV x "+5 


2 PAP — =" — oo. "3 we ſhall ger ME = Mate, 
2 2D Q 2 MͤH. 

937. If we put x = o, „ Pe M K T0 44 442 
when the Point M coincides with the Vertical Point B. But 
if x = 24, then ME = o, when the Point M coincides with 
A. Therefore the Point A is the Beginning of the Evolute, 
and the Point F the End, and fince FB= 4a, FDis = 2a 


* 


= DB. Compleat the Rectangle DG; deſcribe the Semi- 


circle AK G; and draw A K parallel to ME or D 2 
Then ſince the Angle DAK = AD Q, the Arches AK = 
DQ, and the Chord AK D Q; whence K E is parallel 
and equal to A H, and therefore equal to the Arch DQ, as 
is evident from the Generation of the Cycloid; ; therefore, alſo 
EK is equal to the Arch A K, which is the noted Property 
of the Cycloid. Therefore the Evolute A E F is a Semi- cycloid 
every alike and equal to the Involute A MB, but in an inverted 
Poſition. 
Thus I have at bangt finiſhed what I have thought we 
fary to premiſe, as an Introduction to the mathematical Scien= 


ces, the fundamental Principles of Arithmetic, Logarithms, = 


Algebra, Geometry, Conic Sections and Fluxions, in nearly 


one Thouſand Articles. This Syſtem of mathematical Ele- | 


ments will, if impartially conſidered, be found a ſhorter and 
more eaſy Introduction to the Practice of thoſe Arts which 
depend on them, than any other that has been hitherto pub- 

liſhed, 


„This we ſhall desde when we give an Account of the 


Genefis and Properties of mechanical, or tranſcendent Carver, in our In N 


troduction to Mechanical Phileſe ophy: 27 
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liſhed, that I know of. The bes from one l to 
the other is natural, and ſhews their mutual Connection and 
Dependancy, and the Reaſon of the ſubſequent Articles evi- 
dently appears from the preceding ones: Nor do I know, that 
I have any where advanced one ſingle Poſition, that has not 
been previouſly demonſtrated. Such a Series of preliminary 
Principles appears to me abſolutely neceſſary, to qualify every 
Learner for a rational underſtanding of the moſt uſeful Scien- 


ceies that are now to follow, and which we can now communicate 


in a more compendious, and leſs expenſive Form, and in a plea- 
ſanter Manner, than we could have done any other Way. If theſe 

Inſtitutions are thought to be dry or uſeleſs, it muſt be owing 
to a Want of Genius, or a natural Incapacity or Diſinclina- 
tion to ſuch Studies. We do not here treat of Trifles, and what 


we write is intended, in this Part, for ſuch only, who are. 


born Math ematicians. They will have a natural Reliſh for, 
and take a peculiar Delight in them. It might have been ex- 
pected, that a Table of Logarithms ſhould have been added, but 
we have judged that unneceſſary, as they are almoſt in every 

one's Hands, and as we could make no Alteration in that Sub- 
ject, nor afford them cheaper than they may be bought by 


| themſelves ; it would be ſcarce fair, to oblige our Readers to 


buy the ſame Things over again; eſpecially, as the artificial | 


Line of Numbers, Sines and Tangents, ſupply their Place, in 
moſt practical Caſes, by Inſtruments, which will now very 


ſoon follow in their proper Order and Places, among the 
practical mathematical Sciences, which will be the Subjects of 
the following Volume, where the Reader will find them treated 
of in a Method new, and with many Alterations and Improve- 
ments, both in the Subject Matter, and the Inſtruments for 
Practice. . | 


The End of the FIRST Vorume. 


